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THIRTY-SEVENTH SESSION, 1900-1901 
(since the Formation of the Society, January 16th, 1865) 

Thursday, March Uth, 1901. 

Dr. HOBSON, F.R.S., President, in the Chair. 
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Twelve members present. 

Messrs. Harris Hancock, Professor of Mathematics in the University 
of Cincinnati, U.S.A., and Alfred William Porter, B.Sc, Assistant 
Professor of Physics in Uiiivei*sity College, London, were elected 
members. 

Sir Robert Ball was admitted into the Society. 

Prof. Elliott gave an account of '' Some Algebraical Identities of 
Simple Arithmetical Application." 

Prof. Love gave a " Preliminary Notice concerning the Theory of 
Stability of Motion.'* The Chairman, Mr. Macdonald, and Lt.-Col. 
Cunningham joined in a discussion of this last contribution. 

Papers by Prof. Burnside " On the Composition of Group- 
Characteristics," and by ^fr. G. H. Haixly " On the Elementary Theory 
of Cauchy's Principal Values," were communicated by reading their 
titles. 

The following presents were made to the Library : — 

'* Educational TimeH," March, 1901. 

** Indian Engineering," Vol. xxix., Nos. 4-7, Jan. 26-Feb. 16, 1901. 

' VOL. XXXIV. — NO. 764. « 
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2 Proceedings, [March 14, 

The following exchanges were received : — 

** Transaotionfl of the Royal Society/* Vols, cxcn.-cxov., 1901. 

** Proceedings of the Royal Sbciety," Vol. Lxvm., No. 442 ; 1901. 

** Royal Society: Applications, 1901, for Government Grant for Scientific In- 
vestigation" ; 1901. 

<« Bulletin of the American Mathematical Society,'* Series 2, Vol. vn., No. T), 
February; New York, 1900. 

** Jomal de Sciencias Mathematicas e Astronomicas,*' Vol. xiv.. No. 3 ; Coimbra, 
1900. 

<< Bulletin des Sciences Mathematiques," Tome xxrv., Nov., 1900 ; Paris. 

'* Rendiconto dell* Accademia delle Scienze Fisiche e Matematiche,*' Vol. vii., 
Fasc. 1, Jan., 1901 ; Napoli. 

"Atti della Reale Accademia dei Lincei — Kendiconti,** Sem. I, Vol. x., 
Fasc. 3, 4; Roma, 1901. 

** Berichte iiber die Verhandlungen der Konigl. Sachn. Gesellschaft der Wissen- 
schaften zu Leipzig,'* Bd. ui.. No. 7 ; 1900. 

** Supplemento al Periodioo di Matematiea," Annoiv., Fasc. 3, 4 ; Livomo, 1901. 

The following off-prints have been received from the Meteorological 
Office:— 

^' Sur quelques generalisations d'une relation appliqu^e par Hamilton et Mann- 
heim," par M. Pelisek (Tr. ** Mathematicko-prirodovedecka,'* 1900, n.). 

**Uber ein Analogon der Euler'schen Zahlen,'* von F. J. Studnirka, i.\., March, 
1900. 

** Entwickelungen einiger zahlentheoretischer Functionen in unendliche Reihen," 
von F. Rogel, xxx., Juli 1900. 

** Zur rechnerischen Behandlung der Axonometrie," von J. Sobotka, xxxnr., 
October, 1900. 

(The last three from the *^ Mathematisch-naturwissenschaftliche Classe " der 
Kon. Bbhm. Gesellschaft der Wissenschaf ten in Prag. ) 

Presented by R. Tucker, Hon. Sec. : — 

*' Handbuch der Mathematik," heraueg. von Dr. Schlomilch, unter mitwirkung 
von Prof. Dr. Reidt und Prof. Dr. Heger, Band n., mit 235 holzschnitten. 

*' Analytische G^ometrie," "Differential- und Integralrechnung, und Aui<- 
gleichungsrechnung," ** Renter-, Lebens- und Aussteuer-Versicherung " (all by 
Dr. Heger), Breslau, 1881, half calf binding. 
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A Class of Algebraical Identities and Arithmetical Equalities. 
By B. B. Elliott. Read and received March 14th, 1901. 

1. An arithmetical equality of universal application may or may 
not have as its basis a fact of algebraical identity. For instance, one 
which has is Gauss's 

where the numbers d ai*e the divisors of n, and, for an n whose dis- 
tinct prime factors are p, q, ..., ^ ^ (n) denotes Euler's indicator 

nil ')\^ ")***('^ — '/")' '^^ich is the expression for the 

number of numbers prime to and not exceeding n. This is an 
identity inp, q, ..., t when n and the divisors d are given their ex- 
pressions as products of primes — a different identity of course for 
one 74 from what it is for another of different algebraic* form as a 
product of primes. It is just possible that the class of identities 
which follows, productive of a class of arithmetical equalities in- 
cluding the one above mentioned, may have hitherto escaped 
notice. - 

Let ^1, Pi, p„ ... be a set — either finite or infinite — of distinct 
symbols which obey the ordinary laws of algebraic combination, and 
let Prt Pn Ptj ... be any chosen finite selection from them ; and in a 
product such as / i \ 

" (i-j) 

suppose that there is a factor corresponding to each of the whole 
set Pi, Pf, pi, ... . Denote by 

where p, o", r, ... are positive integers, the part of the direct expan- 
sion of 

/.i>>:...n(i-i-) 

in descending positive zero and negative powers of the p's which 
involves no negative power of any p — the integral part, let us say. 
It is also of course the integral part of 

pei>r.r...(i-^)"(i-^)'"(i-^)"...; 

B 2 



4 Prof. E. B. Elliott on a Class of [March 14, 

and for the values 0, 1, at any rate, of m is the whole of this product. 
The parameter m of an F„ is for the present unrestricted. 

The following is an identity for any m : — 

^-. (PrPrpi •••) = 5^.» (p^'p^p:\ (A) 

where the summation covers all comhinations of integral and zero 
valnes of p\ cr\ t, ... such that 

0<p'<p, 0<<r'<o-, 0<r'<r, .... 

We have in fact 

]f.p^pj ... n (l— —\ "*= 2 {f^p'l'pl ...)-f fractional t^rms ; (1) 

and in this identity the integral parts of the two sides must be 
identical. This gives at once the case of (A) 

(1 \"* 
1 j , thus obviously getting 

+ fractional terms. 

The identification of the integral part of the left in this with that of 
the right gives (A) in its generality. 

2. It is also possible, for any m, to express F^^y^ linearly in terms 
of jPh/s. From 

^ pf (. \pr P, I \})rP. I 

— ( h . . . ; -f . . . \ 

^PrP,Pt ^ ) 

-f fractional terms 



t t t 



+ fractional terms, (2) 

where /-* (p^'pf .pf' •••) stands for if any one of p'\<T\r", ... 
exceeds 1, and for 1 or — 1 if none of them exceeds 1, according as 
the number of them equal to 1 is even (zero reckoned even) or odd, 



5 



1901.] Algebraical Identities and Arithmetical Equalities, 
we obtain at once by identification of integral parts 

^. (T^rPrp: •••) = 2^ (p^-"' pr' pr^' -) ^. ifrPUi •••)• 

Now multiply (2) by n ( 1 j , and then use the fact that the 

integral parts of the identical expansions of the two sides must be 
themselves identical. The result is that, for any m, 

^..M ifrP'.p: •••) = 2m (.p^r p'''fr ...) K {A pi pi ...)• (B) 

3. We can now apply arithmetically the identities (A) and (B). 
Let Pi, |:>i, Ps, ... be all the prime numbers 2, 3, 5, ..., and let 
Pri Pn Ph ... be those of them which are factors of a number 

n=p^rp:p:-- 



9 » f 



The numbers f^^p^p^ ... are the divisors flf, each once, of n. The 
central F, Fq (jti), of n is n itself. F^ (n) is the indicator 

,(„=„(.-i.)(i-i)(,-i)... 

of ti. F.i (n) is the ordinary expression 



^i (») = n 



i_-L. i_^ 



for the sum of the divisors of n. The above has proved, by con- 
sideration of algebraical identities, a class of arithmetical equalities, 
of which one is the well known 

n = 2^ (d), 

and of which the general expression is 

2i'„.,(n) = Sf»(<i), (C) 

and also the reversed class 

f„„ («) = S/t (-|) F^ (d), (D) 

where fi (s) has its oi*dinary anthmetical definition as 0, or 1, or —1 
according as s has a square factor, or an even (including zero), or an 
odd, number of unrepeated prime factors. 
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The law of formation of F„^ (n) needs no restatement. As examples 
of it we may write down, for inst«,nce, 

2.,w) =pv(i-})'(i-jni-f). 

4. We can readily write down sums for which the expressions are 
F^ (n) for negative integral values of m. Whatever m be in (C), 

we may replace, by the same law, each jP,„^, (rf) by 2jP„.*8 (S) for all 
divisors 8 of d. In the double sum obtained 8 is in turn every 
divisor of n, and JT^^, (6) occurs as many times as there are divisors 

d of n which 8 divides, t.e., ^o ( T" ) times, where \//o means the 
nur ber of divisors of its argument. Thus, changing notation, 

F^ (») = 2 F„,, (d) f, (-|) 

for all divisors d of n. 

Let us now replace each F^^i (d) by the corresponding 2-^„*3 (8). 
We deduce, writing d in place of 8, that 

F^in) = ^F^,,(d) J^. (-J) +^, (-^)+- j ' 

where d is in turn each divisor of «, and, for each d, the numbers 
(ii, dj, ... are the 'Ao f-^) divisors of n which have d for a divisor, 

, '3 , ~, ... are the ^o(^] divisors of n whose conjugates 
di d^ \ d f 

have d for a divisor, i.e., the ^o ( ^ ) divisors of - . Write this 

F„{n)=-S,F„,Ad)^V[-^)^ 

where \l/^'{n) is defined as Si^oC^) ^^r all divisoi's d of n. 
Let us further define generally, for any positive integer N, 



I.e. 



1901.] Algebraical Identities a)id Arithmetical Equalities. 
with, to begin with, 

We obtain by continued repetition of the above process 



/;„(»)-2/:.,(<i)^:f'(|) 



= sF„,,w^r"(l). 



(E) 



Here m is still unrestricted. But give it the negative integral value 
—N, and remember that F{d) = d, and there results the sum equal 
to -^-.v (w) of which we were in search, namely, 

^.^(«)=s#r"(-j), (F) 

a formala of which the early cases are 

F., (») = Sd = ^, («), 

<&c., &c. 

It remains to exhibit \ff^^^ (w) numerically, for any positive integral 
n and N. If, expressed as a product of prime factors, 

we have ifff (n) = i/r^, (n) = (p + l)(o-+l)(r-f 1) ... . 

Consequently ilff (n) = 252 ... (p> l)((r' + !)(/+ 1) ..., 

for the ranges ^^ P ^Pf ^ = ^ = *^' ^ = '^ = *"» 

= 2(p' + l)2(o-'+l)2(r'+l) 
_(p-l)(p-h2) (^ + l)(rr-^2) (r-hl)(r-f2) 

172 T.~2 i."2~ •••• 
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Next, in like manner, 

a,'.»i /„N _ (p + l)(p + 2)(p + 3) (<r+l)(<r+2)(«r+3) . 
• " ^ ' 17273 17273 ■•• ' 

and generally 

The sum {F) is then definitely given as a sum of multiples of 
divisors d for any n. As a simple example we may write down 

^.,(12) = l^i*U12) + 2^J^)(6)+3^;^)(4)+4^^^^(3) + 6^?)(2) 
_ , 3.4 2.3 , ^ /2.3\« ..3.4 . , 2.3 . ^2.3 ,.^ , 

= ^ 172 172 ^Mo) ■^'^1:2 "*-^r:2 -^^1:2 ^^^-^ 

= 18 + 18+18+12+18 +12 

= 96, 

whicli is correctly equal to 12 (1+-^+ ojjll+o")* 



6. We still desire the summation for which F^r (n), for a positive 
integral N, is the expression. 

By (D) we have, for any m, 

f«(n) = 5F„.,(d)/i(f), 

where the definition of /x (s), for any number s, may be stated that 

it is the signed unit which is the coefficient of s in the expansion of 

the product __ „ . 

n (1-2)), 

for all primes p, if the product equal to s actually occurs in the ex- 
pansion, and is otherwise zero. Let us further define 

f"^ (o) 

as the coeffi-cient of «, if it actually occurs, and zero otherwise, in the 
expansion of the product 

We have, by a repetition of the reduction (D), 

/■.(.)=s^...»f,(i-)''(-j)+-(-i)''(^)+-}. 
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for all divisors d of m, where — , , , . . . are the divisors of — . 

a, a, a 

Now the sum in brackets here is the coeffici^it of the product of 

primes -- as it occurs in the product of U (1— 2>) and ll{l—p) ; in 
a 

other words, it is fi'^ ( ^ ) » ^^^® coefficient of -_- as and if it occurs as 

a product of primes or as 1 in the expansion of the product 11(1— j?)*. 
Thus 

==^-«{''(i>(f)+'-"'(t)'(^}+-} 

= :S,F^.^(d) (coefficient of -^ in product U{l-pyU{l-p) X 
= 52^...(d)M'"(5) 



= S2''„.;,(d)M'*^(|). 



(H) 



Now give to the unrestricted m the value of the positive integer 
N. This produces our desired result, namely, 



J',(«) = 2d/i'*'(-|). 



(K) 



It should be noticed that all numbers F^jf(n) are positive, but that 
this is not the case with all numbers Fjr(7i), 

6. A second method of reversing the equality (C) so as to obtain 
an expression linear in -P,„-i*s for an F^^, which is at first sight 
different from (D), is the extension of one given by Glaisher {Phil. 
Mag,, 1884) and Hammond {Messenger^ 1891) for expressing ^ (n), 
i.e., Fj (n), linearly in terms of 1, 2, 3, ..., n, i.e., in terms of F^ (1), 
jPo(2), I'US), ..., Fo (n). Write down the n equalities (C) for the 
values 1, 2, 3, ..., n of n. They furnish n linear equations for the 
determination of F^ (1), F« (2), F^ (3), ..., F^ (n). F^{1) occurs 
with coefficient 1 in all the equations, F^ (2) with coefficient 1 in the 
second, fourth, <fec., F^ (3) in the third, sixth, <fcc., and so on, and, 
lastly, F^ (n) with coefficient 1 in the last only. Thus the determ- 
inant of the right-hand sides is unity, and jP., (n) is equal to a 
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determinant of n' constituents, whose first n — 1 columns — or say 
leather rows — are 

1, 1,«1, 1, 1, 1, 1, 1, 1, .., 

0, 1, 0, 1, 0, 1, 0, 1, 0, ..., 

0, 0, 1, 0, 0, 1, 0, 0, 1, ..., 

0, 0, 0, 1, 0, 0, 0, 1, 0, ..., 

and whose n-th row is 

^m-i(l), K.y(2), 2^.-1 (3), ..., i^,„.,(n). 

By means of (E) it is easy in like manner to write down a determ- 
inant expression for F^ (n), with a last row consisting of 

-^m-2v(l), ^m-jv(2), F,^.y(S), ..., F^.y(n)^ 

and first n— 1 rows consisting of i/'^^'^s of numbers up to n, with 
zeroes in places as above. 

7. Another easily proved determinant theorem includes the one 
known as H. J. S. Smith's {Proc, Land. Math, Sac, Vol. vii., p. 208), 

^^^* <^(n)<^(n-l)<^(n-2) ...*(1), 

ue\ F,(n)F,(n-l)F,(n-2) ... F,(l), 

is equal to the determinant of n* constituents in which the con- 
stituent in the r-th row and »-th column, for each r and s, is gr„» the 
G.C.M. of r and s. The more general fact as to our functions is that 

F„ (n) F^ (n-1) F„ («-2) ... F„ (1) 

is equal to the result of replacing in Smith's determinant each g„ by 

To prove it take, from (C), 

■^—i (gm) = ^F^ (5), for divisors 8 of ^^, 

= 2 i^ (d) , for divisors d of n, 

where F(d) denotes F„t{d) or according as d does or does not 
divide r. Hence, by the Dedekind-Liouville theorem of reversion, 

jP(n) = S/i ^-^ j F„., (g,^), for divisors of n ; 
I.e., the right-hand side is equal to F„, (?*) or according as n does or 
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does not divide r. Now take the determinant A„ in which the type 
constituent is F„t_^ (gr»)- -A.S 

the value of A„ is not altered when we replace the n-th column by 
the sum of the multiples /i (— ) of the various rf-th columns, for 

divisors d of n. The last constituent in the column thus becomes 
F^ (n), as n divides n, and the r-th constituent for any r<n becomes 
0, as w does not divide r. Thus 

A„ = F„, (n) A,._„ 

where the formation of A„.i, of (n — l)'* constituents, is according to 
the same law as that of A„. Repeating this argument n — 1 times, 
and noticing that 

A, = !!'.„., (1) = 1 = F„(1). 

we have, as stated, 

A„ = F„ (70 i^,„ (n-1) F,„ (n-2) ... F„, (1). 

The proof is of course applicable when instead of 2^„„ F„, . ^ we have 
any two arithmetical functions x» ^ which are such that for every n 

X(n) = 2x(d). 

Probably the theorem in its generality ought to be regarded as 
known. A generalization of his theorem given by Smith himself 
(loc. cit.) produces it with the aid of Dedekind's reversion.* 

8. Let us examine more closely the linear expression for an F^n in 
terms of F^.^s which is exhibited in determinant form in §6. 
Though in form very unlike the expression (D), it may be seen to 
be really equivalent to it. As far as I know it has not been noticed 
even that the Glaisher- Hammond determinant expression for <p (n) 

is really the same as the expression 2^x (-^J d. The statement of 

this is, in accordance with what we have seen, a case of the more 
general statement as to the expressions for an F„^ in terms of jP,„-i's ; 
and this again is a class of cases of the more general statement that, 
if we have two arithmetical functions \ (n), ^ (w) such that for 

'"'"^ « A (H) = 2x id), 



• [The theorem has been j|^ven explicitly by Cesaro, NouvelUs Annates (3), v., p. 44.] 
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1. 


1, 


1, 


1, 


0, 


1, 


0, 


1, 


0, 


0, 


1, 


0, 


0, 


1, 


0, 


0, 


0. 


1, 



tlie two apparently different reversions of this 
X (») = Sm (I) X id), 

X(n)= 1, 1, 1, 1, 1, 1, 1, 1, ..., 1 

0, 1, 0, 

0, 0, 1, 

0, 0, 0, 

• •• ••• ••• ••• ••• ••• ••• •••- 

A (1), X (2), \(3), X(4), X(5), X(6), X(7), X(8), ..., X(n) ' 

are in effect the same, the functions X (r) for r's which do not divide 
n being mere superfluities in the last row. 

We will prove that 2/x ( - -J \ (d) is a factor of the determinant, 
and that the other factor is unity. This will be shown, since 

f (1) = 1. 

if we can prove that, by adding to the last column multiples M (^) 

respectively of the other d-th columns, we can reduce all the con- 
stituents but the last in the n-th column to zero. For, eicept in the 
last row, all constituents below and to the left of the principal 
diagonal vanish, and those in the principal diagonal are units. 

Let <^r$ denote or 1 according as r and 8 are unequal or equal. 
The constituent Or, in the r-th row and j?-th column (r<n) is or 1 
according as « is not or is a multiple of r. Thus 

Or, = S^rti ^or divisors 8 of 8, 

or, with changed notation, Cm = 2^^^. 
Now this necessitates that 

^^ = 2/X f — j CrH, 

and consequently that the right-hand sum vanishes except for r =z n. 
This proves what was required. It has incidentally found the values 
— some zero, some 1, and some — 1 — of the determinants of n— 1 
ix>ws and columns which are obtained by omitting single columns 
from the first 7i — 1 rows of the detenninant x (**)• 

Of course the whole determinant need not be written as one of n, 
but only as one of i/^o(^)> rows and columns. Of the numbers 
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1, 2, 3, ..., n let 1, c^, ci,, ..., n be those, in order, which are divisors 
of n, and c„ f»„ c„ ... those which are not. The numbers of d's and 
e's are ^/tq f ?i) and n—i^Q(n) respectively. In the various e-th rows 
the constituents in the various d-th columns are all zero — for no e 
divides any d. Accordingly the determinant is the product of two 
determinants of orders ipoin) and n — \l/Q(n), the former containing 
the constituents at intersections of the various d-th rows and the 
various d-th columns, and the latter those at intersections of e-th 
rows and c-th columns. The latter determinant is equal to unity — 
for the constituents in its principal diagonal are units, while those 
below and to the left of that diagonal are all zero. The former is a 
determinant of order ij/^ (n), which has for its last row 

\(1), X(d,), X'K), ..., X(n). 

What the multipliers of these are, in the expansion of the determinant, 
has been completely seen above. 

With regard to the particular application to arithmetical functions 
^m> ^m-i» we are then assured that the Glaisher-Hammond deter- 
inant method adds no essentially new information to that afforded 
by the algebraical identities which we dealt with at the outset. 

9. A known fact of some generality (cf. Bachmann, Encyclopddie^ 
Band i., p. 650) is that, if Xj, Xn ^2> Xs ^^^ ^^^^ arithmetical functions 
such that, for all numbers n. 

A, (n) = 2xi id) and \ (w) = 2x2 W^ 
then Sxi (^) \ (d) = 2X2 (f ) ^i W* 

This has an interesting application to our functions F„,. Since 
2f„., (n) = S F„ (<;) and J^., (n) = 2F, (d), 
it gives that 

^F„ (1) F.., (d) = ^K(^) i^--. W. 



* A very convenient way of rendering visible such transfurmations of Biimma- 
tions is to arrange elements in a square array and equate their sum taken by rows 
to their sum taken by columns. Thus, if we take a row and a column for each 

divisor of «, and place, in each d row, xi i^ ^2 ( ir ) o'^ ^ i^ *1^® 8 -column accord- 
ing as ^ is or is not a divisor of 8, the two different ways of adding elements give 
the equality here before us. Most familiar arithmetical equalities can be made clear 
in this sort of way. 
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In particular ^F^ (-^-) F,„, (d) = 2F,_,„ (-^^^) F^., (d) 



Faking in iutej^fral in this, we get 



^Fk (J) ^"-^ W = 2^"-' ( J ) ^'•-■^ C*^) = 2^i^-. (1) ^^-i'OO 



= 2 j; (-|) F, (d) 

= 2 (fd) = n^, («). 
So, too, 2F.V.. ( ^ ) i^-x (d) = S 4 ( ]J ) F, (d) 

2F^., (-J-) F.,.(d) = 2F,(^) F., (d) 



and more generally 



^^^^'(1)^-^'^^)="^ 



= ^JL4^^d)=n^^f^; 



-..,X^r(d) 



d 



for any positive or negpative r. 

These equalities can be at once stated in other terms by means of 
(P) and (K). 

10. In conclusion the remark may be made that examples may 
with ease be written down of other identities than those in §§ 1, 2 
which yield expressions for simple arithmetical sums. For instance, 
take 

pl'pt'^PT ...n(l--^)''=5 ip'irpYpV' ...) + fractional terms, 



where 



Ofp'lp, Of <r'l<r, 0<r'lr, *i'c. 
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The non-fi'actioiial part on the right is the sum of the squares of the 

algebraic divisors of p^^p'^p] .... Upon multiplication by 11 (1 ) 

this yields an identity which gives 



integral part of expansion of p'/p^'^p^^ ... 11 M n \ 

= S J integral part of expansion of pl^ P^,^ pT ••• ^ { ^ ) f • 

Now take the prime numbers for the jp*8, and any number 

thus getting 

part of n'n (l-\ j integral in p^a, when 7^ is expressed as a 

product of ^'s, 

= S^ {d^)y for all divisors d ol 7i; 
a result which may also be written 

.S'-,S" = 20 (d") = ^d<i> (d) = 2201 00-1. 

where 0, (d) denotes the sum of the numbers prime to and not 
exceeding d, and S, S' denote the sums of the divisors of n' which are 
and are not respectively products of even (including zero) numbers 
of unequal or equal prime factors. 

In like manner the integi^al parts, when u is replaced by its ex- 
pression as a product of primes, of the expansions of 

\ p p pi 
<&c., <&c., 
are S^ (cT) = 2 (?0 (<i), 

20 W = 2(?»0 W, 
<&c., <&c. 
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The Elementary Tlieorij of Oauchy^s Principal Values. By G. K, 
Haedy. Received March 12th, 1901. Read March 14th, 
1901. 

1. Definite integrals are of two kinds — -finite and infinite* In 
finite integrals the range of integi'ation is finite, and the subject of 
integration finite throughout it. A finite integral, simple or multiple, 

is defined as a single limit ; thus, for instance, the simple integral 

* 

^f{x)dx (1) 



f: 



is the limit when n tends to infinity of a certain finite sum 

2 /(^r.l,r)(aJr-aJ,.,)» 



r-1 



When a or -4 is infinite, or f (x) has infinities lying within (a, A). 
the integral (1) can be defined, if at all, only as a double limit. 
Thus, if, to take the simplest case, / (a?) has a single infinity ^ in 
(a, A)y it must be defined as the limit of 



(r-^L>(^>'^^' 



when the positive quantities e, e' tend, independently or otherwise, to 
zeix) ; that is to say, as the limit of the sum of two single limits, 
i.e., a double limit. The only case which is considered in any detail 
in the books is that in which this limit is determinate when e, e' tend 
independently to zero ; that is, when it is the same for all possible 
ways in which they can do so. We shall say then that the integral 
(1) is unconditionally convergent. Unconditional convergence may 
be of two kinds — absohite or relative ; but this is a distinction with 
which we need not concern ourselves at present. 



* There are, so far aa I know, no English words of general use in this con- 
nexion equivalent to the Grerman Hgentlichj uneigentlich. " Finite " and "infinite " 
do, I think, really express the distinction in a way the German words do not. It 
has indeed been suggested to me as a possible objection that '' infinite integral " 
ought to mean ** integral whose value is infinite, divergent integral." But nobody 
supposes that an *' infinite series '' is necessarily divergent, and I hardly see why 
confusion should be more likely to arise in one case than in the other. 
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Conditionally Convergent Integrals. 

• 

2. We shall now suppose that this is not the case. We have then 
to consider the possibility that a definite limit may result if the 
quantities c, c', while they tend to zeix), continue to satisfy one or 
more relations. If such relations can be found, we shall say that the 
function under the integral sign is conditionally in^egrahle ; that the 
integral is conditionaily convergent ; and that the limit which corre- 
sponds to any such particular set of relations is a particular value of 
the integral. 

These definitions can only be useful when the subject of in- 
tegration changes its sign within the range; the integral of a 
function of constant sign is either unconditionally (and absolutely) 
convergent or determinately divergent. And when a function is 
only conditionally integrable different sets of relations will generally 
lead to different results. 

3. Consider, for example, the simple case of a function/ {x) which 
is finite and integrable throughout the range (a, A) except at one 
point X; and is positive throughout a finite interval (X— f, A'), 
negative throughout a finite interval (A, A+f)* Suppose, more- 
over, that 

rx-, CA 

lim = -I- 00 , lim I = 



00 . 



Then any quantity m ivhatever is a particular value of 



1 



For let T/i, i72> ••• and iq,, 17',, ... be any two sequences of descending 
positive quantities whose limits are zero. Let 



^-m CA 

a 






Let 7W„ mj, ... be any sequence of quantities whose limit is m. We 
can determine M^^ M\ so that J/i>if„ ^[>H[, and Jfi — IfJ = m,. 
Then we can determine M^>M^, M''>>M\ so that M^>H^^ M2>B.',, 
and 3fj — M', = w^ ; and so on. 

We can then determine Cj, €• by the equations 



i: 



= M„ =-M'r, 

I / 
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rx-u [A 
so that I -f I = m,. 

• a J X+t^ 

Also e, < ly,, c; < 17 ■ ; so that lim e, = 0, lim € • = 0. Hence, if c tend to 
thi'ough the sequence of values Cj, e„ ..., and e' through the sequence 






lim (I -h ) = m. 

«,«'-o\Jo Jx+e'/ 

[A 
Thus m is a particular value of . For instance 

J a 

which may be made equal to any quantity we please by choice of #c. 

4. There is only one form of " particular value " wuth which we 
shall be concerned in the following pages. 

The Principal Value of an Integral. 

Suppose that / (x) possesses a convergent integral over any part 
of (a, A) which does not include any of a finite number n of points 
X„ distinct from a or A, and that 

tends to a finite limit when the quantities €„ ..., €„ tend independ- 
ently to 0. Then this limit will be called the principal value of the 

[A 

integral j , and will be denoted by 



\> 



x) dx. 



5. Historical and Critical Note. — The set of relations which serves to define the- 
principal value is, in fact, 

«,= «• (»■ « 1, '•^, ..., w). 

The principal value was first defined by Caiichy. But Cauchy's ideas on the hub- 
ject of infinite integrals had not the degree of precision required by modem 
analysts. So far as I am aware, he does not re(?ognize the distinction between un- 
conditionally and conditionally convergent infinite integrals at all. In some of his 
earlier memoirs, indeed, he does not distinguish principal values from ordinary 
finite integrals. And he does not seem to have observed that, if the subject of 
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integration becomes infinite. like (x—X)'*, the only case in which the definition of 
the principal value is useful is that of ^ » 1 . 

There is so much that seems arbitrary, at any rate from the point of view of the 
theory of functions of a real variable, about the conditions 



*. - < 



by which the principal value is defined, that its theory has been practically 
neglected. Thus Riemann, who was the first to give a precise form to the defini- 
tion of the infinite integral, expressly excludes it from consideration. And in the 
best theoretical treatises (as, e.ff.f Stolz, Jordan, Hamack) it is generally dismissed 
with a remark ; sometimes its very legitimacy appears to be called in question. 
For instance : 

** Cauchy hat . . . Hauptwerthe (valeurs principales) in Betracht gezogen, auch 
wenn . . . keinen Sinn hat. Us ist jedoch tins unseren TTeberUgungen klar^ da»» man 
besser thut, diesei- Einfuhrtmg nicht zufolgen " (Kronecker, VorUsungen^ p. 211). 

'*Das8 der Begriff der ral^tr principale eineu Integrales, den Cauchy aufstellt. 
nicht statthaft sei, braucht nicht eriirtert zu werden " (Schlafli, Acta Math,^ 
Vol. VII., p. 187). 

It is, at any rate, quite clear that the principal value is not what the last writer 
asserts it to be : * * was er [Cauchy] so nennt, ist eitw Snmme von IntegraUn, die 
einander niehts angehn.^^ For instance, if/ [x) be a function of the complex variable, 
analytic near the origin, 

is determinate. But the principal value is neither the sum of [ , | nor the sum 

Jl f4» . Je J-i 

, I , which are not convergent. 

Again, in the Eucgc. d. Math. Wiss. (i. ii. 1, p. 38) it is asserted that the ordinary 
formula of transformation cannot be applied to principal values. We shall see 
later that in such cases as ordinarily occur this statement is untrue. The fact is 
that the interest of the principal value depends upon its frequent occurrence in 
connexion with the ordinary, elementary functions of analysis, such as 

— , log jr, cosecx. 

X 

* 

These are of course extremely special functions. But we must distinguish, with 
Borel ('*Memoire sur les Series divergentes,'' Ann. de VE. iV., xvi.), between the 
theoreticalfg general and the practicalhj gmeral. The simplest special kind of infinity 
of a function across which its integral is only conditionally convergent is a simple pole ; 
and in general analysis this is, of course, the most important kind of all. Indeed, 
when we look at the matter from the standpoint of the theory of functions of a 
complex variable, and consider the methods used in contour integration, in which 
poles are often excluded from the range of integration by semicircles having the 
poles as centres, the particular significance of the at first sight arbitrary conditions 
e^. =a %\ becomes quite plain. 

It is worth remarking that formulte involving principal values are very often 

c2 
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simpler than the corresponding formulse which involve ordinary integrals. 

for instance, 

dx •K_ T>r* dx 



Thus, 



i 



i 





dx 



Jo «•-*' 



cosh a— cos X t<inh a 



I 



dx 



cos a — cos X 



0. 



The consequence of this is that the easiest waj of evaluating an ordinary integral 
is often by means of its connexion with a principal value. And by the use of 
principal values the range of some of the fundamental double limit problems of the 
integral calculus can be considerably extended. I hope to illustrate these points 
systematically in a series of further papers. For the present I may refer to a paper 
in the Qumi. Jour, of Math, (June and September, 1900). 



6. (i.) 



(ii.) 



(Hi.) 



Elementary Properties. 



P\''lf,(x)dx 

a 1 

rA 



P\ Kf(x)dx = Kp{^f(j:)dx. 



(iv.) IfP] f(x)dx is determinate, so is P\ f(x)dx(a<c<A), 
}a Jo 

except possibly for a finite number of values of c, and 

J a J c J a 

f ^ . . . 

(v.) P I f(x) dx IS a continuous function of A for all values of A for 

which it is defined. It has a derivate equal to f (A) for all values of A 
for which f (A) is continuous. 

We need not delay to prove the above almost obvious theorems, 
which result immediately fix)m the definition and the corresponding 
properties of ordinary integi'als. We will only remark that they aie 

equally true of any pai'ticular value of an integral , when the 

range only includes a finite number of points across which the in- 
tegral is not unconditionally convergent. 
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(vi.) If f (x) be continuo^(s in general in (a, -4), and F{x) he continuous 
except at a finite number of points X„ distinct from a or A^ and there 
become infinite or ditacontinuous in such a way that 

lim{/(X,-e)-/(Z,+.)}=0, 

€■0 

and if F (x) have a derivate equal to f (x) at all points at which the latter 
is continuous, then, for all values of x in (a. A) other than X,, 

F{x)^F{a)=F[f{x)dx. 

For, if, e.g., XiKxKX^^^, 

r f{x)dx=F{x)-F{X,^€,), 






^i-l+u-l 



f(x) dx = /'(X,-€,)-/'(X,.x + e,.0, 



and on adding and pi-oceeding to the limit the theorem follows. 



7. Suppose, in particular, that \l/ {x) ^ {x) is a product of two 
functions which satisfies the conditions imposed upon F(x), while 
•// (x) ^' {x)y 4' (ip) ^ (*) satisfy those imposed upon / {x). Then 

P J^ ( i/. (x) 9' {x) -f ^' {x) ^{x)'\dx^'\^ ix) -^ (aj)]^, 

the formula for integration by parts. 

Let, e.gf., a = 0, ^ = cx), \ff{x)=x, ^ (a?) = log (l— -2. j ^ 
where p>0. Then 

riog(i-4Vczx=4pr^ 

Jo ^ •'^ ' la p—^ 



= 0. 



We only defined P I when A was finite. But, if there be only a finite 

is simply PI +1 , if this be 



determinate. 
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Convergence* of the Principal Value over an Isolated Infinity. 



7. The principal value P I has so far only been defined in the 

J« 
case in which (a, A) includes but a finite number of points X, across 

which the integral is not unconditionally convergent. Wider defini- 
tions will be given shortly. But fiwt we must consider more in 
detail the possible chai'actei's of these points -Y,. There is only one 
case with which we need seriously concern ouraelves. As we have 
already pointed out, the principal value is a special notion which 
derives its intei^est from its fi'equent occurrence in connexion with 
certain familiar functions. It would therefoi^e be futile to attempt to 
state theorems connected with it with the utmost generality of which 
they are capable. That would be to try to generalize what is 
essentially a special case. Our object will be leather to prove a few 
theorems general enough to give an account of such cases as we shall 
meet. 

Infinities X''. 

8. We define the functions 

by the equations Ix = log j* , Vx =- llx^ .... 

We shall say that a function / (ar) has an infinity X*" at a point a; = X, 
if a finite interval (X— f, X-hf) can be found within which /(a;) can 
be expressed in the form 

^, ix-X) e (a-), 

where (i.) 9 (a?) is a function which possesses a continuous denvate 
throughout (X — f, X-|-f), and 



* It is, no doubt, verbally inaccurate to say that *' the principal value in con- 
vergent " ; the principal value is a limit to which something else converges. How- 
ever the expression saves a good many rather awkward periphrases. And it is 
quite usual to say that an ordinary infinite integral converges, although this is open 
10 the same criticism. Strictly speaking, to say that 



j: 



?Hlfrf, 



is convergent is only a short way of saying that it is a limit to which something 
else converges. 
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It is to be understood that some or all of the symbols of the absolute 
value on the right may be omitted, provided no difficulty as to reality 
arises. Thus ^y{n) might be 

M*, I u r*, w* I Zm i"*, .... 

It is also to be observed that, if r < 0, or if r = r^ ... = r<.i = 0, 
Ti < 0, the point is ideally not an infinity, but a zero. But no con- 
fusion will arise from this. 

9. To avoid muiunderstanding later we add the following remarkB on the subject 
of these logparithmic factors. All of 

become infinite for t/ = 0, oo . But also 

\Pu\ 



= 00 , M = ± 1 "^ 

= 0, M=±f', ±^-*, ±«*'* 






and so on. We are, however, interested in these logarithmic products only in 
connexion with the behaviour of a function in the immediate neighbourhood of u => 0. 
So we shall suppose all these other possible infinities excluded from consideration, 
either by a sufficient restriction of the range of integration, or by a suitable choice 
of exponents r, rj, ..., r^. 

Since, if ^ (u) be real, 

^iog|^OOI-Lf(")J .<^(")_«$>), 

lr« = 1- -. 

rf« uiuPH...r-^u' 

just as -— log'M 



du H log u \og'^ u ... log" - * u 

As soon as M is small enough ru = log* u ; 

but, by using the functions T, a good deal of possible ambiguity as to sign and 
reality is avoided. 

It is well known that the integral I f (x) dx is absolutely' convergent 

acrosa X, if r < 1, or if r = 1, r, < — 1, or z/ r = 1, rj = r, ... r^^i = — 1, 
r, < — 1. When r = 1, we shall write Qp for ^//„ ; so that 



n^(u) = in |Z'm|^. 



u 1 



Some of the symbols of the absolute value may possibly be omitted. 
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In what follows we shall suppose, for simplicity, as we evidently 
may, that the range is so restricted that all of the functions Z'n, 
I = 1, ..., y are positive. 



Theorem. — If 



f(x)=Q,(x--X)e(x), 



where {x) is a function which has a continuous derivcUe vear x ^ X, 
and 



u 1 



and ( be a sufficiently small finite quantity^ then 

P\ f(x)dx 
unll he convergent. 

For (1^ -^\_^f{x)dx 



^[^Jj{X^u)-Vf{X^u)}du 

= I a(ti) {e(X + w)-0(X-tO} (iw 

= 2 f n {/•■«}'■• 0'(X+^w) du, (-1 < ^ < 1) ; 

Je 1 — — 



and the limit of this for e = is plainly finite and deteiTainate, since 

limf^^n [Z'uj^' = 0, 

for any positive value of y. Hence the theorem follows. 

It should be observed (i.) that, if the exponents ?•, satisfy certain 

conditions, not only P I , but I also, is convergent ; (ii.) that 

jA'-f Jx-f 

^{x—X)f{x)dx is evidently conveigent across a* = X ; and (iii.) 

that f{x)dx becomes at most logarithmically infinite for a? = X, in 
the cases in which it does not converge up to x =: X. 

That ifi to say, as ^ (j*) = I f{x) dx becomes iufinite, its modulus remains less 
than the value of a certain logarithmic product. This may be proved as foUows : — 
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fn the first place 



4>(X-€)*J/(-Y-ti) 



du 



I. 



1 » 






We may suppose the upper limit (say {) so small that d is of constant sigpn 

(say > 0), and j< i • i /a <r ►x / \ 

^ "^ '' / « > 1, t = 1, ..., V (0 < «^^). (a) 

Also we may suppose r|, rs, ..., tv all > 0, and »*i + l > rj + r3... + r^. For, if 
these conditions are not satisfied by the indices ri , we can substitute for / a 

function/' whose indices >\ satisfy the conditions 

>-2, ''s, .. , r^ > 0, I- ^ ri, rj + 1 > rj + rj ... + »{ ; 

and then, if we can prove our conclusion for /', it will follow a foHiori for /, in 
A-irtue of («). Then 

^(i_.) — A f i {;„}'.•'„ {/'«}■■■ e(J[-«)rf« 

r, + 1 J, *» ' ' 2 "^ •" 

+ \ 2 r, f J- {/«p n {rr*p-^ n {^i^'-'eift. 

n + l 2 Je « *- ' 2 ^ ^ i*l ^ ^ 

1 *" 

«♦(«) + 2 Vi ^i (c), say. 

»-l + 1 2 



Here ♦ (e) is the sum of 



»'l + l 2 "* 



and terms which remain finite as c tends to zero. And we may therefore suppose 
i so small that 

♦ (f)>o, o<6<^ 

Also ^i (e) > 0. and, since the subject of integration in ^j is less than that in ^, for 
every value of u in question [by («)] 

^(A'-€)>^.(€) (1 = 2,3,...,,.). 
Hence < I 1-^— J^(X-«) < ^(X-*) V jr.-^iCf) - ♦ («) ; 

2 2 

where JS*, K are some finite constants. 
Thus our conclusion is established. 

11. We shall not have occasion to consider in any detail principal values other 
t'ha.n those in which the subject of integration behaves like this near each isolated 
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infinity across which the integral ceases to be unconditionally oonverg^t. An 
example of another kind is 

P\ sin— — - ■■ lim ^ cos cos— v = 0. 

J_l X afl 9mO (^ € 6 ) 

12. We shall also find the following lemma useful in the sequel. 

A Lemma analogous to the First Theorem of the Mean. 

Lemma. — If 9 (x), ^ (ar) he functions which have continuous derit^ates 
in (X — f, X-f f), and Q {x) do not change its sign, and 

f{x) = Oy{x^X)Q{x), 
then will 

P\ f{x)il>{x)dx 

fA'+f [X+i 

= <^(X)P /(ar)ix+<^'(X+At) {x-X)f{x)d^, 

}x-$ Jx-^ 



wh*tre 



-flMlf 



That each of these three terms is detenninate follows immediately 
from what precedes. Also 

^JjC-f J.lf+e' 

= f {/(X+tt)<^(X+tt)+/(X-«)*(A'-u)}d« 
= 4> (X) P {/ (X + «) +/ (X- tt) } du 

+ f /(X+«) {<^ (X + «) -<f> (X)} du 

-jV(x-tO{*(X)-^(x-fO}^«. 

When € tends to zero the first term on the right tends to 



The second is 



^(X)P f{x)dx. 



/(X+u)[n«'(X+^0]fl^'* (0<^<1) 

= ^'(X+X)[ uf{X-\'u)du (0<A<f). 
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The first form shows that the term temls to a limit for e = 0. The 
second factor of the second form also tends to a limit ; and therefore 
€f/(X-^\) tends to a limit, which must evidently be 

Thus the limit of the second term is 
Similarly the third term tends to 






Since (x^X)f(x) is of constant sign, we may replace the sum of 
these two limits by 

^'(X+^) [^^\x^X)f(x)dx, 



JX-$ 



and the lemma is proved. 
If, in particular, 9=1, 

Ja-^ ar— a = = 



Infinite Limits. 

13. We shall now consider the case in which the range is infinite. 
If there be but a finite number of infinities across which J/ {x) dx is 
not convergent, no new point arises. It may indeed happen that 

lim I / {x) dx 
xr-« J _// 

is finite and determinate, although is not. If so, we call the 

I —00 

former a principal value. We shall not be concerned with this, 
however ; and indeed principal values of this kind are not particu- 
larly interesting, and may always be reduced by simple substitutions 
to those of the kind which has already been considered. 
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We suppose then that /(a*) has an infinity of such infinities, 

X, < X, < X, ... (Urn Z, = -f 00 ) ; 

further, that each of them is an infinity X' (§ 8), and that there is 
a positive constant J7, such that 

:X-.,,-.Y,>ff (1 = 1,2,...). 



Then 






(1) 



is determinate for any finite value of a^ > a and distinct from any X, ; 
in particular, for values of a* > a which satisfy the conditions 

ar-X.:>8 (t=l, 2, ...), (c) 

where 8 is any small fixed positive quantity. 

Then, i/", vhen x tends to oo through any system of values which satisfy 

condition (c), the pn7icipal value (1) fewd, however small be S, to a 

finite limit independent of the particular system chosen, this limit (which 

must evidently be independent of S) will he called the principal value 



roo 



of the integi'al I ^ and denoted by 



!>< 



x) dx. 



Similarly for an infinite lower limit. 

14. We shall shoHly give a still more general definition, which 
may be used when condition (c) cannot be satisfied, or when /(a?) has 
infinitely many infinities X* within a finite range. But we may first 
illustrate the preceding definition by some examples. 



15. (i.) Let 
Here X, = »ir. 



/w = 



Bin ax 



1 



sin X e^ + x* 
Suppose 0<8<Jir. Then 



Also P 



Jo Jo 1 J(»-i)» J^'^ 



dx 



f.v-t-4)w 



('**'«pf*' , vi sin rt (i; + fir) 

, ,1 r*» Mn«a: dx 

= ( — ) COSfflW . — — 

/ v« • • z> f^* c^8 ax 
+ (— ) 8in<ltir r I -r — 



i» fiini'X dx 

IT)-' 



(1) 



dx 



+ * + iir)- 
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We can determine a finite constant Z, such that 

< Z, — Jir < i; < Jit ; 
and then the modulus of the first term is 



Bin ax 
sin^r 



< - 



L 



the general term of a convergent series. Again, the conditions of the lemma of 
i V2 are satisfied by the principal value in the second term, if we put 

- , . 1 ^ / \ eo8 ax 



Also 

Hence 

fi* COS ax 



J_4,8mar 



, f*' CO 
J -4- ^ 



dx 



sinx el^ + (x -¥ iir)^ 



J -4.81 



SUIX 



-dx {-^n±fji<hx) 



I.^M 



r __ a sin^M^ 2 cos afi {fi * t jr)~| ^ 



in absolute value, iT being some finite constant. And this again is the general 
term of a converg^ent series. 

tends to a finite limit for N = co . For the last term of (1) evi- 



,[AV + 8 < X < (N-\- 1) ir— 8]. Hence, 

according to our definition, 

p f* sin ax dx 

Jq sinx 02 + ^ 
is convergent. As a matter of fact its value, if a < 1, > 0, is 

w sinh (10 
20 sinh e ' 



16. (ii.) We shall now establish the convergence of a general class 
of principal values which includes the preceding example as a 
particular case. In the general case, however, we are obliged to use 
an argument which is not quite so pimple. 



A General Convenjence Theorem. 

Theorem. — If tj/ (x) be a function ichich possesses a continuous derivate 
^' {x) for all positive values of X, and i/^ (a*), ^' {x) tend steadily ^o zero 
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for a; = QO , then 

„ f " sin oo? , / X 7 75 f cos flw; , / \ J 
J sma; Jo cosa^ 

will be convergent y proxrided a he not an integer* 

Take, for instance, the former of the two. It will be clear, after 
the discussion of the preceding section, that it is sufficient for our 
purpose to prove that we can choose N so large that 



2 P 
J^*i J(t-J)- 



< o-, 



for all values of ^'>^, <r being an arbitrarily small positive 
quantity. Now 

s^\ J(i-J)ir ff*\ J-J» sma- 



* ' sm ax 



S' 



2 ( — )* cos aiir \b (xA- itr) dx 



= J" 

-fpP' ?«««'•'' 2 (-)• sin aiVi/r (a; + iV)(Zaj. (1) 
Now the senes 

OB . 9B . 

2 ( — )' cos aiv \ff (« + iV), 2 (— )* sin aiir j/r (a;-f tV) 

are uniformly convergent for values of x in ( — ^t, ^), if a is not an 
odd integer. 

For, by a well known lemma due to Abel, 

II' M' - 1 

2 UiVi = 2 (ui— t*,,i) F. + t^n'T^M', 

if F, = r„ + r„^., ...-f r,. 

Let, for instance, r, = ( — )'cosaiV, ?<, = if/ (x-^-itr). 

Then F, oscillates between finite limits as i increases. And, owing 
to the conditions imposed upon ip («), 

2(7/,—?/.^,) 

* If a Im an odd integer, the integrals are of the ordinary kind, and are convergent 
or divergent according as « 

Jo 

is convergent or divergent. If a is an even integer, the firHt of them is an ordinurj- 
integral, and convergent ; the second is a principal value, and convergent. 
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converges ahsolutely and uniformly^ and ?t, tends uniformly to zero. 
Hence 2t*,i'j converges uniformly. A similar proof applies if 

», = ( — )' sin aiw. 

It follows at once that we can make the modulus of the first term 
of (1) assignedly small by choice of N, And the second, by the 
lemma of § 12, used as in the preceding section, is 

cos cwj 2 ( — )' sin aiir il/ {x-\-iir) I — — dx, 



where 



— i^ £ /i £ i^r. 



The quantity in squai*e brackets is 

— asina/ii ( — )' sinaiV i/r (^-f iV) -f cosa/x 2 ( — )• 8inaiVj/r'(/i + tx) 



x*i 



y*i 



Now 



2 (— )' sin aiir ;//' (a + iV) 



is also uniformly convergent, by the same argument as befoi*e. 
Hence the modulus of the second term of (1) can also be made 
assignedly small by choice of N. And so the theorem follows. 

A similar conclusion holds for 

?^'^'i(x)da-, P\ ?°"-''^,^(*)dx (0<c), 
„ cosa; ' Jc sin* 



/•GO 

P \ sin (ux tan .r i/r (jc) c/,r, . . . , 
Jo 

Jo sma; — sma 



cos ax 



cos a?— cos a 



-~\j/(x)dx (0<a<7r), 



• ■ • • 



Thus if/ (x) may be, for example, 

a;-'* (0</i<l), 



e-^, 



x-^0' ^^ff' 



a^e-^ {fi>-l\ 



It is obviously sufficient if the conditions as to the steady decieane of 
iff (x), ij/ {x) are satisfied after some finite value of x. 
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Pnncipal values of these types are interesting in many ways. 
Cauchy evaluated some of them, as e.g.^ 



I sm ax CUV p 
Jo sin 6a; 1-r^' Jo 



cos ax (ix 



cos bx 1-f «*' 

but he never defined precisely the sense in which they are convergent ; 
nor, so far as I am aware, has any later writer done so. 

A more general Theorem. 

17. (iii.) Theorem. — If j/r (x) satisfy the conditions of the preceding 
ttection, and ^ (i*) he a function which has a continuous derivate for all 

values of u, ^ t* ^ 1, then 

pTcoBax^ (cos^ x) xp {x) dx, P T ®\'' ^ ^ (sin' x) if; (x) dx 
J cos X J sin X 

toill he convergent. 

Arguing as before, we obtain, instead of equation (1) of § 16, 

ff r(i+J)ir fi' sinaa; . ^^ 

2 P I =1 —. — ^(sin^a;) 2 {—y cob aivxp {x-\- in) dx 

^^^ J(i-i)ir J-iir Sin a; ' avi 



r^ cos flu 

J_j,r sinaj 



-V 



4" P I — . ^ (sin* a?) 2 ( — )* sin aiic \j/ (x-\- iv) dx ; 



-v^-i 



and, as before, the first line can be made assignedly small by choice 
of Ny and the second is (using the lemma of § 12 once more) 

cos cue <l> (sin* x) 2 ( — )' sin aiir \j/ (x + iw) I - — dx. 

y*i Jx=fjL J-i,rSina5 

The conclusion follows as before. 



It would not be difficult to generalize these theorems further ; but what we have 
prt>ved will be sufficient for our present purpose. "We may mention, among 
formulae of other types, the two 

Pf - '^-^ . =0 1 

Jo co8i;-/>2:8in;r 

V (jt;>0). 

,r 1 dx 



]q cos x—px sin X a- + x^ '2« (cosh o + pa sinh a) ) 



These follow easily from Cauchy*8 theorem. We have only to observe that the 

roots of i f r\\ 

cot X = px {}) > 0) 
are all real 
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Transformation of Principal Valties, 

18. We shall now consider the question of the transformation of a 
principal value by the substitution of a new variable. We shall 
begin by considering the case of a principal value defined as in § 4. 
When we attempt to apply the same process to the case in which the 
limits are infinite, and the principal value defined as in § 13, we shall 
find that the definitions already given are inadequate. We shall thus 
be led to a more general definition. 

19. Let us suppose that PI f (x) dx is convergent, the range of 

integration including one, and only one, infinity X*, viz., a? = X ; 
and that, if f be any positive quantity, however small. 



r, f . 

Ja JX*i 



can be transformed in the ordinary way by the substitution 

ic = ♦ (y), y = <A'* (a?) = «A («) ; 

finally, that ^ and its first tico derivates are continuous in the 
immediate neighbourhood of aj = X, and that ^/<' (y) is not zero when 

a; = X. The7i P I can he transformed hy the ordinary rule, that is to 
say, Jo 

P r f{x)dx = p\^j[^p (y)] ^' (y) dy. 
In the proof of this theorem we shall need the following lemma. 

20. Lemma.— Jjf /(w) —Qv{u)e(u), 

where 0,»(u), (w) are functions of the type considered in §§8, 9, 10, 
and K, K tend to zero in such a way that 

lim^j:^;=0 (^>0); 

then limPp f (u) du = \im P {' =0; 

and sOy if $ he small enough, 



"° (!>£)= ''I-,- 
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^ow we may suppose k, k so small that Qy (u) does not change its 
sign in (ic, k), and increases as u decreases, and k> k. Then this is 

e (X) r Qy (ti) du (k < X < k) 

<e(X)(ic'-ic)ft,(K), 
which tends to zero with <c, /. 

21. Let 6 = i/r (a), 7? = j/r (^), 

and suppose, e.g., b < B. Then 

P T/d^c = lim ( T" V ["" ) /((ia-) 



= iim( 4- )/[*(t/)]<^'(y)rfy. (1) 



Since ^' (y) is not zero for a; = X, 

Now /[*(y)]=a{*(y)-X}e[<^(y)]. 

and 4*(y)—X = <l>0j)—fli{Y), say, 

= (y-r)c/»'(r)+i(2/-ry*''{r+^(y 

where ^ = ^=1- 

Hence 



y)}> 



x-X iy-Y)i>'(Y) 

-j-teims which remain continuous at x 

Also l{x-X) = l{y-Y) + l<l>'{Y) + l [l + i^:^^-^"] 

= l{y-Y) + l<l>' iY) + {y-Y)e,{y), 
where 0, is continuous. 

We shall suppose for simplicity that 



= X. 



QyU = — \Iu\''^r-u', 

11 



1901.] Elementary Theory of Cauchi/s Principal Values. 35 

when there are more factors the argument is more complicated, bnt 
in principle the same. Also we shall suppose that c is the greatest 
integer in r^, 

r^^s-^-c (0<s<l), 



Then 



= M(y-r)r' 



\l(x^X)\^^ 
^Z(y-r)^ l{y-Y) 



c*\ 



where a, is a constant, and p (y), q (y) are continuous functions. 



Again, 
P(x-X) 






= i'(y-r)+2r,|Z(y-r)|-'+|i(y-Y)|-U(y) 

+ (y-r)M(y), 

where y^ is a constant, and X (y), ft (y) are continuous functions. 

On forming the product ily we see that it is tlie sum of — 

(i.) A finite number of terms each of which possesses a convergent 
integral acmss y = Y. It is to be remembered that 

(y-r)-'|Z(j,-r)|'Z'(y-Y)</.(y) 

is a term of this kind, if ff> (y) is continuous and p < — 1 ; so that 
these terms include, e.7., 



and 



{y-Y)-'\l{y-Y)\-'\{y) 

iy-^)-'\i(:y-^)\'-'P{y-'^)piy)- 



(ii.) A finite number of terms of the form 

^n,-(y-r). 



D 2 
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where il is a constant. Hence 

P 



j^/[*(y)]*'(y)^y 



is convergent. Also, if 



Hence 



^-^ 



remains finite as if, ly' tend to zero with f ; and therefore, by equa- 
tion (1) and the lemma of § 20, 

P \^f (x)clx = P T/ [^ (y) ] f (y) dy. 

Ja Jb 



22. Thus, for instance, if » = y*, and H ^ nir, 

VH ^i„ „^.% 
siuy* 



Jo sma? a^ Jc 



If jff tend to 00 through a series of values included in the intervals 

{nT + 8, (n + l)ir-8] (» = 1, 2, ...), 

each side of the equation tends to a finite limit, and it is natural 
to write 



Jo sinaj aj^ J smy' 



(1) 



But the right hand cannot be defined as -in § 13, since the intervals 

{y/nir, y(n + l)^} (n = 1, 2, ...) 

diminish indefinitely as w increases. This suggests that our former 
definition may be extended. 

23. The following general definition includes as particular cases 
those which we have been considering, and justifies equation (I) 
of § 22. 



1901.] Elementary Theory of Cauchy's Principal Values. 37 

A General Definition, 

Let / (x) be a function which possesses a convergent integral over 
any part of an interval (a, A), where A may be oo , which does not 
inclnde any one of an infinite series of isolated points X„ 

(a < ... <Xi< Xi^i ..., Km X, = A) ; 



<.« 



while P 1/ (x) dx 

is convergent across any point X,. Let the points X< be included in 
a series of open* intervals 

no two of which have any point in common. And suppose that the 
interval $^ ^ depends on a parameter 3, and that as 8 tends to zero 

each of its extremities tends steadily to X,. Let the remainder of 
(a, ii) be denoted by B^. 

If 05 < ^ be any point of R^, 



i'^-' 



dx (1) 

Ja 

is convergent. 

Then, if, when x tends to A through any series of values lying entirely 
in £j, (1) tends, however small be 8, to a finite limit independent of the 
particular series chosen, this limit — which must evidently be inde- 
pendent of 8 — unU he called the principal value of the integral 

I , and will be denoted by 



P 

Ja 



(it) dx. 



Further generalizations ai'e at once suggested. It is clear, for 
instance, that we may extend our definition to meet the case in 
which the infinities X^ form any enumerable set, and that similar 
definitions are possible for '^ conditionally convergent'* integrals 
other than principal values. But, for the reasons stated in § 7, I 
shall not enter into this. 

24. I shall conclude this paper with an illustration of the 
theorem of §§ 19-21, and the definition of § 23. I shall determine 

* An open interval is an intenral which does not indude ito extremities. 
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is determinate or not. 

Tlie Infinities of the subject of intcgi-ation atv 

^ = 0, aa- = ii,T±y{{i»ir)'-ah} (« = 1.2, ...); 
and, except for 0, lire infinitiee X'. As » increaeeB 

tend, to », §.T-/((J»x)'-,.(.} 

to zero. 

Consider the transformation 

Ab >j in creases from 2y{n'.) to an the upper value of ic increaeee 
steadily from i / ( — ) to co , and the lower value decreafiee steadily 

from J(—) toO. Also 

and these are contiuiions for all values of y > 2^{'ib). Finally, 
Hence, so long' as A is distinct from any of the infinities. 



J_ >h- _ 1 



.;.r 



.V(i'")+. sin {^u.r+ '' J ■'■ 

however large lie .1, and however 
fend.i to zero with (. 



-p 



1 



di, 



,m,l y(i/'-4ot)' 
xl I be e > 0, Here ij is > 0, and 
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Let 8 be an arbitrarily small positive quantity. We C5an make A 
tend to 00 in such a way that a^l-f- — tends to oo through a series 
of values entirely included in the intervals 

{nT + 8, (n-hl)7r-8} (n = l,2, ...), 



and then the limit of the right hand is 






4Kiby 



and it is easy to see that the left becomes P I according to the 

JV(6/a)+« 

definition of § 18. 

The limit of the right hand for c = is determinate, and so 

p[^ _ 1 . . ^ = pr 1 dy 

i^imsm (a^-\- ^) "* Jw(«5) sin2/ v/(t/-4a6) 



Similarly 
P 



•Jo sin(auj-hA) ^ J2V(aft)8i^y v^(y-4a6y 



Finally, 



r — 1 ^=2P| 

•^0 sm iax-{- j 



ibi 



2^(ab)^^^y y/(y'-^by 



This is easily verified by the help of Cauchy's theorem. In fact 



each integral = 



2y/{ah) 



And more generally, if 



(w + l) v>u = 2y/(ab) > mr, 



each of the integrals = tt 2 - .7 , — , .^^rr • 
Similarly, if a, h >0, 



f _ L :^ = p| V _<?,'^._. 



= 0. 
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We may perhaps mention the following fonnulae of the same kind : — 



sin iax-^- — J 



-7— ^^Vr» ('»0,|c|>|a|, li|>|H) 
" sm {cx^ j ^ 



. 8i„h(a<?-A) 

= 2^ ; IT ^'^<^) 

sinh (c^— —J 



^<' 8inh (c*- ^ ) '^-'^ 

(0<rJ<^). (1) 

fat Bin I <U! + — I 

^ . . .^ ^ [*>0. |c|>|a|. |<i|>|M, 

•'" Sin ( caj-h - J ^ 

= (c(£ < 0) 

These and many other similar formulae, which may all be pix)ved by 
means of Canchy's theorem, afford more examples of the nse of the 
definitions of this paper. 
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On the Composition of Group-Oharacteristics* By W. Burnsidv. 
Beceived and communicated March 14th, 1901. 

In my paper " On Group-Characteristics *' {Proc, Lond. Math. 8oc.^ 
Vol. XXXIII., p. 146) I have already given a short account of what 
Herr Frobenins had called their " composition."* 

In the present communication I consider in greater detail the 
system of relations of the form 

which indicate how the vai*ious irreducible representations of a group 
combine among themselves. The main result arrived at, which is, I 
believe, new, indicates how from the complete system of relations of 
the above form the existence of each self -conjugate sub-group which 
the group possesses may be deduced. 

If G^ is a group with r sets of conjugate operations, the r distinct 
representations of the group as an irreducible group of linear substi- 
tutions will be denoted by Gj, (?^ ..., Or* Of these 0^ will always 
be used to denote that representation in which each operation corre- 
sponds to identity. In (?, the characteristics of the conjugate sets 
are 

Xi» Xj» •••> Xr» 

and the number of variables is V . 

I recall briefly the process on which the so-called composition 
depends. 

Let Oi and Oj be actually set up as groups of linear substitutions 
in the two distinct sets of variables 

•^11 "^H •••> "^Y* y 

and yi, y„ ..., y^. 

To every operation of G there will then correspond a definite linear 
substitution on the x^ xi pi^ducts of the a;'s and y's, so that is thus 



* The process made use of bj Herr Frobenios to obtain the compoeition of 
charactenstios is given in a slightly different connection by M. Jordan {Traite des 
.iitbttitutumt, p. 221). 
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represented as a group of linear substitutions in x!x{ variables. 
This representation will not, in general, be irreducible. Suppose it 
resolved into its irreducible components, and denote bj g^k tbe 
number of times that Gk occui-s (for each k fi-om 1 to r). Each 
symbol gtjt is either zero or a positive integer. Tbe sum of the 
multipliers of any operation of the p-th conjugate set in this repre- 

kmr 

sentation will then be 2 gr^-^^ v*- On tbe other band, the sum of these 

multipliers is x' X' i ^^ consequence of the manner in which tbe 
representation has been constmcted from Gt and Gj. 
Hence for each p we have the equation 

f^p^p """ *f\fk^P* 

This system of r equations among the x's will now be represented by 
the single symbolical equation 

a,Gj = ig^,G,= GjQ,. (i) 

The complete system of r* equations of this form, for z, J = 1, 2, ..., r, 
may be primarily regarded as giving in a succinct form the result of 
combining any. two of the irreducible representations of G by the 
process used above. From this point of view (r, Gj may be regarded 
as a symbol for the group of linear substitutions on x! x' variables 
constructed as above ; and the notation may be extended to give a 

definite moaning to any symbol of the form fflGj .., (?* , or to the sum 
of any number of such symbols. 

Equations (i) may, however, be looked at from another point of 
view ; viz., as giving the multiplication table of a set of complex 
commutative numbers. In fact, if Gi, Gj, G^ be set up on the sets of 
variables 



iTj, ^2' • • • > *^Y 



1 



Vxt l/iy •••» 2/v » 



Zy, Z^^ . . ., Z^ , 



and the resulting group of linear substitutions on tlie x'x'X* pi'oducts 
of the a:'s, ys and z's be resolved into its iii*educible components, the 
number of times that Gi occui's may be represented either by 
2 9ijp9pi^ or ^y ^ Qikp^nii or by 2 gjipOpn. These three numbers must 

V P V 

therefore be the same whatever 2 , ;, Zr, and I may he. But these con- 



1901.] Composition of Orouj)-Characteri8tics, 4tS 

ditions are sufficient to ensure that when G, Gj . Gk and (?, . Gj Gt are 
calculated from equations (i) they shall have the same value. 

Equations (i) are therefore a consistent system for defining the 
multiplication of a set of r complex commutative numbers as stated. 

The analogy in form between equations (i) and the equations* 



r 



C,Cj = ^c^,C,= CjC„ (ii) 

which express the way in which the conjugate sets of G combine 
among themselves, is complete. Moreover the hitter set may be re- 
garded as giving the multiplication table of a set of commutative 
complex numbers.f 

Now with the system of equations (ii) what is ordinarily called 
the composition of the group is intimately connected. In fact, the 
necessary and sufficient condition that G may have a self -con jugate 
sub-group is that it may be possible to select a set of the 6"s (less 
than the whole) which combine by multiplication among themselves. 
The totality of the opei*ations belonging to such a set then constitute 
a self -con jugate sub-group. 

It is natural to ask whether the system of equations among the 
^*8 have not a similar connexion with the composition of the group. 
Let r be a self -con jugate sub-group of G. Among the irreducible 
representations of G thei'e must be a certain number in which every 
operation of F corresponds to the identical operation (Free. Land. 
Math. Sac, Vol. xxix., pp. 563, 564). If Gi and Gj be two of these, 
then in the group fonned from Gi and Gj by the above process of 
composition, every operation of V corresponds to the identical opera- 
tions ; and this is therefore true for every iiTeducible component 
that occurs in 2 g^jk ^* with a non-zei*o coefficient. 

Hence the totality of the (r's, in which the opei'ations of V coire- 
spend to the identical operation, combine among themselves by 
multiplication. The converse of this result will now be shown to be 
true. The result to be proved may be stated as follows : — 

Theorem. — If a number of theiirediicible representations of G (less 
than the whole) combine among themselves by multiplication, then 
G has a self -con jugate sub-group, whose operations correspond, in 
these representations and in these only, to the identical operation. 



♦ "Group-CharactcrLstics*' (p. 148). 
t Loe, cit. (p. 148). 
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The proof of this theorem is facilitated by the following lemma : — 
Let Xi, X„ ..., Xm be m linear functions of the n variables 

•^» "^i •••» "^n > 

subject to the sole condition that no one X is a multiple of any other. 
Then, if these functions be formed with s distinct sets of variables 

(1) ^a) ^(1) .. 






n f 



1 ' 2 ' ***'«* 



■ • ••• ••• 



it is always possible to ensure, by taking a sufficiently large, that 
the m products 

1 "^l ••• -^1 9 "^a ^2 ••• -^2 1 •••} -^tM -^m ■•• ^^m 

are linearly independent. 

Suppose that, when « = ^— 1, just Af of the products are linearly 
independent ; so that for each suffix i 

./^i ^i ... A,- ^ ^ aijjTjj 

where Pj, P„ ..., P* are linearly independent. When « = ^, the m 
products can be expressed linearly in terms of 

PaXb^ (a = 1, 2, ..., k; 6 = 1, 2, ..., m). 

If only k of these products were linearly independent, the various 
X'^*s which multiply any one P must be multiples of each other. 
Also, since by supposition A; < m, there must be at least one P which 
is multiplied by two different X^'^*s. Hence the supposition that the 
number of linearly independent ^-products is equal to the number of 
independent (^ — 1) -products involves that some one X^*^ is a multiple 
of some other, contrary to the supposition made. The number of 
linearly independent ^-products is therefore greater than the number 
of independent (^—1) -products; and hence by increasing t suffi- 
ciently a finite integer s may be found such that the m ^-products 
are linearly independent. 

Suppose now that G' is an irreducible group of linear substitutions 
in m variables, of order n'. Unless 0' contains operations which 
multiply each variable by the same root of unity (i.e., self -con jugate 
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operations), it is always possible to choose a linear function 

of the variables which is not changed into a multiple of itself by 
any operation of ff. In fact, in order that this linear function may 
be changed into a multiple of itself by some operation S, one or 
more i^elations must hold among the a*s ; and it is therefore only 
necessary to choose the a's so that no one of a finite number of linear 
equations connecting them is satisfied. 

Hence, if G' has no self -con jugate operations, n linear functions of 
the variables Y v y 

may be found which are regularly permuted among tliemselves 
when the variables undergo the n opei'ations of the group, while 
also no one X is a multiple of another. These n functions will not 
be linearly independent ; but, by the lemma, it is possible to choose s 
so that the 5-products 

Z(l) Y<^) ^<») ydJ y(2J yf*; Y<1) -^[i) ^Cti 

1 -^1 ••• .^1 9 -^2 -^2 •*• '^2 ) •••) -^n' -^n' ••• -^m' 

formed from s distinct sets of variables are linearly independent, while 
they are regularly permuted among themselves when each set of vari- 
ables undergoes simultaneously the substitutions of G\ Hence, among 
the component groups that occur in G", the representation of G' as a 
group of regular permutations is one. But this when reduced to its 
irreducible components contains every irreducible representation 
of G\ Among the groups which arise from G' by successive multi- 
plications by itself, every possible irreducible representation of G' 
Mrill therefore occur. 

Next suppose that G' has self -con jugate operations. Since they 
multiply each variable by the same root of unity, they must consti- 
tute a cyclical sub-group. Let p be the order of this sub-group, ii; a 
primitive p-th root of unity, and S a self-conjugate operation which 
generates the sub-group. Then in this case n" ( = n/p) linear 
functions of the variables 

-^n -Aj, ..., A„" 

may be found, no one of which is a multiple of another, with the 
following properties. Each is changed into w times itself by S, and 
every operation of G' which is not self -con jugate permutes the ^-th 
powers of these functions regularly. Suppose now s chosen so large 
that 



•yd) y(2) y^i) -YfX) y(-2) ^(i) ^(l) ^(2) -«. 



(«) 
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are linearly independent ; and further take « to he a multiple of p. 
Then the n functions 

/ I = 1, 2, ..., n"; \ 

\ w = each j3-th root of unity, including unity / 

are linearly independent ; and they are regularly permuted among 
themselves when the s-^-p — l sets of variables simulta-neously 
undergo the operations of G\ while x^ is unaltered, i.e., undergoes the 
identical operation only. Hence, among the components of 

the representation of (?' as a group of i*egular permutations occurs. 
Now Gi must arise at some stage when G* is repeatedly multiplied 
by itself. Hence in this case again, among the gix)up8 which arise 
from G' by successive multiplication by itself, every possible irre- 
ducible representation of (?' must occur. 

Suppose now that 6r, and Gj are any two of the irreducible repre- 
sentations of G ; and that Hi and Hj are the self -conjugate sub-groups 
of G whose operations are represented by identity in Gi and Gj re- 
spectively. Construct, by the process which has just been invest- 
igated, a function of s (sufficiently large) sets of variables which 
takes w, linearly independent values for the operations of G„ n, being 
the order of G/Hi ; and construct a similar function in t sets for Gj. 
Call these functions P and Q. The product PQ will then remain 
unaltered only for those operations of G which are common to JT, 
and Hj. If Hij is the group common to Jf» and Hjy PQ will take n^ 
distinct values for the operations of (r, m^ being the order of G/H^^ ; 
and, since the P's and Q's are linearly independent, these n^J products 
are so also. Hence, among the components of G]Gj, there occurs a 
group of regular permutations, simply isomorphic with G/H^j ; and 
therefore, by the repeated multiplication of Gi and (r,, every irre- 
ducible representation of G will arise in which the operations of H^j 
correspond to identity, and no others. 

Fi*om these results the truth of the theorem stated above follows 
at once. Suppose in fact that, of the iiTeducible representations 
(j„ (?2> •••> ^r of a group G, a number less than r, say 

combine by multiplication among themselves. No one of these can 
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be simply isomorphic with G, since from such a representation ever}- 
other one arises by multiplication. Moreover, if JSj, J3,, ...^ H, are 
the self -con jugate sub-groups of G which cori*espond to the identical 
operation in (tj, (?„ ..., (r„ then H-^^ H^, ..., H, must have a common 
sub-group H, as otherwise, by the last result, 8 would be equal to r. 
Finally, if H is the greatest common sub-gi'oup of 2f„ £fj, ..., H„ 
then from G^, 6',, ...,(?, all possible iiTcducible representations of 
G/H arise ; and therefore the whole of the operations of H cannot 
correspond to identity in any of the remaining representations 
G,^u G,,2^ •"- ^^r- The theorem is therefore completely proved. 

In illusti'ation of the foregoing the multiplication tables of the (r's 
for the octahedral and icosahedral gi-oup have been calculated.* 
Each of these groups has five sets of conjugate operations, and 
therefoi'e five distinct irreducible representations. For the octa- 
hedral group the numbers of variables in the distinct forms are 
I, 1, 2, 3, 3. If the corresponding representations are denoted by 
(t„ Gj, (t„ (^4, and 6^5, then, for each f, 

G,G,= G,, 
and the remainin{2f piwlucts are given by the table 



G. 



G, 



O, 



0, 



0, 



0, (7, G, G, 

G,+ G,+ G, G,+ G, G, + G, 

G, + G,+ G,+ G, G, + 0,+ G,+ G^ 

^1 + <?.+ <?«+(?. 



For the icosahedral fp-oups the numbers of the variables are 1, 3, 3, 
4, 5, and the coiTesponding table is 



ft 



ft 



ft 



ft 



ft 
ft 
ft 
ft 



ft + 2(?« ft+ft ft+ft + ft ft + (?,+ ft+ft 

ft + 2ft G, + ft+(?. ft+G.+ ft+ft 

ft + ft+ft+ft+ft ft+ft+ft + 2ft 

ft + ft + ft + 2ft+2ft 

I 

The table for the octahedral group shows that Gi and G^ combine 



• The calculation of these tables involves only the solution of simple equations 
when the characteristics are known. The determination of the latter present no 
difficulties in the present cases. They are given (p. 1012) in Heir Frobenius' 
memoir •* Ueber Gruppencharaktere " (Beriiner Sitzungubcrichtf^ 1896). 
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among themselveH, as also do G^, (?„ and Gy Every operation of the 
tetrahedral gpx)ap which is contained as a self-conjugate snb-§ronp 
is represented by identity in G^ and G^ ; and every operation of the 
quadratic self-conjugate sub-group of order 4 is represented by 
identity in G^„ G^„ and Gy 

From the table for the icosahedral group it is clear that no set of 
G^a can be chosen which combine among themselves, and this agrees 
with the fact that the icosahedral group is simple. 

In conclusion it may be noticed that a single relation among the 
G^8 will sometimes be sufficient to indicate the existence of a self- 
conjugate sub-gix)up. Thus, if such a relation as 

G,Gj = y:,Gj 

holds, those G*8 which arise from the repeated multiplication of G, 
by itself must combine among themselves. In fact they all, when 
multiplying Gj^ reproduce Gj, and they therefore cannot constitute the 
complete system of G'r, Rather more generally, if a, /3, y, Ac., are 
positive integers, the totality of G/s for which such a relation as 

G, (a(?„-h/3(?,-hyG?,+ ...) = x! (a(?« + /36?, + rGr,+ ...) 

holds combine among themselves. Thus, for the octahedral group 
^4 + ^5 is such a combination, which is reproduced on multiplication 
by (?„ 6^„ and 6-',. 



Thursday, April lltli, 1901. 
Dr. HOBSON, F.R.S., President, in the Chair. 

Twelve members pi'esent. 

Mr. Martin Adlai*d, B.A., Mathematical Master, King's School, 
Ely, and Mr. James Hop wood Jeans, B.A., Scholar of Trinity College, 
Cambndge, were elected members. 

Mr. Basset made a short communication *' On the Projective Pro- 
perties of Cubic and Quartic Curves." Mr. Love also spoke on the 
subject. 




W^*.^T> 



^^r r^^ "^ 



\ 



Author* of Papera print<Mi in tht Vrttetedinga are entitled to receive, free of 
cost, 25 separate copies of their I'oniniimicutions, Rtit<'hed in a paper cover. 
They can, however, hy previous notice to th«» PrinterH, ohtain as many copies 
as they wish, at the tollowinj* rate s : — 

notVxcet-ding -*5 ^'>r>'»- oO copies. 75 copii^s. ' 100 copies. 

f. d, s. a. s. d, 

4 pagi's Free u rt 5 ' »J 

8 7, ,. 4 t; 6 6 SO 

12 „ 7 10 tJ ; 13 

16 .. 8 U 12 15 

:>2 .. 14 n 21 2C 

It was ordered by the Council (Fei». 1';. 1*<00), •*Thut separate parts of the 
rrMeenin{/s may he obtained from tr;f Publisher at 1j. Oa. per sheet, when 
the number in stock exceeds 100." 

"That Members be allow* d to cc-mplele Sets at trade price" [i.e., a 
1*. id. jier sheet]. 

It was further ordered liy tin- C-un«.il fMarcli 0, ISDO), **That the Society 
aJlow 5 per cent, extra discount to lach purchaser of a v thj'^ffv bet of 
I'roiddihgs up to f/a hist ci>»ij.litui ri»hitnf\*^ 



C O N T E N T S. 



••I - 5 



PuocKEDiNds : Makui Mektixo 

A Class <ir Ai.«.fi.uah.\l Idkntitifs axd AuiTHMnTiCAi. E'lrMirirs: 
Prof. K. I{. I'UIic.iti 

ThK Kl.KMKNTARY TlIKOttY OV CaI « liv's riilNtil'AI. Vat.'.i > : Mr. (J. H. 

XL %L \m V 9 • m ■•• •#■ ••• ■•• «•■ ■■• ■•• 

«.)n viiK (.'oMroMTH'N 01' Cf iioi'i'-('n AUA« 'rK!ii>TH ^ ; Pruf. "NV. liuriisi'lu 
Pk'h.kkdino!* : Ai'KiL Mbktino 



• • • 



Complete Volimu-s uf th-- /V.-.i*f •• ///««/*, lin-iiici in « l«»tl'.. hvo. can hr iiiirrii.ised 1 y tli-;; 
ijiihlii; from th-- Pulili-h'. r, Mr. Fhami> IFiuhisi.n. s*.« Farriiii^uon Mn'-t, K.^"., 
at the t'oilowiii^ rMl« •»: 



• 1 


I. 


Ntx 


. 1 .s 


• • • 


•la It. 


^^r•.o i • 


N.v. 


i s«-:» 




lUx. 


if 


11. 


• » 


',•-20 


• ■ • 


\i*V. 


is;'. 


• • 


l.St-.l* 




l»i». 


m « 


III. 


• • 


Hi 40 


« ■ ■ 


• % 


IS'JW 


• • 


Is7i 




20^. 


< • 


IV. 


• • 


n twi 


J 


• « 


L>71 


» • 


1S7:J 




:;b.' 


• * 


V. 


« • 


o7 75 


■ • • 


• • 


1.S7;"' 


• « 


is74 




I Of . 


• » 


VI. 


»• 


7ii- ss 




• • 


iN7; 


* % 


Is 7.') 




21.x. 


• « 


VU. 


• « 


M' -lOo 


• • • 


• t 


is 7.5 


% « 


1S7«I 




2U. 


« • 


Vlll. 


« % 


10|-l-.i;i 


• • • 


« • 


ls7«> 


« « 


:s77 




21.%. 


t t 


IX. 


« • 


124 -140 


■ • • 


1 • 




• % 


•.^7^ 




2U, 


• t 


X. 


« % 


141 lo.') 


, 


• » 


In7S 


m 


1n7'.' 




1*<A. 


• « 


XI. 


?• 


loii- 1()5 


« • • 


!• 


:s7!' 


• • 


: sso 




iJs.r 


• » 


xir. 


* « 


U)«;. 171) 


■ • • 


«« 


IS Sit 


• • 


:ssi 




10*. 


1 » 


XIII. 


« • 


l.^^^ 191 


« • • 


•t 


is.si 


• « 


1.HS2 




ISs. 


. • 


XIV. 


• « 


liK", 214 


• » • 


• » 


1SS2 


« • 


iss:; 




20'. 


•t 


XV. 


• * 


21.'. 2:J2 


• • • 


« « 


1 ss:; 


« • 


ISSI 




20.%. 


» » 


XVI. 


* ■ 


2;ia 2r)2 


• • • 


J? 


1SS4 


»^ 


l."».S."» 




•2<:«. 


• ♦ 


xvu. 


• • 


2.);;-27y 


• • • 


• • 


1 .ssr> 


• % 


IS.HO 




2o^. 


«« 


XVIII. 


« « 


2S0 ;{(!4 


• • a 


■ « 


I S.S(. 


% • 


1SS7 




2:..^. 


1 • 


XIX. 


• » 


:s«».->-342 


• ■ ■ 


« • 


KNS7 


« • 


isss 




;{oa. 


• « 


XX. 


• « 


:.4:> :u;{) 


... 


• 1 


ISSS 


• « 


1SMI 




25*. 


• » 


XXI. 


• • 


:J7o «'.K 


« ■ • 


« • 


: ss'.f 


« ■ 


IMMI 


• ■ * 


2:m. 


•» 


XXJI. 


• « 


:;■.••.! I2!» 


. 


• t 


lsi»o 


« « 


is-'l 




27>. • 


■ « 


xxrn. 


« * 


4:;n ir.« 


• ■ ■ 


• • 


IM"! 


• ^ 


isP2 




2«M. 


* • 


XXIV. 


« « 


4oO 171 


* • * 


• « 


1S'.«2 


« « 


1 .s!»:: 




22a. 


' « 


XXV. 


• « 


47o 4:m« 


• • 


• • 


iS'.t:; 


• » 


IS'. It 




22*. 


. • 


XXVI. 


» • 


.;(.»H .VSI 


* • • 


• • 


l.v.M 


• • 


;>'.'.'i 




.;o.x. 


> • 


XXVIl. 


• » 


.'••"t'l ')74 


• ■ ■ 


• • 


ISi'.'i 


« » 


is.i 




:;:.•. 


. « 


XXVIII. 


• • 


i'»7'' ''1 I 


• ■ • 


• « 


lsv»«-. 


' % 


1'^'j7 




;;2v. • 


« « 


XXIX. 


« » 


<ii2-»).')7 


... 


• 1 


lv'7 


• ■ 


is.i> 


\Vi.' I. 
I\\ 11. 


2n.. 

2'-.'.s. 


« « 


XXX. 


• * 


»..'»S i^S 


... 


« « 


IM'S f 


; M..r 


1 *»••:• 


. 


2'--. 


■ 


XXXI. 


■ « 


«'.7'' Too 


^ , 


.\l»ri 


1 i^-'li .. 


, D... 


\^\''.' 


• • • 


•j! 


« • 


XXXII. 


« 


71«» 7::7 


, , 


.l.;il. 


lI»"o ,, 


, .l:ii- 


I'"'; 


, , 




• « 


XXXIII. 


• • 


7:.- 7'::; 


• « 


N'lV. 


1 ., 


, i •■.»•. 


:'.'• i 


, 


L'' ■. 



•iMt;Vf Voiiim-.s rail ai."« > h-- i-r'-iwr-o :i"i! 



i lii-. 






< ii'ii*.** for liiiuliiir tii' 

••li :; '1 *. •'.I'll. 

A «;oJiii»l« l«' Jinlrx "i fill tin- i»ujM'i- j-riiit' -1 iu *]:• /'••. /./.v tl ;}.• 
ni2 i»p.). ami a Li.st of iM<m1:'i*: ol lh»* .S».ui. S ir-.m ::.r lH;ir..I.;::^ :. 
W Nov. '.'ti:. Is'.'O (l«i l»l'.). <'aii b»' 'jl'i.-iiiK-i inii.i tii»- .'^•ni* ty'- V:.'- 'r. 
iiiO ul'uvc ad^li'j:$3, lor th-.- rosputtivi- yuin.- "f 2.-. •"i./. :cml f./. 



> 



!»R()(M':e dings 



<»F 



THP] LONDON ^rATFTP]^rATr('AL SOdETY. 



Ei>iin. HY li. 'ircKKR AM) A. K. II. LnVK. 



Vol. XXXIV. — Nns. 7t»7 — 771. 



THE LONDON MATHEMATICAL SOCIETY is instituted for the promotion 
and extension of Mathomatical Knowledge. 

It w:ia founded in 1865, and incorporate<l under Section 23 of the Companies 
Act 1R67 in 1894. 

Every Candidate for MeniberHhip must be proposed and recommended, according 
to a form, which the Secretaries will supply, by not less than three Members, of 
whom one at least, except in special cases to be submitted for the decision of the 
Council, must certify his personal knowledire of the Candidate. 

This form is read at one of the Ordinary or Annual (leneral Meetings, and the 
Candidate is balloted for at the next ensuini; meeting, pnivided that seven Mem- 
bers are present thereat. 

The Candidate, if electetl. is informed of his election bv one of the Secretaries. 

m 

and supplied w*ith a copy of the Memorandum and Articles of Association and 
By-Laws. He must pay the contributions which is due from him within six 
months after the day of his election, otherwise his electitm shall be void. 

An entrance fee of one guinea is required lo be paid by each newly elected 
Member. 

The Annual Subscription to be paid by each Member is one guinea : any 
Member may compound for his annual subscriptions by the payment of ten 
guineas in one sum. 

Every Member is considered liable for his annual subscription until he has 
signified in writing his desire to resign, anil has returned all books and property 
belonging to the Society. 

The affairs of the Society arc directed by the Council and OfHcers. 

The Council consists of sixteen Members, including the Officers, and is chosen 
from among the Ordinary Members of the Society at the Annual General Meeting, 
held on the second Thursday in November. 

The Officers are a Prcfsident, Vice-Presiclents, a Treasuivr, and Secretaries. 

The Ordinary Meetings of the Society are held at its Kocmis, 22 Allieraarle 
Street, and commence at 5.30 o'clock in the evening. The dates of meeting for the 
year 19C)2 are the second Thursdays in January, February, March, April, May, 
June, November, and December. 

At these meetings pafiers are read and communications made : upon each 
paper or communication the Chairman invites discussion. 

The Council alone decides whether any paper proposed for reading shall or 
shall not be read. 

After a paper has been presented to the Society, it is refen-ed by the Council 
to two or nu>re Members, who report to the Council on its fitness for publication in 
the Proceedintjs. After hearing the reports, the Council decides by ballot whether 
it shall be printed or not. 

Communications for the Secretaries may be forwarded to them at the following 
addresses : — 

liOndon Mathemati(*al Society, 22 Albemarle Street, W. ^ ,. rp , 

24 Hillnuirton Road, West Ilolloway, N. i H'Ckek. 

31 St. Margaret's Koad, Oxford.— A. £. II. Lovb. 



1901. Proceedings, 49 

Lt.-Col. Cunningham announced the factorisation of the algebraic 
prime factors of S'*— 1 and 5*"— 1. The former 

= 151 . 3301 . 183794551 . 99244414459501, 

and the latter 

= 21226783250214361 .207468970805907721. 

The composition of the three large factors has not been determined. 

A paper by Dr. F. Morley, entitled " Summation of the Series 
S^r* (a-hn)/r' (1-f n)," was communicated from the Chair. 

The following presents were made to the Library : — 

*• Educational Times," April, 1901. 

•♦Indian Engineering," Vol. xxix., Nos. 8-10, Feb. 23-March 9, 1901. 

*< Nautical Almanac for 1904," 8vo ; Edinburgh, 1901. 

"Periodico di Matematica," Serie 2, Vol. m., Faso. 5 ; **Supplemento," Anno 
IV., Faao. 6 ; Livomo, 1901. 

•'Proceedings of the American Philosophical Society," Vol. xxxix.. No. 164, 
Oct.-Dec., 1900. 

*< Le Matematiche, pureed applioate," Vol. i., Niun. 1 ; 1901. 

Various papers by Carl St^rmer : — 

•' Quelques th^oremes sur Tequation de Pell 

^^Jh/i » ± 1 
et leur.<« applications " ; Christiania, 1897. 
« Om en generalisation af integralet 



i 
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Christiania, 1895. 

«<8urune propri6te arithmdtique des logarithmes dos nombres alg^briques," 

Paris, 1900. 
•* Sur une equation indetermin^e " ; Paris, 1898. 
••Solution complete en nombres entiers de Tequatiou 

m arc tan — + w arc tan — = A* -- " ; 
X y 4 

Paris, 1899. 

Various papers by N. J. Hatzidakis : — 

••Displacements depending on One, Two, ..., k Parameters in a Space of 

fi Dimensions," 4to. 
'* Sur les Equations cinematiques fondamentales dcs varictes dans Tespace u 

n dimensions " {fiompte* Eendits, 1900). 
•• lvfi$6\ri *ls r^iv 9ia<poip(Kriy y€o»fA€Tpiay r&v n Siacrrcur/vy," Tom i.B, and 

0ifi\toKpi(rial ; Athens, 1900. 
" Remarque sur une formule de M. Pirondini " ; 1899. 
•* Sur quelques points de la terminologie math^matique." 
•• Deux demonstrations nouvelles des theor^mesd'Euler et de Meusnier" ; 1899. 
YOL. XXXIV. — NO. 767. E 
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** Electricity et Optique : la Lumi^re et sea Theories electrodynamiques," par 
H. Poinoare (2nd edition, L. Blondin et E. Neoulo^a, Paris, 1901). 

The following exchanges were received :- 

** Proceedings of the Royal Society,*' Vol. Lxvin., No. 443 ; 1901. 

** Beiblatter zu den Annalen der Physik und Chemie," Bd. xxv., Hefte 2, 3 ; 
Leipzig, 1901. 

*' Bulletin de la Socicte Math6matique de France,** Tome xxix., Fasc. 1 ; 
Paris, 1901. 

** Bulletin of the American Mathematical Society,*' Vol. vii.. No. 6; New 
York, March, 1901. 

*^ Bulletin des Sciences Mathematiques,** Tome xxiv., Dec. ; Paris, 1900. 

^'Atti della Reale Accademia dei Lincei — Rendiconti,*' Sem. 1, Vol. x., 
Faso. 5; Roma, 1901. 

** Proceedings of the Physical Society," Vol. xvii., Pt. 5 : March, 1901. 

'* Nachrichten von der Konigl. Q^sellschaft der Wissenschaften zu Gottingen," 
Math.-Phys. Klasse, Heft 4 ; 1900. 



Thursday, May 9th, 1901. 
Dr. HOBSON, F.H.S., President, in the Chair. 

Fifteen members present. 

At the President's I'equest Prof. Elliott spoke briefly on the loss 
the Society had sustained by the death of Mr. C. E. Bickmore 
(elected February 11th, 1875). 

Dr. John Alexander Third was elected a member of the Society, 
and Prof. Steggall was admitted into the Society. 

Major MacMahon communicated two notes : (i.) " On the Series 
whose Terms are the Cubes and Higher Powers of the Binomial 
Coefficients," and (ii.) " A Case of Algebraic PaHitionment." 

Mr. J. B. Dale read a paper on "The Product of Two Spherical 
Surface Harmonic Functions." 

Mr. Macdonald communicated a " Note on the Zei-os of the 
Spherical Harmonic P~"' (ft). 

A note on "A Pix)perty of Recurring Series," by Mr. G. B. 
Mathews, was read by title. 

The following presents were made to the Library : — 

" Educational Times,*' May, 1901. 

** Indian Engineering,** Vol. xxix., Nos. 11-15, March 16-April 13, 1901. 

** Wiadom6soi Matematyczne,** Tom v., Zeszyt 1-3 ; Warsaw, 1901. 
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Valentin, G. (offprints from ** Bibliotheca Mathematica ") : — 

** Eine Seltene schrift iiber Winkeldreithoilung.'* — ** Die Beiden Euclid Aua- 

gaben des Jahres 1482 " ; Berlin, 1893. 
" Die Frauen in den exakten WiHsenschaften ** ; Berlin, 1895. 
** Beitrag znr Bibliograpliie der Euler'schen Schriften'* ; Berlin, 1898. 
** Die Vorarbeiten fiir die allgeineine mathematisohe Bibliogpraphie " ; 
Leipzig. 
Valentin, Qt. — *'De aequatione algebraica quae est inter duas yariabiles, in 
quandam formam canoniRam trannforinata,'' pamphlet, 4to ; Berolini. (Disser- 
tation for Ph.D. degree at Berlin, July 5th, 1879.) 

** Mathematical Gazette," Vol. n., No. 27; May, 1901. 

** Supplement© al Periodico di Matematica," Anno iv., Faso. 6, Aprile 1901 ; 
Livomo. 

** Annals of Mathematics,' * Series 2, Vol. n., No. 3 ; Harvard University, 1901. 

** Annales de la Faculte des Sciences," Scrie 2, Tome ii. ; Toulouse, 1900. 

♦•Washington Observations, 1891-1892," 4to ; Washington, 1899. 

*♦ A Binary Canon, showing Residues of Powers of 2 for Divisors under 1000, 
and Indices to Residues," compiled by Lt.-Col. Allan Cunningham, R.E., under 
the auspices of a British Association Committee ; London, 1900. From the author. 

The following exchanges were received : — 

** Beiblutter zu den Annalen der Physik imd Chemie," Bd. xxv., Heft 4 : 
Leipzig, 1901. 

** Bulletin of the American Mathematical Society," Series 2, Vol. vn., No. 7 ; 
New York, April, 1901. 

'* Monatshefte fiir Mathematik und Physik," Jahrgang xn., Parts 2 and 3 ; 
Wien, 1901. 

** Bulletin des Sciences Mathematiquea," Tome xxv., Jan., Fev. ; Paris, 1901. 

*'Rendiconto delFAccademia delle Scienze Flsiche e Matematiche," Serie 3, 
Vol. vn., Fasc. 3 ; Napoli, 1901. 

**Atti dell' Accademia delle Scienze Fisiche e Matematiche," Vol. x. ; Napoli, 
1901. 

'* Journal fiir die reine und angewandte Mathematik," Bd. oxxm., Heft 2; 
BerUn, 1901. 

** Archives Neerlandaises," Serie 2, Tome iv., Liv. 2 ; La Haye, 1901. 

**Atti della Reale Accademia dei Lincei — Rendiconti," Sem. 1, Vol. x., 
Fasc. 6, 7 ; Roma, 1901. 

" Journal of the Institute of Actuaries," Vol. xxxvi., Pt. 1, No. 201 ; 1901. 

** Proceedings of the Cambridge Philosophical Society," Vol. xi., Pt. 2 ; 1901. 
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Note on the Zeros of the Spherical Harmonic P« "*(/*) -By H. M. 
Macdonald. Received and read May 9th, 1901. 

In a former communication* to the Society it was proved that the 

values of n for which P^"* (cos 0) vanishes, where m is a real positive 
quantity, decrease as increases from to w. The object of the 
following note is to point out some properties of the function 
depending on this. 

It is knownf that when is very near to tt the values of n for 
which P,^*"(co8^) vanishes differ from mi- A*, where A: is a positive 

integer, by a very small quantity ; when = — the values of n are 

m + 2A;-hl, where /c is a positive integer; and when is very small 
the values of n tend to increase indefinitely; Hence, supposing the 
family of curves Pn"* (cos 6) =■ to be drawn, n (= x) being the 
abscissa, and {=y) the ordinate, any one of them (say the A;-th) 
starts from a point not on the line y = w, but indefinitely near to the 
point ic = m -f A' on it, bends steadily towards the right, cuts the line 

y = — at the point x = wt+2A?-fI, and then approaches the line 

y = asymptotically, there being no point of inflexion on the curve. 
The following properties of the zeros of P^"* {£) considered as a 
function of z, where n and m are real positive quantities, are 
immediate consequences. The number of the real values of z lying 

between —1 and I for which P~ * (2) vanishes is the gi-eatest integer 
less than ?i — r/i+1 ; for this is the number of the cui*ves cut by the 
line a; = n. If the number of these zeros is even, 2^, half of them 
are positive and the other half negative ; for the extreme curve on the 
right cut by ic = n is the one which starts from a point near to the 

IF 

point a; = m-f-25— I on the line y = ir, and cuts the line 2/ = ^ 

where ar = wi-h4s— 1 ; further the line x = ii cuts ti =z -~ between 

J 2 

a! = m+2«— 1 and x = m + 28; so that s curves are crossed by 



* Proeeeding*^ Vol. xxxi., p. 277- 
t Loc. cit. 
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iC = n above ?/ = - and 8 below. If the number of these zeros ' 

is odd, 2«:f 1, there ai'e s positive zeros and »+l negative zeros, 
except when n — m is an odd integer, in which case j? = is 
a zero, and there are in addition s positive and s negative 
zeros. For in this case the exti'eme curve on the right cut by 
ij = n is the one which starts near to .r = m + 2« on y =^ rr and cuts 

y= - where .r=m4-4s+l, and the straight line a. = n cuts 

y= - between .f=m+25 and x = ni-\-2s-{-l, except when 

n—m = 2« + l, in which case it cuts it at the point a? = m + 2«4-l ; 
so that, when ?i— 7;i^2s+l, 8-{-l cui^ves are cix)ssed by the line 

x=z n above ?/ = --, and 8 below, and, when n—m = 2*4-1. s curves 
are ci'ossed by a* = m above y = ^ » ^ below, and one on it. 



Thursday, June ISfh, 1901. 
Dr. HOBSON, F.R.S., President, in the Chair. 

Twelve membei*s present. 

After the ballot had been taken, the President announced that the 
following gentlemen had been elected honorary membera : — Prof. 
Ulisse Dini, of Pisa ; Prof. Geoi*g Cantor, of Halle ; and Prof. David 
Hilbert, of G5ttingen. 

Mr. Arthur William Conway, B.A. Corpus Christi College, Oxford, 
was elected a member of the Society. 

The follo>ving papers were communicated : — 

Tte Theory of Cauchy's Principal Values (ii.), by Mr. G. H. 

Hardy. 
On the general Fonn of Three Rational Cubes whose Sum is a 

Cube," by Prof. Steggall. 
Invariants of Curves on the same Surface, in the neighbourhood 

of a common Tangent Line, by Mr. T. Stuart (communicated 

by Dr. J. Larmor). 
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Dr. Macaulay made two shoi't impromptu communications, and 
Lt.-Col. Allan Cunningham made an impromptu communication 
about Euler's Idoneal Numbers, If / denote one of these numbers, 
they have the property that, if an odd number N be expressible in 
only one way in the form N = Titaj^+nz/', wherein mn = / and mx^ is 
prime to wy', then N must be either a prime or the square of a prime. 
Buler gives a list of sixty-five idoneals of which the highest is 1848, 
and states that there are no more under 4000. Col. Cunningham 
has extended the search, and finds that there are no more under 
50,000 ; this work has been verified by the Rev. J. CuUen: 

The following presents were made to the Library : — 

*< Educational Times/' June, 1901. 

•* Indian Engineering," Vol. xxix., Nos. 16-20, April 20-May 18, 1901. 

Dur&n-Loriga, Ju&n J. — '* Charles Hermite," 8vo pamphlet ; Coruna, 1901. 

Lemoine, E. — 
** La g^ometrographie dans Pespace ou ster^metrographie " [Comptes Rendm) ; 

Paris, 1900. 
*' Suite de teor^mee et de r^sultats concemant la geometrie du triangle," Svo 

pamphlet ; Paris, 1900. 
** Note Bur deux nouyMes decompositions des nombres entiers," Svo pamphlet ; 

Paris, 1900. 
" Gomparaison geom^trografique de diverses constructions d^un meme pro- 

bleme," Svo pamphlet; Paris, 1900. 
** G-eom6trografie dans I'espace," Svo pamphlet ; Paris, 1900. 

" M6moiree de la section mathematique de la Soci^t6 des Naturalistes de la 
Nouvelle-Russie," Tome xix. ; Odessa, 1899. 

" Publications of the United States Naval Observatory," Series 2, Vol. i., 4to ; 
Washington, 1900. *' Sun, Moon, Planets, and Miscellaneous Stars," 1894-1899. 

The following exchanges were received : — 

** Supplemento al Periodico di Matematioa," Anno rv., Fasc. 7, Maggio 
1901 ; Livomo. 

** Proceedings of the Royal Society," Vol. Lxvm., Nos. 444, 445 ; 1901. 

" Beiblatter zu den Annalen der Physik und Chemie," Bd. xxv., Hefte 5, 6 ; 
Leipzig, 1901. 

<*Rendlconti del Circolo Matematico di Palermo," Tomo xv., Fasc. 1,2; 

1901. 
*' Bulletin de la Sod^te Mathematique de France," Tome xxix., Fasc. 2 ; 

Paris, 1901. 

** Bulletin of the American Mathematical Society," Series 2, Vol. vn.. No. 8, 
May, 1901 ; New York. 

<* Bulletin des Sciences Math6matiques,V Tome xxv.. Mars 1901 ; Paris. 



1 901 .] On the Theory of Oauchy's Principal Values. 55 

*'ReDdioonto dell'Aocademia delle Soienze Fisiche e Matematiche," Serie 3, 
Vol. vn., Faso. 4, April© 1901 ; Napoli. 

*'Joiimal fiir die reine und angewandte Mathematik/' Bd. cxxin., Heft 3 ; 
Berlin, 1901. 

** Annali di Matematioa/* Serie 3, Tomo v., Fasc. 3, 4 ; Milano, 1901. 

'<Atti della Beale Accademia dei Lincei — Rendiconti/* Sem. 1, Vol. x., 
Faso. 8-10 ; Roma, 1901. 

" Vierteljahrsscbrift der Naturforschenden Q^sellschaft in Ziirich," Jahrg^g 
XLV., Hefte 3, 4; 1900. 

** Sitznn^berichte der Konigl. Preuss. Akademie der Wissenschaf ten zu Berlin/* 
1-22; 1901. 



The Theory of Oauchy'n Principal Values. (Second Paper : The 
use of Principal Values in some of the Double Limit Problems 
of the Integral Calculus.) By G. H. Hardy. Bead and 
received June 13th, 1901. 

Principal Values depending oti a Parameter. 

1. If f(x, a) is a function of the two variables x, o, which for 
certain values of a possesses a convergent integral from a; = a to 
x = A, 

I(a)^\f(x,a)dx 

is a function of a defined for those values of a. We may .suppose 

a, A independent of a ; for, if they depended on a, we could make the 

substitution , . . 

X = a+(il— a)y, 

and so obtain an integral with the constant limits 0, 1. 

We suppose further that the values of o for which I (a) is defined 
are infinite in number, and form a closed s^t S ; and that «(, is a 
limiting point of the set. Then the general double limit problem of 
the integi*al calculus is : To determine the relations between 

I{%) = |^/(«»ao)^ 

and the limits of indetermination ff I (ft) for u = a^. 

It is not difficult to show that we may without loss of generality 
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sappose that the parameter is either a positive integer which tends 
steadily to oo , or a continuous variable which tends steadily to any given 
value. 

These problems — problems such as that of the integration of an 
infinite series term by term, or of differentiation under the integral 
sign — are well known and have been very frequently discussed. It 
has, however, genei'ally been assumed that all the integrals which 
occur in connection with them ai*e unconditionally^ convergent. In 
this paper I shall begin a discussion of some of the cotTesponding 
problems which arise when we are considering integrals which are 
only conditionally convergent, the principal values, in fact, the ele- 
mentary theory of which formed the subject of my first paper.* I 
shall begin with the case in which the parameter is integral. 

Principal Values and Infinite Series, 
2. Let iS (aj) = I u» (x) 



be a series whose terms Ave functions of a;, convergent, at any rate in 
general — i.e., with the possible exception of a closed enumerable set 
of points — for values of x in an interval (a. A). Then S (x) is in- 
tegrable term hy term over (a, A) if 

[^ 8{x)dx-i {^u, (x) dx, (1) 

Jo Jo 



or 



rA N CAN 

I lim % u„ {x) dx = lim I S u^ {x) dx, 

ja Nm» ^-«o ja 



The conditions under which this equation is true have been discussed by many 
writers. We may refer especially to Dini, Orundlagen, pp. 512-530, and Osgood, 
** On Non-uniform Convergence, &c.," Atneriean Jour, of Math., Vol. xix. 

The question with which we are concerned at present is : Under 
what circumstances is (1) true when some or all of the integrals 
which appear in it are only principal values ? 

3. Let us suppose, in the first place, that the interval (a. A) is 
finite, and that S {x) is integrable term by term across any part of 
(a. A) which does not include a single point a (a<a< J.). Then, how- 
ever small be the positive quantity e, 

([""'-1-1^ )2u.<ia! = s(f""'+r )u,dx. (1) 

• «*The Elementary Theory of Cauchy's Principal Values," rroc. L.M.S., 
Vol. XXXIV., pp. 16-40. 
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Let us suppose further that 

P I tt„ («) dx 
» 
is convergent for every value of w, and that 

f 2 P I ' M„ (x) dx 

Jrt 

is convergent. Then the nght-hand side is 

X fit CB r«+« 

2P M„cfaj-SP| fi„eZaj. 

Jo 



I 



J a~9 



If, finally, we suppose that the last term tends to zeix) with e, the 
left-hand side of (1) will also tend to a limit, which is by definition 



J« 



P S tt„ (aj) ia; ; 



and P I 2 tt„(Zaj = S P I u^^dx, 

Ja Jo 



(^) 



This equation is certainly true, then, if (i.) 2ft« is integi*able term 
by term over any part of (a. A) not including u, 

(ii.) F(x) = ipi\^dx 

is a continuous function of x except at a, and 

(iii.) \im{F(a-€)-F(a-\-€)\ =0. 

e-O 

4. We may distinguish three cases: (i.) that in which no one of 
the individual terms u^ becomes infinite at a; = <i, (ii.) that in which 
a finite number of them become infinite, and (iii.) that in which an 
infinite number of them do so. The first and last are the only cases 
of importance, as in the second case we can consider the terms which 
become infinite sepai*ately. 

6. (i.), (ii.). In this case the symbol of the principal value on the 
right of (2) of § 3 is unnecessary, i.e., 



P :i^ujx=2\ u^dx. 

Ja Ja 



And we may state the conditions of § 3 as follows : that 2 u^ is in- 
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tegrable term by term over any part of (a, A) which does not include 
a, and 



F(x) 



Ja 



dx 



is a continuous function of x except at a, and 

lim [F{u^e)'-'F{a + €)] = 0. 



c-O 



6. Suppose, for instance, 



»*» = : I0<x<n) 



^♦I 



(a<a:<l); 



the value of »„ f or r = a is immaterial. Then 



«W- 



1 



x—a 



(0<j:<l), 



except for x = a* Also, if < « < a, 

(w+ 1) «"** \ « / 

while, if a<jp< 1, 

-"■-[i]>h-]:-?{fc*-o^]:*[s]:) 

-o.(£-). 

Thus F{x) is continuous except at a, and 

2r'(fl«t)«^(a + c) = 0. 



Also t^undx^^—^--— («>0), 

Jo 



n n+l 



and 



pfj£- =logl-i + |f„.rfr 

.u^(l-,). 



7. (iii.) The simplest case in which an infinite number of the 
terms «„ become infinite is that in which they all become infinite 
owing to the occurrence in all of them of the same factor 

Let us suppose that w„ = 0„ (aj— a) r^, 
where v^ is a function of x which, whatever be n, has a continuous 



* Here a is the a of ^ 3-5. 
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derivate for all values of x in question. Then, by a lemma proved in 
ray first paper, 

Ja— e Ja— e 

where — e <. ft <^ c. In particular, if 

12„(a;— a) = , 

a; — a 

fa+e 

P M„ffa; = 2c [tMja+;*- 

Ja-e 

Suppose now that I *'» I < 1 « 



for all values of x and n in question, F^ being independent of x and 
2 Fh convergent. Then the last condition of §3 will certainly be 
fulfilled. 



8. Let, for InRtanco, 



U„ - 1, Un = —^^ (f» > 0). 



where 0<a<T, \p\ < 1. Then 



cosx—cona 



{ccmx—oon a) 'J — '2p oo8 x + p-)* 
and, if we may lue equation (2) of } 3, 

rfj' - * pr oos^tir dx 

JqC08T — C08 0* 






Hinoe 

But the left-hand in 
1-p 



£ 



rfr 



= 0. 



C08Jr — C080 



1 — 2/? cos a 



And M> 



^P* C Jo ^~^/'^^^^+/'* JoCOSi; — C08o) 1 +J9* — 2/?0O8« 



i: 



C08 >ia? f^J? 



2ir * 
•- — — So^Hinfta. 
8in a I 



IT Hin ua 



,coKx— coso 8in a 
To justify the une of 8 S we have only to obHerve that 

i'„ c 2p**coe«i: — ~"- , 
0O8j;— cotf a 

and h'iU+M < -8r|pf , 

where ITIb some quantity independent of x and of n. 

9. We have so far supposed that (a, J.) is finite and contains but 
one point a across which the series ceases to be integrable term by 
term in the ordinary way. No new point arises if (a, A ) contains 
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any other finite number of such points a. This is so even if J. be 
infinite ; for all the points a can be included in a finite interval 
(a, J.j), and integration over (-4j, oo ) is merely an ordinary case of 
integration tenn by term. 

10. Thus, for instance, 

Jo l — 2pcoax+p' a^—ir 

1— yi Jo X'— it* i^ Jo « — « J 



SI 

- , - 2 2>" sin na= — 



p sin a 



rc(l— 2?')T^ "" " a(l— jp*) 1— 2/}cosa-h2>'' 

This integral is given by De Haan (Tdbles, 193, 1). 

11. Let us suppose now that there ai'e infinitely many points a. 
I shall confine myself at present to the simplest case ;. I suppose 
il = QO , the points a (a,) isolated, 

a<aj<aj<... (limaj=Qo), 



t>s 



and 



a<u— a. > H (i = 1, 2, ...), 

where H is a positive quantity independent of i. That is to say, I 
suppose that the principal values with which we are dealing ai'e of 
the type covered by the earlier definitions of my first paper. There 
is no particular difficulty in applying similar considerations to the 
more general cases dealt with by the later definitions. 

I suppose, moreover, that the conditions of § 3 are satisfied over 
any finite interval (a, Ai), provided Ai ^fc a, — that is to say, that 
2w„ is integrable, term by term, over any part of such an interval 
which does not include any point a, ; that 

Ja 

is a continuous function of a;, except at the points ci,; and that 

lim{i^(u,-€)-/'(a.-fc)] =0 (t=l, 2, ...). 

Then, if ^ be any small positive quantity, and 

I JJ— Qi! > 3 (i = 1, 2, ...), 



F(x)-F(a) =p\'l.u,dx. 



(1) 
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Now let ns suppose that 






is convergent ; that is, that when x tends to oo through any system 
of values satisfying the above conditions the right side of (1) tends 
to a finite limit independent of the particular system chosen, and 
therefore independent of S. Then F ^ic) tends to a limit, and, if 



it will follow that 



/•oo 

limi^(a;) =2P u„dx, 

/•oo poo 



(2) 



12. Let UB apply this formula to the evaluation of 



008 flj: cot oa? ;-— ^ (0<a<2a), 
( 



c2 



1 + * 

which, after my previous paper, we know to be determinate. 



Since 



cotc^ 



1 _ OD ax 

+ 2 2—- 



Pf%08r,xc0t<ur-^^ = i r 22L2£^+2a2Pr — ^'^gg-^^^ , 
Jo 1+J^= a Jo l+a;2 T Jo ll+*-^(«*x2-«V)' 

if we may use the formula. Now 

pf* z^co»a xdx 1 C f* COS axdx jj p f* cosozrfr 

Jo (1 + 3^)\a^x^ - «V) " a" + ;rT2 i Jo 1 + 2r» '* Jo o«z«-«V 

^\- ^ ) «-« sm C. 

o- + « m (^ a o, ) 

Also I — -_ - - — f coth a-- ^ , 

2a \ a / 



«Vj 



7 a« + w2»2 



«ir . nair 

— Bin - 



Hence 



r 

Jo 



cos ai; cot ax 



1 a* + w%2 

xdx 
1+a;- 



1 sinh (a — a) 
2a sinh a 



(0<rt<2a). 



, C - ., Binh(a— fl)> ircosha 
^ ( sinh a ) e^—\ 



This restdt may be found in other ways. See the Quarterly Journal, 1900, p. 126. 

We have still to justify our use of the formula of } 11. This, as might be 
anticipated, requires an argument of some little complexity. In the first place it is 
clear, after §§ 3-8, that (1) of §11 holds ; and so what we have to prove is that 
we can so choose ^ that ^ ^ .x ^_^Q^xdx__ 

is numerically less than any assigned positive quantity a*, for all values of j; >|, and 
^'^^^^^ \x~ai\>Z (t = l, 2, ...); 

and that however small be 8. 
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Now this quantity is 



1 






2 -.^.-. 



OOBrtXdx 



+ 2-, 



aa+«Vjx 1 + 3^ ■ 'o2 + wV J, o«2:«-wV 






oo»axdx 



and evidently we need only trouble about the second part. 
Now suppose either 



a a 



or 



+ «<x<(iV+i)— , 



1 ('^^-i i v-t-fw '). 



say the former. Then, if m < i\r, 

and, if« = iV; <1 \- -. 

a8 (2iV-i)ir 2o 

This last quantity can be made as small as we please by choice of iV. Attain, 
which can be made as small as we please by choice of If. Also 

» 1, (W-JV+i iV-Hi + M ) 2^ X 

jv.i n ( «-iV-^ iV^-^+w j 3^^, 2-v 
which too can be made as small as we please by choice of N. Hence, finally, 
can be made as small as we please by choice of N. And 8o we need only consider 



nV^ p f cos «^J; 

We consider first the terms for which fi<N: in them no Pis needed. Ah x increases 
from (iV— i) — , cos ax oscillates, and — -— steadily decreases. And so, if 

(m-i) - is the first odd multiple of — which is > (A'-i) '' , and (.V+jy-i) — 
a 2a = a a 
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18 the first odd multiple of ^ which is > (w + ^) 

2a 



a 









and it follows by a slight modification of our previous arg^ument that 

1 a^ + nV J(2v-4)w/« 
can be made as small as we please by choice of N. 

There remain the terms for which n > X. We may write them in the form 



(1) 



The first series is 



f,, .^ , „ cosa {x + —] 

[*-^t)*l* cos gar . . 1. 2 *•* ^ f* * * ' 

Ci-*)W. «* + '»» * l<r aS + «*ir2 3r J., /2a <»+(» + «)» 



dyT. 



Now we may sum the series 



OD 

2 



cos atw 
sin « 



_ ' cos aKw 
*< == ^ ftin ' 



^^ ojc + (i + «) IT 

tmder the integral sign. And it is equal, by Abel's lemma, to 

« ( 1 1 ) g.^ 

where 

N 

This is in absolute value < r^rz — ;— , 

where S is the numerically greatest of the moduli of the sums Si ; and therefore 

< —. And the first series in (1) is therefore numerically less than 
nir 

1^1 1 
o jy o' + nV' 

and can be made as small as we please by choice of N, 
The second series in (1) is 



Hmya^ + n'^ ,-.jv J., /a 



oosa 



("?) 



r/2. ax + (i—n)w 



dr. 



We separate the terms which correspond to one value of n into two classes, from 
i = iV to i — 2n^y^ and from i — 2n— JV+ 1 to « » oo . By an argument similar 
to that which we used when we were considering the terms for which n< N^ we 
can show (i.) that the series « / • \ 

JV V2n-JV+l/ 
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is convergent, and (ii.) that it is numerically lean than a certain constant multiple of 

n 1 



X 

2 



which is 






and this can be made as small as we please by choice of N. 
It only remains to consider 

V a* + nh^ L N J-./a* eur+(i— «)ir J' 
That this series is convergent follows from what precedes. Also the inner sum is 

Tp f(»*-JV+l)»> oosga; ^^ ^ p p""^' *^''* cos g (a? -f wir) ^^ 
L JiN'^wia ax-nw Jcjr-n-4)./. ax 



Jo 






dx 



ax 



o -;« *»«» f<*-^**J»/* sin ax , 
«■ — 2 sm I dx 



now f<" 
a Jo 



ax 



— 2sin 



nair 



u 



where 



(*♦*)•/- sinoj? 



Jo 



ax 



dx (*>0), 



sm<r:r 



<^. 



. naw 
fiirsm 



Now, let 
Then 



tin «- 



o^ + «'ir« 



n-N 



A* IW+ft 



we assume for the moment that this transformation h legitimate). Now Vkt as it 
is easy to see, decreases like — as A: increases. And 

% % C {n +l)ir »iir •> « 



where 



-S„ 



H 



2 sm - , 

A'** a 



and \b therefore numerically less than a constant mtdtiple of 

1 • 

and, a fortiori^ numerically less than a constant multiple of . Hence Vk 2 Un 
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h* numerically kss than a conatant multiple of - -. Moreover, when k is fized« it 
deoreaaes indefinitely aa ^V increases It follows that wc can make 



2Vk 2 Un 
JV** 



as small as we please by choice of y. — October y 1901. 

It only remains to show that our assumption as to the transformation of 



2 (<H 2 Vk was justified. I pass over the proof of this, as it is not difficult, and 

.V 

presents no point of special interest in connexion with my present subject. I 
conclude, finally, that the series 

a x dx 



To' + nV 



f* COSflJ 



can be inade a* ttnall as we please by choice of N. It follows that the use I made at 
the begpinning of this section of the formula of { 11 was legitimate. 

It was really by this method that Legendre and Lacroix " verified ** Gauchy*s 
formulae 



T> f* cos ax dx 1 cosh a .^ ^ ^ x.\ 



cos bx 1 + A* 



cosh6 — 



(see their Bapporf on his ^'Memoire sur les Integrales definies,*' Gauchy, (Euvres^ 
Vol. I.). The preceding analysis will be sufficient to show how little they had 
appreciated the difficulties which it involves.* 
Similarly 

T>f* . xdx 1 T>(' co««^^- . o i T>f* x^QO%axdx 
F\ COB ax cot cur -= - i* I -ax+2a2i^l ,; ^, ^ , — .-. 

Jo l-x^ o Jo 1-^ 1 Jo (l-a;*)(o2x2-«V) 



Now F 



Also 



C a?- co s ax dx _1 (p(*??^i^^j. a « P f ^^^^^ \ 

Jo (l-«^)(a2ar2-«V) ' a«-«M ( Jo ~1-"^ " Jo oV--«V ] 



Mir ._ noK 

— sm 






« »- 1. ^4«-:^ (0<a<2«), 



2a 



sma 



and so P T cos ox cot oo? - ^- = |ir j sin /i cot o + ***^ ; ' > « i» cos a. 
Jo \—x^ * sma I 

Principal Vidues contaming a Continuous Farameter. 

13. We shall suppose now' that the parameter a is continu^us^ 
and, in the first place, that the lunge of integration (a, A) and the 
range of variation of the parameter a ai^e finite. 

We suppose, moreover, that the infinities of / (a;, a) across which 



* [Though I have no doubt it might be simplified to some extent. — Nov. 6, 190 L] 
VOL. XXXIV. — NO. 768. F 
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[fdx is not anconditionally convergent lie (for the values of x and a 
in question) on a finite number of continuous curves a; = Xj (a), 
which do not meet, and have at every point a definite direction 
nowhere parallel to x. 



Uniform and Regular Convergence, 

14. The principal value 

F[y{x,a)dx 



(1) 



will be said to be uniformly convergent in (/3, y) if (i.) it is convergent 
for every value of a in (/3, y) ; and (ii.) we can find a pair of positive 
quantities S^, c^ corresponding to any assigned positive quantity or, 
such that 



< (T 



for all values of a in (/3, y), every c ^ c^, and every value of x such 
that a ^ a, oj-fc^ i4, and a?, a; -he differ by at least h^ from any of X,- ; 
and 



Jx,-8 



fdx\ < a- 



for all values of a in (/J, y), and every ^ <. ^f^. 

I may remark (i.) that the possibility of any of the curves x « X,- (a) meeting 
X «= a oT X = A IB excluded by the first condition, and (ii.) that the second pre- 
supposes the first. 



15. Thus, if /(«, a) = O^ (aj— a) (aj, a), 

where is a function whose derivate -r— is a continuous function of 
both variables, 



) dx 



P T/Cx, a 

Ja 

is uniformly convergent in (a + ^, A—O, if 0<$<(-\-$'<A—a. 
For, in the first place, condition (i.) is satisfied. Again 

P\^ =e:(a-i-/i, a)| (x-a)Qu{x-a)dx; 

Jo— 8 Jo— 6 

and, however small be o-, we can choose ^q so that the modulus of 
this is «<o- for all values of a in question, and every B <. B^. 
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Moreover, if a<^x<X'{-e<^a — ^Q (or a-\-^Q<^x<x-{-€<^A), 
j 'Qy{x'-a)Qdx=\' 'ny{u)e{u-\-a,a)du 

<K\ I Oi* (w) I du (where f is a constant) 

<A u\Q,(u)\du; 

and, however small be o-, S^, we can choose e^ so that the modulus of 
this is < o- for all values of n and a in question, and every < ^^ Cg. 
Hence condition (ii.) is satisfied. 



Again, if 



f(x, a) = a, {ar-X(a)} e (x, a), 



where is a function satisfying the same conditions as before, and 
X{a) is a function of a wuth a continuous and positive derivate, 
(1) will be uniformly convergent in (/3, y) if 

a<X(i^)<X(y) <A. 

This follows at once if we put X(a) = /3, and treat /as a function 
of/3. 

16. Thus (i.) P \ — —, P I ^^~^ dx are uniformly convergent in (a + 1, -4 — {') 

Jrt -P— o Jo x — u 

if 0<{<^+|'<^-ff. 

(ii.) Pf . ^- , Pf ^4^^^^rfa; are uniformly convergent in (fir + ^ 
Jo 8in(j:-a) J^ 8m(ar-o) 

'iir + T-0» w =0, 1, ..., if 0<{<^ + {'<ir. 

(iii.) F\ ^^^^ j?__ Ih uniformly convergent in (»it + |, nw + ir— f)> « ■■ 0, 1, ..., 
J„ cos *p — cos a 

if 0<^<{ + 4'<ir. 



(iv.) P^ 



C08 ax dx 



Jq co0aJr~co80 



is uniformly convergent in 



a^din (2^^±« + t„ ^--^'-O-t;) («-0,l....). 

if 0<e<ir, 0<{<{ + {'<e, O<^i<^i + ^i<ir-0. 

F 2 



Again, if 



/(;c)=n,(:c-X)e(a;), 
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where 6 is a function which has a continuous denvate — , and a<X<A, 

dx 

Bin ax fix) dx, P cos axf{x) dx 
are uniformly convergent in any finite interval (j3, 7). 



17. The principal value 



C ^ ^"^ "^ 



dx 



will be said to be regularly convergent in (/?, y) if (i.) it is uniformly 
convergent in any part of (/3, y) which does not include any one of m 
finite number of points a(, ..., a^, for which it ceases to be deter- 
minate; and (ii.) we can find positive quantities f, f and Pi<p„ 
corresponding to any assigned positive quantity p^, such that 






)dx 



is uniformly convergent in 



(a:-^, a; + (i=l,2, ...,r). 



CA-Pi 

If a[ = /3, or a^ = y, it is sufficieut that P I be uniformly con- 

vergent in (/3, /3-|-0 or (y -f, y). 

18. This case arises when the conditions for uniform convergence are violated 

owing to some of the curves x = J3C, (o) meeting x — a or x = A. Then oi, .. , a, 
are roots of the equations 

a = X.(a), A=^Xi{a), 

J' A ^ rA l(x — a) 
, PI -^ ' dx are regularly convergent in any finite in- 
nX—a ]a x — a 

terval of values of a. The exceptional values of a are a. A; if o < </, or o > -^, the 

integrals are unconditionally convergent. 

(ii.) P . , , P 1 - — } ~°^ dx are regularly convergent in any finite in- 

Jo8m(j;-a} Josm(a:-a) b J » J 

terval of values of o. The exceptional values of a are 0, wr. 

I" * cos (tx dx 
(iii.) P — -— is regularly convergent in I2)nr — v + i, *2«7r +» — £'), if 

Jo cos 2: — cos O c ., o V «, H/ 

0<|<| + 4'<2ir; but not in any interval which includes any of the points 
(2ii+l)ir. 

iyoBaxdx 



(iv.) fC' 
Jo ' 



(O<0<v) is regularly convergent in any finite interval 
10 cos ax -cos 9 

of values of a. The exceptional values of a are - - ^— . 
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Infinite LiitUti. 



19. The principal value 

will be said to be uniformly convergent in {fi, y) if (i.) it is ton- 
vergent for every ralae of a in (^, y); and (ii.) we can find h 
quantity A, correBponding to any assigned positive quantity o-, such 
that ^ 

is uniformly convergent in (ji, y), and 

p []/(«,. )*■!<» 

for all values of a in (/3, y).* 



'kapplieetoUie definition of rryu/aroonveiflfence in j 21.— Ocf»in', 1001.] 
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20. Thus (i.) f[ ? -^ is uniformly convergent in (P, ir-l') if 

Jo COS a; -cos a ef* + x^ vst « / 

(ii.) F\ ; — — . is umformly convergent in (— + f, — -I'l if 

JoC08(ar-a) »* + «* ^ ® \2*2*/ 

Consider (i.), for instance. In the first place, P\ is uniformly convergent 
^ W, »-0- Also 

J2Nw y Jo cosar— cosa 0^+{x + 2iw)* 

= -1— 2Pf'{coti(o-a;) + coti(o + a?)} —-^£—- 
2 8moiyr Jo *• ^ 0* + (a? + 2iir)2 

Now P f cot i (a-o;) — -f^_ « p fV p. 

Jo '»2+(ar + 2tir)« Jo J2« 

The second term is numerically less than 



0^ + (2iir)«' 
where JT is a suitably chosen constant. And the first 

where -a<ti<a. This, too, is numerically < — — -— — - . Finally, - — is less 



e«-l-(2iir)5 



sma 



than the greater of cosec {, cosec I' ; and 2 



1 



can be made as small as we 



J^r »2 + (2iir)3 
please by choice of If. Hence F can be made < cr, by choice of iV, for all 

j2Nw 

values of a in ({, »— f). 

The uniform convergence of (ii.) may be proved in the same way. And by a 
slight modification of some of the argfuments of my first paper we can prove 
general theorems as to the uniform convergence of principal values of the forms 



'f 1>(^)dx, f( 

Jo cosa;— cosa J, 



cos(r — a) 



<l>(x)dx, ..., 



in suitably chosen intervals. But I shall not delay over this at present. 



21. The principal value 



J. ^ ^"^ "^ 



dx 



(1) 



will be said to be regularly convergent in (/J, y) if (i.) it is conver- 
gent for every valae of a in (/3, y) ; 

(ii.) P {j ix, a) dx 
is regularly convergent in (/3, y) for every finite value of A>a; and 
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(iii.) we can find (1) a value of A, (2) a division of (^, y) into two 
finite sets of intervals ^, 17, and (3) a set of positive quantities p^, 
each corresponding to an interval 1;,, and each less than some fixed 
quantity p^, coiTesponding to any assigned positive quantity a; and 
such that 



poo 

Pi f{x,a)dx 



]j 



< <r 



for all values of a in 0, and 



I 



for all values of a in ij^. 



foo 
f(x,a)dx 
A -Pi 



< <r 



22. We may remark that, if of, ..., o^ are the exceptional values of a (§17) 
which correflpond to any value of Ay the intervals rj will be intervals of the type 
{df — ^y of + ^'). The nimibcr r may increase beyond all limit with A . 

The intervals 0, rn are all to be understood as including their extremities ; so 
that, at the point of division of 9, ifj, both the conditions 






< 0-, 



are satisfied. 

'A 



J A-,,: 



< <r 



If P[ is regxdarly, but not uniformly, convergent in (j3, 7), it ceases to con- 

verge at all for certain values of a. But P I can only be regularly convergent 
in (j3, 7) if it converges for all values of a in (j3, 7). 

23. Theorem. — 7/ if/ (a?, a, a) w a function ivhose derivate - is con- 
ox 

tinuotis and of constant sign for all positive values of x, and all values of 

a, a in question, and 

lim t/^ (.r) = 0, 

the principal values 



TbQB 



cc 



sin as- 



sin ax 



ij/ (x) dx, P 



foo 
cos OiP , , V 
(/r(a') 
cosa.T 



dx (a > 0) 



will he convergent, so long as — is not an odd integer. They will he 

uniformly convergent in any interval (h, c) of values of a throughout 
which this condition is satisjied^ if limi/r (.r) = uniformly for all these 
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values of a ; and thpy will be regularly convergent in any interval (/3, 7) 
of values of a throughout which it is satisfied, if lim if/ («) = uniformly 
for all these values of a. 

The first part of this theoi*em was pi*oved in my first paper. The 
second part requires only a very slight modification of the proof there 
^ven of the first. 

There remains the third part. We consider the first of the two 
principal values ; and we suppose, e.g., 

0<p<y<a. 



In the first place 



p{^^^^^(x)dx 
Jo sir — 



sin ax 



is regularly convergent for any finite value of A. Also 



pr=pr. -r 



i)<a 



or 



(2yr-i)<a 

n a J A 



r -^f 



if (N—^) 'be that odd multiple of -- between which and A lies 



o 



TT 



no multiple of — . Now 



a 



sm 



au 



}{N-i)na O. J(2^_J)^ Sinw \a/ 

and by the second part of our theorem we can make this as small as 
we please by choice of N, for all values of a in question. It remains to 

rA r(A^-i)tr;a 

consider I or I 



{K-h)^:ci 



Suppose 



/3 < *J < ... < (A±Q T < y. 

A A 



A. ITT 

The values a, are - , i = fc, ..., Ar-fZ; and the intervals iy, are of 

A 



the type 



(j-<' 7*^\ 



We take N = k, f = $'= ^-^ (see the figure). And A—pi = the 

oA 
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value of X where a = (i — |) -7 nieets ax = (i— i) x; i.e., p^ = -?— . 




cur « 1 


i + *)ir 


ax •« t 


iir 


CtP « 


(<-t) T 


(u; B 


(i-l)» 


flUP — 


(<-!)- 



liogular oonvergenoe, infmite range. 
Ab -4 < -r- , and i >. A*, pt is certainly less than p^ = ^. Also, if a 

lies in 17,, and aj between (t— J) — and i4— ^„ allies between (*— J) ^ 
and 



SO that 



Hence 



J(i-i)ii;« C a J 



where ^' is the greatest value of | i/r (aj) | in the range of integration. 
The least value of x in the range is >, -: — * ^4, and ^ (x) tends to zero 
for aj = 00 , uniformly for all values of «. And 

which does not increase indefinitely with A and /. Hence we can 
choose A so great that ^ 

throughout the intervals i},. 
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The intervals 6 are of the type 

and if a lies in this interval, and x between A and (i 
between (i — §) w and (i— |) tt; so that 



-|) — , ax lies 
a 



Hence 



f 



(i-i) ir/a 



or 



sm ax 



J (i-J) 



^ cosec Jir. 



ir/a 



< cosecjir;/^' 



(«-4) ^ -^ 

a 



where i/r' is again the greatest value of | \J/ (x) \ in the range of in- 
tegration. And it follows, as before, that we can choose A so great 
that , <-ao 



throughout the intervals 0. Hence 

P 

is regularly convergent. 



sm Ovir , , V , 

T 4^ (x) dx 

si: 



smour 



We may, for instance, suppose 

^P(x)=x-'^ (0<ft<l), ^~^,. e-^ (\>0), .... 

This theorem may be extended in various ways. We may snppose, 

e.g., that — is of constant sign only after some finite value of x in- 

Ox 

dependent of a and a ; or we may substitute for 

sin ax cos ax 



sm cue 



cos ax 



such factors as sin ax tan ax, sin ax cot ax, .... 

In these two cases the exceptional values of — will be the evev 
integral values. 

It is to be observed that no difficulty arises with these exceptional 

values, if \p (x) dx is convergent. Thus, if in 

•n f sin cue , / X J 
P ~ \p (x) dx 

Jo sm aa; 
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we make a = a, 3q, we obtain 



\l/ (x) dx, I (3—4 sin' ax) }p(x) dx; 
Jo Jo 

and the latter of these converges or diverges with the former. 



24. It is to be observed that a very simple transformation may 

change I'egular into uniform convergence, or vice versa. Thus the 

substitution cue = y transforms the principal values of the theoi^em 

intij 

a a 

_ .00 sm - w - ,00 cos y 

ri Jo sm y \ a / a }q cos y \ a / 

which are uniformly convergent in the interval of values of a in 
question. 



Continuity of Principal Values. 

25. Theorem 1. — If f(x, a) is a continuous function of both variables 
in any finite part of the rectangle 

(a, A, ft, y) 

which does not include any point of any of the curves a; = X, (a), and 



jy (*, a) 



dx 



is uniformly convergent in (/3, y), it trill be a continuous function of 
a in {ft, y). 

This is tnie wliether A be finite or infinite. 

In the first place, suppose A finite. We may without loss of 
generality suppose that there is only one curve a? = X (a) ; for we 
can reduce any case to this by dividing the i*ange of integration and 
the interval (/3, y) into a finite number of parts. 

We draw two auxiliary curves 

a* = X (a) ± ^ ; 

in the region i?fi exterior to these curves f{x, a) is a continuous 
function of both variables, and therefoi^e a uniformly continuous 
function of a. Let a^ be any value of a in (/3, y) ; and suppose, 
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€.gr., that X'(aQ)>0. Then, if A be a small positive quantity, and 



^1 f(x,a^-^h)dx-P\ f(x,a^)dx 
J a J a 



/r-V(ao)-3 r^ \ r -1 


-H f{x, ao-H h)dX'- f (x, aj dx 


fX(ao+fc)+8 rA'(ao)+5 

+ P /(.r, ao+^)da!-P f {x, a,) dx. 


Now let (T be any positive quantity. We can choose c so small that 


/•A- (a) +8 1 

P < Jcr 

J.Y(a)-« i 


for all values of a in (/3, y), and c^ so small that 


fx+€ 1 




J. <^ 



for all values of c <^Cq and all values of x, a such that x, x-^€ fall 
within Ri. Then we can choose h' so small that 



X(a„ + ^)-X(a,)<e 



0» 



and 



|/(a aoH-/0-/(ir, a„) I < 3-/^^N » 



for all values of x in either of the intervals 

a, X(no)— ^; X(ao + ^)4-^, -4; 
and all values of h<. h\ And then 



P I / (^, «o + /^) ^-P f / (x, a,) dx 

. a Ja 



< a 



for all values of ^ <. h\ A similar pix>of applies to negative values 
of h, if <Iq>I3. Hence P I is continuous at Oy. 

In the second place, let us suppose that the upper limit is oo . We 
<;an choose A so that P I is uniformly convergent in (p, y), and 



00 



M.i<*'' 
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for all values of a in (^, y). And, since, by the first part of the 
theorem, P I is continuous in (j3, y), we can choose Ji so small that 



J a ja 



<i^ 



if h< h\ Hence 



P\ f(^,a^-^h)dx^Prf(x,a^)dx 



< <r 



if h<^ h\ A similar proof applies to negative values of h. Hence 

poo 

P I is continuous at o^. 



26. Thus the principal values 



a 



1* C OB ox 



dx =— — einoa 
2a 



(i) 
(u.) 

(iii.) 



are continuous in {0, 7) if /9, y be any positive quantities. As a approaches zero 
they tend to the finite limits 

A' ^' 2 ' 



but they are meaningless for a » 0. And 



p 1 - COS nxdx __ emna 



(iv.) 



, cos ^— cos a sma 

« 

if » be a positive integfer ; and this is continuous in (|, »— f) if 0<^<| + f<ir; 
and tends, as a approaches orir, to the finite limits 

nir, (-)»-»«», 

but is meaningless for a = or ir. 

Again, the principal value 

pj* log (l + 2« 0080^^2) ^^ « ,tan-i^*i?^^ (v.) 

Jo l-X' 1+ocoso ^ ' 

is uniformly convergent in (—1, 1) ; and, for a = 1, — 1 becomes 



^rMog4cos2 4a^^^^^^ 

Jo 1--*^- 

riog4sin=>^^ ^(^_^j 

Jo 1-*' 



27. An interesting case is that in which an unconditionally convergent integral 
changes continuously into a principal value for some special value of a parameter. 
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Let us confiider, for instance, the integral 



Jo 1 + 



sinj; 



— /W "^^ 



l + 2oC08a; + a^ ^ ' 

where f{x) is a function which has a continuous derivate for all values of « in 
question, and a is poeitive and < 1. Then 

{'*'= r - ^log{l + 2acoB x-i- a^f{x)y*\ ~p' log {I -k'2aco8z + €fi)f {z) dx. 

(l+a) 



Now 

if < a < 1 ; and so 



-log- 
da 1 + 2a cos ;p 4- a' 



2»-« 



1— cos* 



l+a 1 + 2a cos x + a* = 



>0 



< log , i^-*'"'^ ^ , < log sec? Jar. 
1 + 20 006 2; + a' 



— log(l + 2acosa? + a:')/'(a?)dir 

2a jx 

< ^-^^^^^U" ' I / (*) I <«* + ^ £ *' log eec» i:t I /* (*) I *r ; 

and this can be made as small as we please, by choice of c, for all values of a and x 
in question. 

Again, \ log (1 + 2a cos a; + a';/(a;) | 

I L 2a J* I 

can be made as small as we please, by choice of c, for all values of a in (0, 1), and 
all values of x in (0, ir— 8) or (ir + 8, 2ir), where 8 is any positive quantity < », how- 
ever small. But, if a: « ir, this condition cannot be satisfied. If, for instance, 

/W = 1, 

l{log(l-a)»-log(l-2aC08c + ««)}-I-logJl + ^^l*J, 

and the value of c which we have to take decreases beyond all limit as a approaches 
unity. And, in fact, since 

sinrr 



lim 



I tanij;, 



..1 l + 2acosa; + a' 
the integral (i.) is not converg^t when a » 1. However, 

P [*' i tan ixf(x) dx 



is convergent. Moreover, 

r' »^^ f(x)dx 

J,_, 1 J-2aC08a? + a» 

«-i {/(ir + 8)-/(ir-8)}log(l-2acos8 + a«) + J-r*'log(l+2aco8a? + a«)/(ar)<fa?. 
2a 2aJ,_d 

As before, the second term can be made as small as we please, by choice of 8, for all 
values of a in question. And so can the first, as it is equal to 

-_Llog{(l-a)« + 4asin«i8}28/(ir + a8) (-l<e<l). 
2a 



We can choose 8, then, so small that 

♦* sinar 



If. 



,.,l + 2aoo»x 



—f{x) dx 

+ a* 



< ff 



so 
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for all values of a between and 1, and 

F i tan ix/{x) dx < or, 

Jw-S 

Hence pf'- -^"^ - „f(x)dx 

Jo l + 2aco8ar + o- 

ia uniformly oonyergent in (0, 1), and therefore a continuous function of a in that 
interval. Consequently, 



(1) 
(2) 

(3; 

(4) 



P f" 4 tan ixfix) dx ^]im f' ?^?^_ f{x) dx, 

Jo ' «.l Jo l + 2aco8a? + a5*'^ ' 

Similarly, P f " i cot \ixf(x) dx « Hm T -^^^ ^ f{x) dx, 

J-w «-i J_, 1 — 2ooo8iP + a' 

In (I) and (3) we may substitute a, A for 0, 2ir as limits, provided — ir<a<ir, 
IT < ^ < 3ir. Similarly for (2) and (4). 

28. We may expand the functions under the integn^al signs on the right in powers 
•of a, and integrate term by term. Thus from (1) ^e deduce 

P C' itanixf{x)dx «lim 2 (-)"-» «•♦ C* fannxf{x) dx, (I) 

Jo •-» 1 Jo 

This is equal to I C-)""^ I ^ «^/W dxy 

1 Jo 

if the latter series is convergent. Thus, iif{x) can be expanded as a Fourier series, 

Oo + 2 (flrt cos nx + bnSm nx) {0 <x< 2ir), 

r 

Jo 
if this is convergent. 

For instance, 



P itan4a:/(*)rfj;-irlim2 (-j-i^wo" « S (-)•*-!«„, 

lo «-! I 1 



2 sin #«; 1 , \ /A .» \ 

2 = i (ir— j;) (0<j:<2t); 

1 » 



itaniar. J(ir-2:)«/ar = ir2(-)"-' - = irlog2, 

I n 



and therefore 

J« 

P r 4» tan 4» rf<^ = — IT log 2. 
Similarly, we dedu-e from (2), (3), and (4) of § 27 

i cot lxf(x) dx = lim 2 a" sm uxf{x) dx, 

Pf''i8ecix/(j:)rf2: = lim 2 (-)"o'»+* 1 ' aw (n + ^) x f {x) dx, 
Jo •-! Jo 

Pf ico8eciz/(a;)rfa;« lim2a*»^* r Hin(« + |) :r/(a;) (/jr. 



(3) 
(4) 
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In each of the series on the rij^-ht we may put a -■ 1 if the resulting" sorieft are 
convergent. 

29. In the same way we can establish four more general formulee of which 

F p' .} tAiii{x-e)f{x) dx ^]im 2 (-)"-' o" 1 * sin « (x-e)f{x) dx 
Jo •"! * Jo 

is typical. If, for instance, 

f{x) = coapx, ampx (p an integer), x ■= 2^, $ =« 2i^, 

we obtain P \ tan {(p—^) cos 2p^ dip = ( — j/* ir sin 2pi|^, 

Jo 

Prtan(4>— \|^)8in2jP4>rf<^ = (— )''-iirco8 2jti^. 



30. Again, p[ itanijr/(d:) rf> - lim I (-)'-> a" ( \!^xinx f{x)dx, (I) 

Jo •-! I Jo 

if fC — '^^"^ J(x)dx 

Jo l + 2oCOSj: + a2-' ^ 

be uniformly convergent in (0, 1). Now it follows from what precedes that, if y*(:r) 

is continuous, P I is uniformly convergent for any value of n. Hence F I will 

be so if we can so choose n that 

\pC ..3^J: ^ f(x) dx < a (a) 

I J2„, l + 2aco8a?to- ^ ' ^ ' 

for all values of a in (0, 1). 

Let us suppose, in the first place, that /(or) in positive and tends steadily to zero 
for r = 00 . Then 



+ — log(l + 2oco8J: + o')/(«)rfx 

2o J2M, 

2oj2M, (l+o)- 

Alao < log ^^^- ^* ^ + "'/ {X) < log cos' ^x f{x), 

(1 + a;* 

logcos* Jj:/'(x) rf-c 
is convergent. Hence condition (a) can be satisfied. 



If, e.ff., f{x) - — , 

X 



fC itanja;*'^ = Ural (-)»-»a» rsiunx '^'^ - lim „---'— , 
Jo X ..1 1 ' Jo ^ ..i2(l+o) 



p I ' tan r 



1 ^^^rfx-J^. 
Jo ^ 
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Similarly, Pf J 8ecia;/(ar) rfa? = Hm I (-)*a»** f* coe(« + i)«/(ar)«& 
Jo •■» Jo 



if this series be oonvergent. 
Legendre determined 



= S(-r roos(ii+^)«/(a;)«to, 

Jo 



Jo sfi-¥fn^ ' Jo a:« + m2~' Jo ji» + m« 
(ooxisidering them as ordinazy integrals) by assuming that they were the limiHng 



values of 



Bin2a:r 



xdx 



I — - 

Jo l + 2ooos2flj? + a* a:' + m« 



tf^'w^-a 






sm2ax 



xdx 



1 — 2a cos 200; + a^ 3^ 



_•-_ « i — = — 






!o l-2aoos2aa: + a« a:« + m« 2(l+a) ^"•"•-tt 
fur a a 1. We can see now that his assumption was correct. 



31. Suppose that, in (2) of } 30, 



Then 

Also 

and 



j*co8(fi + i)a:^ 



/(ip)-ar-« (0<a<l). 

IT 1 



2r(a)oosJ«ir (« + 4)»-'» 



i^ix^-^2.l(^Y-,-^-^, 



(2#i+l)« Jo ««-l «• 



_ ^ 



ir^-«tan4flir2 T^—hrr, 
^ (2»+l)«* 



by ^ 3-12. This series is therefore equal to 

IT 



5 ^^ 



1-a 



(0<fl<l) 



2r(a)cos^0ir (n-f I) 

That is to say, the function li' (a) » 2 — ^ — ^ — 

^* ' (2«+ 1^ 

satisfies the functional equation 

^(\-a)^ T- Vsin^<wrr(fl)4^(a). 

This is a well known relation first proved by Schldmilch, and closely connected with 
the theory of Riemann's ^-function. 

32. The formulse of \ 30 maybe generalized, as those of } 28 were in § 29. There 
will be no diificulty in proving, for example, that 

1 



f 

Jo 



oosSj?— COS^) 
if this series is convergent. 



2 • f* 

f(x) dx « - — :{ sinn^ 1 co»fi^xf{x) dx, 

sm^ Jo 
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If, for instance, 



f(x) = 



cosh^irj;* 



But 
P 



1 



1 



1 

Jo 



1 



cosSd?— cos^ cosh 



COB n9x fix) dx = 
cosn»8 



^ -- - * 3(-)".(2m+l)pf-_l. 
h^^ wo Jo COS 8a;— 



dx 



ooBip j;' + (2m+l)' 



^22— W". . 

cosh (2m + 1) 8 — cos ^ 



Hence 



OB 

2 



(-)•" 






cosh (2m + 1) 8— cos ^ sin ^ o cosh^S 

This becomes obvious if ^ = ^r. It is really a formula in elliptic functions ; for, 
if we write g for -', it takes the form 



X 

1 



/_>m^2iM-t-l 



1 • y" sin n< f> 



1— 2^*»"*»coe4> + ^*«"*2 giii<^ l+q^ 

If we integrate this from A = to ip = x, observing that \ — r- ^ rf^ is ir or 0, 

Jo sin^ 

according as ;? is odd or even, we obtain the well known formula 

\^q^ l-^q^ ' 1-r 1-/ 



(Jaoobi, Fundamenta Nova, XL. 5). 

If we had taken ^ -= ^ir, (jc) = 



I 



cosh d?— cos 6* 



wc should have foimd that 
1 . 2C 1 



'f 



1 K. *2 |/ .^sinh(2m+ l)(ir-e)a 

[2«ir-a)5) sine© shih(2m+ l)ir« 



cosh 86 C co^h (2'**' + 6) 8 cosh (2f 
This too becomes obvious if 9 = ^w. It is not dilBcult to obtain general formnlfe 
which include these as particular cases ; but my present purpose is only to show 
how the methods of the preceding sections can be applied to obtain results of 
interest in different branches of analysis. 

33. The equations of { 30 also hold (except for certain exceptional values of a) if 

where 4^ (;p) is a function whose first two derivates are continuous and of constant 
sign after a certain value of x, and 

]3m^{x) «0. 

mmto 

For r —^ f{x) ^ - I C''^'"' - r —^""^ Fix) dx, 

Jj,Hrl + 2aco8« + a3'^^ ' « Jw, Jo l + 2acos« + a« ^' 



where 



-^W-5 ^a(jp+2t»)i|.(a? + 2tir). 



Now, provided a be not an integer, the series 



^SJ2**'*<* + ^*')' 5^2i«,rf (af + 2t») 



o 2 
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are uniformly convergent in (0, 2ir). It follows (i.) that, whatever be the value 
of », F{x) and F'ix) are continuous in (0, 2ir) ; (ii.) that wo can choose u so great 
that the moduli of F{x)f F {x) are as small as we please for all values of x in (0, 2«"). 

Moreover, f' ?^^^ -, F[x) rfar - - \ f ' log ^^-±^^^ F{x) dx, 

' Jo 1 + 20C08X + 0- ^^ 2oJo ®l+2oco8a; + o2 ^' 



and 



< log — Sl±^ — . < log sec* Ax. 



^^^ ir 7 ^9'!^.^ » -^W^ <l-?^\og^\x\F(x)\dx, 

and can therefore be made as small as we plesuK^, by choice of m, for all values of « 
in (0, 1). Hence ^ . 

Jo l + 2aco8X + a«*^^ ' 

is uniformly convergent in (0, 1). 

Suppose, e,g,, that f{x) =- ^^**^ (0 < a < 1). 

X' •¥ vr 



sm MX cos OX 



xdx 



Then p[ tan4xcos<ix-f^*^- = 21im5 (-)»"» o- T «" 

Jo ^- + fl' -.11 ' Jo '^-^^ 

Similarly, i'T cot-|x 



<f* + l 



cos ox 



xdx 



coshaO 



x« + e' 



e*-l 



This agrees with the result found in another way in § 12. A third proof will be 
found in the Quarterly Jonmalf No. 125, 1900, p. 120. 

It is not difficult to prove that 



smx 



Jo l + 2aCOSx + a' 



J(^)dx 



is still continuous in (0, 1) if the conditions of § 30 arc satisfied, except that /(x) 
has a finite number of infinities X' none of which are odd multiples of ^t. In 
this case the integral is not imconditionally convergent for any value of a. 



Thus Pp tan ^x cos ax f^-^j = 21im 2 (-)'"^a''Pr si 
Jo X'^r ••! 1 J„ 



sm nx cos ax 



xdx 
x2-e 



= \ie lim 2{ — )»"*a"{eos(w — a)0 + co8(« + fl)6| 
•-11*^ ' 

-xcosaelim _^»^ + « ^ixcosaO. 
a<^i l + 2acos0 + a^ 



Similarly, 



Jo 



^x cos ox — 



xdx 

■~ = — 4irCOS<i6. 

x-—e' • 



This, again, agrees with § 12, and with the paper in the Quarterly Journal referred 
to above. 
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Discontinuous Principal Values. 

34. We shall now consider some examples in which the conditionB 
of § 25 are not satisfied. 

(i.) If < a < a, 



00 



sin ax xdx ^ sinh a 



-0 



cos ax l-\-jc^ 



= t'T 



cosh a * 



p I cosa a; xdx^ _ ^ cosh a 
J A sin ax 1-^x^ sinh a 



(1) 



(2) 



These piincipal values are discontinuous for a = a. For, if we pat 
a = a in the first, for instance, we obtain 



T> f a* tan iix j i j. i. 
F I - ^ dx = t'ctanh a, 

Jo H-«* 



which is incoii'ect, the proper value being 



IT 



Hence (1), which is, after § 23, uniformly convergent m (0, a'< 1) 
cannot be uniformly convergent in (0, 1). 

Now, if c be a small positive quantity, 

■p f* sin (a— €) X xcl-x __ n \ a xcLe C x sin €X , 
i I — _ — i — -1 I ban ax cos €X ■ ^ —" i _ -z ax» 

Jo cosa^ l+aj* Jo l + aJ' Jo H-« 

The latter integral is, as is well known, discontinuous for e = 0, 
being = ^^e"* if e > 0. And it is easy to see that it is not uniformly 

convergent in an interval including c = 0. For — -^ decreases 
steadily after x = 1. Hence, for sufficiently small values of e, 



P'/ U « + T \ . , 

1 I 4 «» 9 — ; r^ I sin wan 

J2ir\€* + tt= €«+(t* + ir)V 

r«' Tr(w'+tt7r~€*) , 

I ^ ^ Bin udu 
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a positive quantity independent of c. And, however great be ^, we 



can choose e so that — = A; and then 






sinea; 



dx is greater than 



€ JA !+«* 

this positive quantity, so that the integral is not nnifonnly con- 
vergent. 

f* xdx 
tan ax cos ex i is continuous for t = 0. 
.0 



l-l-«* 



This does not follow at once from anything which precedes, but is 
not difficult to prove directly. For, in the first place. 



PI tan euK cos c J? ( ^ • ) (ia; = P I 

Jo \^ !+«*/ Jo 



tan cue cos ce 



xil-^x") 



dx 



is uniformly convergent in any finite interval of values of c, and 
therefore continuous. This follows from the remark at the end of 

dx 

dx 



§ 23, since I ,,'*^ , is convergent. Moreover, 

J « 



i 



tan ax cos ex 



is continuous for c = 0. For, if — = ^, it is 

a 

tanajcos^ar— = 2P =5P tan « cos a (a; + iV) -^i- 

X ]i^ Jo « + tT 

= S P'tana. ( 90llI^±M ^^^lSil±I:i^] dx, 
Jq C x-^-iw tV+x— aj ) 

a C cos ^ (iT-f tV) _ cos^ (iV4-ir— a;) ) 
1 C a;+iir tx-fx— aj j 



Now the series 



is uniformly convergent in (0, Jx) for any small value of a>0. 
Hence we may sura under the sign of integration. 

Moreover, it is not difficult to show that 

a ( cos ^ (x-\-t7r) cos ^ (i ir-\-7 r — x) ) 

« C a;-htx tx-f-x— a; 3 

, .J._ + I J 1 + . .!_._{_ f sin n^^ "'^ <>;-;) ^ da. (1) 
aj-f-nx H*i Caj + ix x—iw ) J© smjxd 
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The last term is 



sin a^—x) — 

1 I '•" . . ^^ ^ n 
- I sin nt - 

n Jo 



1 I 



Sin — 



dt. 



(«) 



Now, if < tt < ^, and i is sufficiently small, 

sin (\.-x) n (o<x<i.) 
sm \vu 

is positive, and increases steadily as u increases from to 2, and so 

lies between i . /i x * 

i^-^ and «^^(^^-^)^ 
T Sin ^irc 

which differ by a quantity which vanishes with I. And, if Hs the 
greatest integer contained in w3, and 

the modulus of (a) is less than 



2 n sin(iir-aj)-- 
— sinir^ —-dt 



sin*ir 



n 



+ 



'- 1 (' 

n Ml 



I+P 1 c 
n 



where is a quantity independent of n, ^, and a*. Hence (1) can be 
made as small as we please, by choice of n, for all values of o and x 
in question. 

Hence 2 is uniformly convergent in the domain 

X = (0, \k), Z = (0. 5,), 

where ^q is any small positive quantity. It follows that 

P r tan « cos 3« ^ = P'tan^ 1 1 cosJi^j4^_ cosa(i^+^-») ) ^ 
Jo « .'o <> V oj+in- iw-l-w— a; ) 

is a continuous function of 3 for 3=0. And, in fact, we find on 
summing under the integral sign, since 

S C cos 3 fa* 4- tir) cos 3 (iir 4- w — x) ) . 

S ^ , . H^ ^ J = cot«. 



that 



P I tan X cos & — = \tr. 
Jo « 



This principal value is therefore independent of 3, and changes con- 
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tinuously, for ^ = 0, into 

P I tan oj — = 4jr, 

Jo X ^ ' 

as the preceding analysis shows that it should. 

Hence pC^^'J^'L^^ 

}q cos ax l+ar 

has a discontinuity of magnitude Jt to the left of a = a. 
Cauchy noticed the corresponding discontinuity of 



COS our i 
sinowc 1 



xdx 



which, if o = a— €, is 



r 

Jo 



P I cot ax cos €X 





xdx [ X sin ex 

1+^* Jo 1+^ 



dx. 



^-^^ 

But his discussion of it cannot be considered satisfactory. ' For he 
assumes that the first term is continuous for c = 0. And, moreover, 
he is content to accept the discontinuity of the second as a fact, with- 
out in any way attempting to explain it. 



35. (ii.) It Ib easy to prove that, if 

o > 1, a > 0, c > 0, 



tt COB ar — coH {a — c)x <ix _ . 



pf* ttcosgjr— c os {a '-c)x dx ^ . asina— Bin(g— g) 



(1) 
(2) 



We might expect, after our inveBtigationB in §§ 27-30, to be able to put a = 1 in 
these formulse, provided we introduce the sign of the principal value before (1). 



But this gives 



f* Hm{a—he)x dx _ __ e-' 
"* Jq 8ini« l + x^ 1— «-«* 

p f* Bin (a — Jc) X dx_ __ . co8^(flr — \c) . 
Jo Hinkcx l—x* singer 

both of which are incorrect. 

The explanation of this is very simple. For let us confiider the simpleet case, in 

which a ^ e. Then 

ocosrar— 1 dx , f 



r 



1— 2aco8«r + o' l+x^ 






(a>l), 



and the limit of this for a =» 1 is 
The fact is that 



— ~ , whereas its value for a * 1 is -\ir. 

2(^-1)* 



2acoBgx + a^ 



f — 
J. 1- 



(i.) 
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is disoontinuouB for a «= 1 if (a, ^) include any of the pointe 



'luw 



And it is easy to see that it is not uniformly convergent. Suppose, e.g. , c « 1 , 
ft ^ 0, <i> (.t) « 1 . Then 

f*^ a cos a-— 1 



.!„ 1— 2acosa: + o- o— cor( 



Now 



tan 



' — * < <r 



o — cos| 

involveH sin | < tan tr (a— 1 + 4 sin^ ^ ...) ; 

aijid, however small be |, we can choose a value of a so nearly equal to 1 that this 
inequality is not satisfied. 

The integral (i.) is, in fact, substantially Poisson's integral, which is so important 
in the theory of trigonometrical series. 



[36. (iii.) If ^ (j*) is a function of x whose derivate ^' (:r) is continuous, the 
principal value 

♦ (a) = Pf'^log (l- " Y "ti^dx {a<ci<A, a<0<A) 

J a \ T J X — fi 

is continuous for a = $. For 

Now we may replace a, A by fi—p, /3 + p, where p is any small fixed po«itive 

, I for • « are evidently both zero. And 

,n . /9 + p 

where —p<ui<p. It is easy to see that the last integral tends to zero with €. 
But the first is 

^'M>(::i-:)";r=^<rf:''»^(:;!)'f= 



and the limit of this for « = Ih 



Hen (re 

and, similarlv. 






(fl). 



We shall frequently meet with discontinuities of this kind when we come to con* 
wider the differentiation and integration of principal values. — iVHrfmhfr ^\h,X^^\r\ 
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Continuity of Principal Values (continued). 

37. Theorem 2. — Iff{x, a) be a continuous function of both variables 
in any finite part of the rectangle 

(a, 00 , /3, >) 
which does not include any point of any of the curves a; = X, (a), and 



Ja 



)dx 



he regularly convergent in f/3, y), it taill be a contintwus function of 
a in (/?, y). 

For, if <T be any assigned positive quantity, we can determine 
(§21) a value of -4, a division of (/3, y) into two. sets of finite 
intervals $y i;,-, and a set of positive quantities jp<, such that 



/•oo I 

r !<^ 



in the intervals and j P 

in the intervals ly,. 

And, if o^ be any value of a in (/3, y), we can choose h* so small 
that a^ and o^+V lie in the same sub-interval. Suppose, for in- 
stance, that they lie in 17,. Then 

J" 
is uniformly convergent in ?;,. And the conclusion follows as in § 25. 



88. Thus 



r 

Jo 



tan ax 



dir 



(l) 



is regularly (convergent in (/3, y) if 0</3<y, and therefore con- 
tinuous. It is, in fact, = ^w (§ 30). But it is not regularly con- 
vergent in (0, y). For a = all the curves « = X. (a) recede to 
infinity. And it is easy to show, by an argument similar to that 
used in § 34 in the case of the integral 



i: 



X sin a.T 



dx. 
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that, however great be A, we can always determine a positive quantity 
r and a value of a such that 



and, moreover. 



f'QO 

JA-p 



for all values of p less than any fixed quantity p^. 

It is obvious that (1) is, as a matter of fact, discontinuous for a = 0. 



On the Exponential Theorem for a Simply Transitive Continuous 
Oroup, and the Calculation of the Finite Equations from the 
Constants of Structure. By H. P. Bakeb. Commonicated 
February 14th, 1901. Received, in revised form, November 
28th, 1901. 

The present note was originally presented to the London Mathe> 
matical Society in February, 1901, in connexion with Mr. CanipbeU's 
paper, Vol. xxxm., p. 285, and had then the purposes of suggesting 
the methodical use of a certain notation — that of the theory of 
matrices — and of showing how Mr. Campbell's results follow from 
Schur's determination of the infinitesimal transformations of a group 
of given structure (§4). Incidentally the theorem (§ 2) here called 
the exponential theorem was then obtained, and it was stated 
that it would lead to a method of finding the finite transformations 
of a group of given structure. The present form of the note differs 
from the original form by the addition 'of a verification of this 
statement, with examples (§§ 3, 5, and the latter part of § 4), and a 
considerable abbreviation of some parts of the paper whose novelty 
was stated to consist only in the methods employed. 

1. The following notation is employed. 

The differential equations satisfied by the functions / in the equa- 

«• = fi (« » a) 
of a finite continuous group of n variables x^^ ..,,Xn and r parameters 
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«„ . . . , iir are written 



dx 1., dx J, 

= f 0/ or -- a = f, 

Ga da 



where $ denotes a mati*ix of n rows and r columns, whose elements 
are expressible as functions of aj„ ...,a*„ only, i/^ and a are each matnces 
of r rows and columns whose elements are functions of 04, ...,a^ only, 

and they are inverse matrices, so that i/^a = ai/^ = 1, and ^ denotes 



Ca 



a matrix of n rows and r columns whose general element, that in 

the t-th row and.o"-th column, is 

dxj li = 1 , . . . , ^i \ 
8a, W= 1, ...,r I ' 



so that * the equations express that 1 

^— = it\^u-^-"-\-iir^r, (i = I1 ..., w; <r = 1, 

thus, if /be any function of ;r„ ..., a!„ only, and thence of a,, 
we have -n , 7^^ 7^ r 



0; 



a,. 



where 






is one of the r infinitesimal trans fonnations of the group. It is 
kno\vn that the matrix ^ cannot have its columns linearly connected 
with coefficients independent of ir„ ..., ar,», that is, that the n equations 

i{P\^ '"•>Pn) =0, 

namely, f „ jpj + . . . -H f ,> Pr = 0, 

cannot all be satisfied with j3„ ..., pr independent of x^f ..,«*•«; 
similarly the matrices a and \ff have non-vanishing determinants. 

With the infinitesimal transformations P„ arise also, in expressing 
the conditions of integrability of the differential equations above, 
r other infinitesimal transformations, known as those of the pai'a- 
meter group, namely, 

J _ 3 , , 

Then we have 



* Thus \ij and oy are the quantitieH which Lie denotes by i^i and o,,. 
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wliere the coDstants c,^,, which we call constants of structure, satisfy 
the equations 



c =1 — c 



2 fo^c,^+r,.,c,^,+c,^c^) = 



(a, /3, y, 5, o- = 1, ..., r). 



In what follows we frequently consider the square matrix of r rows 
and columns whose (p, <r)-th element is 



r-l 



denoting this by JS?, and the matrices obtained from it by replacing 
ej, ..., e^ respectively by ej, ..., e'r and ej', ..., e^ by J57', E7", the rela- 
tions among the constants of structure are expressed by the equations 

Ee' + E'e - 0, 

EEV''\-E'E''e-\-ir'Ee' = 0, 

holding for all values of the three sets of quantities (ei, ..., 6^), 
(el, ..., €r)j (e{\ ..., Br). The former also gives Ee = 0, and shows 
that the determinant of the matrix E vanishes identically. The 
infinitesimal transformations of a group are determined by the 
*' matiTx f " of the group ; the group in the variables Cj, ..., e,., of 
r parameters, whose " matrix i " is the (negative of the) matrix E is 
that called the adjoint group. In place of the parameters a„ ..., a„ 
we may use any r independent functions of these ; in particular, we 
may use so-called canonical parameters e^, ..., e„ which are such that 
the increment of a function/ of ajj, ..., «„, when the parameters receive 
small increments e,^^, ..., e^^^ respectively proportional to their then 
values, shall be given by 

^f=Bt{e,PJ-\-.,.-^€rPrf); 
supposing then, in the formulsa above, e, written for a^ and com- 
paring with if = •$%4>,,PJie., 



9 p 



we infer, since the infinitesimal transformations P^ are not linearly 
connected with coefficients independent of «,, ..., a5„, that 

^^,Je, = ^te^y 



or, since 

that 

which gives also 






oe = e. 
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In other words, when the parameters ej, ..., e^ are canonical, 

(i/r-l)e = and (a-l)e = 0, 

and each of the determinants | ^—1 1 , | a— 1 1 is zero. 
When in the equations of a group 

«. = fi («^ «^) 
we change to new variables f and ^, eliminating x and gfi by means 
of equations ^, = ^, (;,), i?=^,(;^), 

and so obtaining the groap expressed, say, by 

I = F, (^, a), 
it is generally said that the group has been traiisfomied by 

This use of the frequent word transformation appears inconvenient, 
and we venture to suggest that the group be said to be translated. 
Considering now a simply transitive gi'oup in which the number of 
variables is equal to the number r of parameters, it will not generally 
be the case that the matrix f satisfies the equations 

^x = x, 

Tiamely, the r equations f^iaJiH- ... 4- f^r^Jr = x, ; 

bat the group can be translated into such a group. For, if 

x:=f,(x,}c) 

he the finite equations of the group, with canonical parameters 
A*!, ..., A;„ and, instead of «,, ..., a;^, we take variables e,, ..., ^r deter- 
mined from ^.^y.(^O^g)^ 

and, correspondingly, instead of ajj, ...,«r, we take variables el, ..., Cr 
determined from ^/ __ ^ /^ g/\ 

where, in both, ajj, ...,«? are the same arbitrarily assigned quantities, 
then, as 

fi {x\ e') = x[ =/, {x. k) = /, [f{x\ c), h] =/, [x\ « (e, fc)], 

we have e^ = ^, (e, fe), 

which are the equations for the group in the new variables. In fact, 
the group is translated into its first parameter group. 
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III dealing with a simply transitive gronp of r variables and 
parameters, we shall therefore denote its infinitesimal transforma- 
tions by 

A - 9 ^ ^ 3 

the variables being denoted by (e,, ..., e^) ; and shall suppose ae = e. 
We shall call these canonical variables. Their nse will be found to 
effect considerable simplifications. 

We now give a sketch of Schur's determination of the infinitesimal 
transformations of a simply transitive group of given stmctui^e, the 
variables being canonical. From the equations 

r 



T 



where A^ has the form just put down, we immediately deduce 

oek defc p • 
where, as before, i^ = a"^ ; 

3 

from these also, if D = 2 e* — , 

we at once find Z)^ -H?/^— 1 = ^i/', 

whei'e by the differential coefficient of the matrix \ff is meant the 
matrix of the differential coefficients of its elements. 

If we now assume that ^^ is capable of expansion, for sufficiently 
small values of ei, ..., e,^ in the form 

where A^ is a homogeneous polynomial in e^, ..., e^ of zero dimension, 
that is, a constant, B^ a homogeneous polynomial of dimension unity, 
G^ of dimension 2, and so on, so that we may write 

where each of the letters A^B^ (7, ... denotes a matrix, then, on sub- 
stitution in the equation 

we obtain 

^Jl+^B+EO+... = B+2C+3D+... + il-.l+B + 0+... ; 
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aiid therefore, equating terms of the same dimension, 

.4-1=0, EA=2B, EB = SC, ... ; 

SO that i/r=l4.— 4._-|-.... 

Conversely, starting with the r* constants of structure c^, satis- 
fying the necessary relations, and defining a matrix E as before, so 
that XT xj 

r 

and hence Ee = 0, 

and putting ^ equal to the matrix expressed by the series in E just 
iriven, so that 

and the determinant of ^, reducing to 1, for 

JH not zero, we immediately verify that 

Eil/-^l—il/ = Dil/. 
Fi'oiu ill is we can deduce, putting 

a = v^-\ 
and defining the infinitesimal transformations A, as befoi'e, that 

. (A^A^) = ^c^A,, 

r 

which kIiows that these infinitesimal transformations determine a 
Hiiu})ly transitive group of the given structure. (Cf. Lie, Tratisfor- 
mationtujruppen, in., § 144.) 

A similar use may be made of the matrix notation to determine 
tilt) sim})ly tmnsitive group, known to exist (Lie, Transformations^ 
{irn^pony i., p. 380), which is reciprocal to the given one. In fact, 
tlio oquations 

5 (a^^/-^ -yj^^') =0 (p. «r = 1, ..., ,), 

whioh oxpi*(3Hs that the ti^ansformations 

r =y, ^-+ +y ^- 

*^ /Ip'N •^•••T^ ftp ^ 

of thu i*t)oipi*ocal group are commutable with those of the original 
II^H)\ip, kIvw very easily the equation 
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where x is ^^c inverse of the. matrix y and D is the homogeneous 
operator before used. Putting here 

where Aj,is & matrix of r rows and columns of which each element is 
a homogeneous polynomial in 61, ..., e^ of degree A, and, equating 
terms of like dimension, we find 

E . E^ E^ 



^ A (^ E ,W E^ . \ 



where ^ is a matrix of constants ; the deduction is precisely like that 
of the solution of the differential equation 



M+y)'V=y- 



dx ' / X 
Introducing the condition that x shall reduce to unity when 

and denoting, for a few lines, by ?/r' the same function of 
(— e,, — 6?j, ..., — e^) that ;^ is of (e,, ..., c^), we have then x = ^' ; 
which is Lie's result, Transformationsgruppen, ill., p. 651. Putting, 
as we shall frequently do in what follows, 

we immediately verify that a' = aA, 
where a' = ij/'^ 

is the same function of (— Cp ..., — «r) that a is of (ej, ..., O- The 
verification is like that of the identity (e*— -l)/a5 = e'(e"'— 1)/(— «). 

2. From this we proceed now to deduce the exponential theorem 
so called in the superscription of this paper, namely, we proceed tc 
show that, if 

e: = ^, (e, eO 

be the finite equations of the group under consideration, with 
canonical variables e and e" and canonical parameters e\ and if 
A', Jl" denote the same functions of e', e' respectively that A is of e. 



The equation 

gives 

VOL. XXXIV. — ^NO. 770. 



a = oA 
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and hence, if 






gives ^i = 2 A„^,. 

Now the transformations A', are commutable with A, ; thus we have 
0= {A'.A.) = A',A.-A.A: = -S:i„A,A--i&.„A.A,--i(A.ii„)A, 

T T T 

r X X 

X r 

and therefore, as the transformations ^x are linearly independent, we 

-4,Ax^ = Sc^x^;,. 



Hence, if 



X — Cj^iT" ••• -t"6r"r 



be the general infinitesimal transformation of the group (A,) with 
canonical parameters (e(, ..., e^), we have 



where 



This is the same as 



T 



the quantities e{, ..., pJ being quite arbitrary, and gives 

P*A = JgrPA = jBT^A, 

and, in general, P*A = ^'*A. 

Thus, if e; = <^, (e, c') 

be the finite transformations of the group (A„) with canonical- 
parameters (e{, ..., e^), and the value of A obtained by replacing 
Ci, ..., e^ respectively by c{', ..., e^' be denoted by A'' or by A^^,,^^, we 

have ^ 

A" = A,(.,^, = A4-PA+ ^-P*A+... 

= A-h^A+^ir«A+... 

iU I 

= A'A, 

where A' is obtained from A by replacing e^, ..., e^ respectively 

by 6i» •••> ^r» 
This is the theorem referred to. 
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Two simple applications suggest themselves — 

in accordance with the known result 

(ii.) A., .,,..,= [A,(.^,.,]-' = [A..A.^]-» = Ali^All 

= A^A. = A^(,,^^, 
in accordance with the known result 

^(— e', -e) =— ^(e, e'). 

How far these equations are really proved, that is, how far the 

equation 

Afc = A* 

enables us to infer h„ = Z?,, 

is now to be considei'ed. 

3. Starting with given constants of structure, satisfying the 
necessary conditions, we can, by direct processes, calculate the 
matrices A,, A,. ; then the equation 

Ae-' = A,.A, 

furnishes r* equations for e[\ ..., e/; if these were thence obtained, 
say in the forms ,, , ,. 

the finite equations of the group would be known. From Schur*H 
theory there exist infinitesimal transformations, and therefore finite 
equations corresponding to given constants of structure. Thus these 
equations necessarily have solutions. But the question is (i.) whether 
the r^ equations are equivalent to as many as r independent equa- 
tions, since otherwise other conditions than 

A^. = A^A. 

must be necessary to define the fonns of ej', ..., e^'; (ii.) whether, if 
they are equivalent to as many as r independent equations, these 
equations have unique or only ambiguous solutions. 

We know beforehand the answer to at least the first of these equa- 
tions, for Lie has proved that, given the infinitesimal transformations, 
for the finite equations of a simply transitive group of r parameters 
and r—m special (ausgezeichiiete) infinitesimal transformations, 

H 2 
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m independent analytical equations can be put down without 
integration, and that these can be supplemented by r—m quadra- 
tures (Tramformationsgruppeny in., p. 634, and i., p. 376). And a 
comparison of his proof (p. 628) with the equation 

o' = a^, 

used by us, shows that, in fact, of the r* equations arising for 

e{\ ..., er\ from 

A^, = A.. A„ 

just m are independent {cf, Transformationsgruppen, i., p. 509). 

In what follows the result obtained arises naturally in a different 
form, which would appear to be of more utility for the actual purpose 
of calculating e[\ ..., e". 

First, if the columns of the matrix E are not linearly connected 
with coefficients independent of the variables Cj, . . . , e„ in which case 
the adjoint group has r linearly independent infinitesimal transforma- 
tions, and the original group has no (special) transformations com- 
mutable with the others, it is shown that the equations 

A^. = A^A, 

have only one set of solutions for eW ,.., e^' within the range for 
which the group is simply transitive. 

Next, if the columns of E Are linearly connected with constant 
coefficients, and expi*essible by m of themselves, in which case the 
adjoint group is of m parameters and the original group has r—m 
special infinitesimal transformations, it is shown that linear functions 
/i» "",fr of the original canonical variables e„ ..., e^ can be taken so 
that the infinitesimal transformations of the group reduce to 

By — -4i+w«,^,,p^- H... + t*r,p5- {p = 1, •■> wi), 

Br= ^- (P = m-fl, ...,r), 

dfp 

where -4p = oj,^- -h ... + "mp^^ ; 

here all the mr coefficients oip, ..., a^.^, -Wm+i.iw •••? ^r,t> ^^® functions 
only of /i, ..., /,„, and directly calculable fi*om the constants of 
structure, and the m ti*ansformations Ap generate a group of m para- 
meters in the variables /„ ...,/„, which therefore, as follows from 
this form of the infinitesimal transformations, is also simply transi- 
tive. The differential equations for the finite equations of the group 
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in 



_4fi_- - . df_< 



HI 



pml 



pml 






which are to be integrated, so that /, = f^' when ^ = 0, and then/,"\ /,. 
and t ai-e to be replaced by f,yfj, and 1. Thn8 it is obvious that, if 
/n .--i/m. are found as functions of f, from the first m fractions oi- 
otherwise, and the results substituted in the coefficients Uq^^^ the 
values of /^+„ ...,/r are at once obtainable by r—in independent 
quadratures. We consider then how to find /„ ...,/„• If the con- 
stants of structure of the gi'oup (Ap) be denoted by d^j^p, and, similar 
to the formation of E for the group (-4^), we form a matrix M of 
m rows and columns for the group (A^), wherein 



x-i 



A) 



and put 
the equation 



^ 2! ^ 3! ^ 



(1) 



(1) aCI) 



is at once found to lead to Ay/^ = Ay> A^ 

If then the group (Ap) has no special infinitesimal transformations, 
it follows from the pi^evious case that this equation determines 
fii -"yfm without ambiguity; and then, as above, the finite equations 
of the original group are determined. 

In this case the equations ai*ising from 



other than 



A,.. = A,,A„ 



do not contain the variables /!,%„ ...,/^' as will be seen. Thus the 
r — m integrations are really necessary and the equation 

A,,, = A^A. 

does not suffice alone to determine e[\ ..., e'/. 

If, however, the group (-4^) have mi— m, special infinitesimal 
transformations, we can introduce variables f^\ ...,/l\ linear func- 
tions of /,, ...,/«, to reduce the infinitesimal transformations of the 
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gronp (-4J,) to the forms 



f I -.0) ^ I _L -.(') ^ 



wherein < = ai; Jr. + - + "-.p. - 



3/^^^ """'3/::' 

the coefficients aj^,, ...,al',p^, ti^j ♦!,;,., -m t*«lp, being functions only 
oifi\ ...,/ilJj aiid the infinitesimal transformations (il^') determining 
a simply transitive group of m^ parameters. When the finite trans- 
formations of this group are found, it follows as before that the 
remaining transformations of the group (^p) are determinable very 
conveniently by m— w^ quadratures. 

In accordance with Lie^s theorem, these m—m^ quadratures should 
not be actually necessary to finding m independent equations for 
/I'l "'ifm- And, in fact, beside the equation 

leading to the equation 

Aff = A<" A'\ 

containing only the variables fi\ . . . , /J,], there arise from A... = A^ A^ 

other equations containing the variables /J;^„ ..., /«!\ However, our 
argument shows that the equations 

aS? = A'," A'" 

have unique solutions ; and the carrying out of the m— rwi quadra- 
tures appears to be ijaore convenient than the solution of analytical 
equations, which, as will be seen, are generally not algebraical. 

The next stage is therefore the determination of the finite equa- 
tions of the group (Ap[). In this, as before, distinction arises 
according as the group has special infinitesimal transformations or 
not. And so on continually, the whole number of quadratures 
employed being (r — m) + (m—m^) -h (mj — m^) -I- ..., and the equations 
used beside the quadratures having unique solutions. 

[January ZOth, 1902. — When the group has special infinitesimal 
transformations, the rule here suggested for calculating the finite 
equations requires the calculation of the coefficients M^*i,p, "•, ^r,p in 
the infinitesimal transformations (p. 108, below), and, apart from its 
simplicity, may be regarded as adding to Lie's theorem {Trg., iii., 
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p. 634) only the discovery that the elements of the matrix A are 
equivalent with his function-system ^j^^. But when there are no 
special transformations the rule proceeds straight from the constants 
of structure to all the finite equations. 

Further, to show that the case considered in the paper in which 
the group [Ap) has special transformations can arise, the following 
example may be given. It can be verified that there is a set of oon- 
stants of structure, leading to a matrix E, satisfying ^= — ^i^, 
given by 



E = 



'0 








0' 


Ci 


-«I 




















•«. 





-«l 


0. 



wherein the remaining variable e^ does not enter. For this r = 4, 
m = 3, mi = 2. By the rule here given we find for the finite equa- 
tions e'l = ej + e(, ei' = e^-^-es, with 

ei' {l-k{-e,-e[)} 

= {e^+e^l^{l-X{-e,)]\{-e[)+^{l-X(-e[)]]. 

where X (aj) is the exponential function exp (aj). By these and p. 108 
(below) we find for the infinitesimal transformations 

3_^a,a a a^^^a a 

where • ** = ^t [l~^i~"^(""0}M {l"~^(""^)} 

and V = e,/{l— X(— ej}. 

By a quadrature we then find for the remaining finite equation 

^* = iCciCj—eiCi) +64+^4.] 
4. We have now to justify the reductions explained in § 3. 
Consider the r* linear equations for o^, ..., »r expressed by 



the left side is equal to 



S Cr^,x, =0 (p, (T = 1, 2, ..., r) : 

T ■ 1 

r 

T "1 



and may be expressed by — (E,)^, 

being the (p, <r)-th element of the matrix Eg obtained from E by 
replacing e„ ..., e,. by a^, ..., x^. 
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Let r—m be the number of linearly independent sets of common 
solutions of these equations, and let 

flip, ..., a^p (P = m4"l» •••» f) 

denote any one of these sets, one determinant of order r—m from the 
matrix of these quantities being other than zero. 

The columns of the matrix E may be connected by linear equations 
with coefficients independent of e,, ..., e, ; to one such equation would 
correspond then r equations 

for P = 1, ..., r, 

the coefficients A^, ..., A^ being independent of 6|, ..., e^, and the same 
for all values of p. Suppose that the greatest number of columns 
which are not connected in this way is /a, and that all other columns 
are linearly expressible by such f* columns, with coefficients indepen- 
dent of tfj, ..., Cr; so that there are r — fi sets of equations 

wherein the coefficients Aqi, ..., Aq^ are independent of ej, ..., e^, and 
the same for all values of p, and one determinant of order r— /x from 
the matrix of these coefficients is other than zero. 

It is, then, at once obvious that 

m = /A. 

For we have Ee' = — E'e, namely, for every value of p, = 1 ... r, 

Ef,\ ej + . . . -h E^yCr = — ^^, c, — . . . —E'^rCr ; 

thus any linear equation with coefficients e,', ..., e^ independent of 
61, ..., e^ connecting the columns of E leads to a set, ej, ..., e,'., of 
solutions of the r* equations ^^,= 0, and conversely ; or r — m=:r^fji. 
The equality of these numbers with that of the special transforma- 
tions follows from the identity 



^ •■I / T= I 



Now form a matrix a of r rows and columns of non-vanishing 
determinant of which the last r — m columns consist of the quantities 
Oip, ..., OrP — since one of the determinants of order r—m from these 
columns is other than zero, this is possible in an infinite number of 
ways — and take 

F=a-^Ea, (/„ ...,/•) = a"' (cj, ..., e^), •• 
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or, say 
so that 



/=a-*e, 



F^ = 2 (a-% (^a)x, = 22 (a'O.x-^x.a^ = 222 (a-'),,c,,,e,a,. 



X M 



X ,. r 



if only 



= 2222 (a-^),xC.rxarhfha^ = ^d^f^fi,, 

\ ^ r h h 

X ^ r 



and the matrix F is precisely the same function of the r* quantities 
d^f^^ and the r quantities /a as is E respectively of the r* quantities 
c^^ and the r quantities e*. 

The quantities d,^ are, in fact, constants of structure of a certain 
system of infinitesimal transformations ; for, if, with the usual nota- 
tion ^ ^ 

A ^ _L. . ^ 

we take B^ = a^Ai + ...-f Or^ -4^, 

we have 

{B,B„) = 2 (h,a^^{AxA^) =22 ch^^a^c^^^A, 

X, M X,/» T 

= 2 S 2 «».«;- <\.. («)m B» = 2 [2 (o-')*, 2 <h,a,.c^] B, 



h kf ft r 



*,/» 



and it is of interest to express these infinitesimal transformations in 
terras of/,, ..,,fr; by the definition 

B, = 2 (aa),, X- , 



and hence, putting 
and remarking that 

a 
ae 



glVCB 



y = oo, 

_a 



^=(«-%;^ +•••+(«"') 



/rr 



5// 



we have 



B,= 2y,,|- = 2(a-V)x.^=S/Jx.^, say, 
ce, * d/x * qfx 



where /3 == a** y = a~* aa 

is, in virtue of oe = e, 

such that jS/ = a'^aaf = a-.V = a'^e =/; 

in other words, e,, ..., «r being canonical variables, so are/,, ...,/„ and 
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the constants of structure d,^^ belong to the infinitesimal transforma- 
tions pN 

of which the " matrix f is the matrix 

That the constants d^^p are constants of structure follows also of 
oonrse more directly ; taking (e,', ..., e^) and {e[\ ..., e/) arbitrarily, 

and putting -i * x- -i - 

f=a^e, f==a^e, f = a-^e, 

and correspondingly F" = a'^B^a, F''=a'^E''a, 

we have aFf = Ee ; 



so that from 



Ee-\-E'e = 



follows F/+jr/=0, 

equivalent to ci,*^ = - rf^^^ ; 

while FF'f = a-'EaFf = a'^EE'af = a'^EE^e" ; 

so that F^f-H i?^^/+ F"/'/ = 0, 

equivalent to 2 {d^r^,^ + ^^r^'^r/s* + d,0rdrys) = 0. 

T 

In this transformation from the matrix E to the matrix F we have 
used no property of the constant matrix a, save that its determinant 
is not zeix>; taking account of the special definition of the last r^m 
columns of this matrix, we have 

dp,, = 2 {a'% S 2 c^^xa^a^p = (P = m -1, ..., r), 

dpp, = 2 (a-*Xx 2 2 c^xdrpa^p = — 2 (a-^)^x 2 2 c^.x^rpa^p = 

(^ = 1, ..., m) ; 



M -r 



M T 



SO that the matrix F has the form 






whei*ein the last m columns are identically zero because of 

dp,, = 0, 
and in Af, ^ the quantities /„,+,, ...,/r do not occur because of 

dpp, = 0; 
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in fact. 



m 



Mpg — 2 d^xpfx, Npq = 2 d^f^fj 



X-l 



X-1 



(p, 5 = 1, ..., m; P = m + 1, ..., r). 



If being a matrix of m rows and columns, and N a matrix of r—m 
rows and m columns. 

Consider now more particularly the forms of the infinitesimal 
transformations 7^,, ..., -Br ^ ^^^ variables /j, ...,/.. Schur's ex- 
pansion 



leads, because 
and therefore 

to the expansion 



1 ^^^^ 



which shows that the elements of the last r^m columns of the 
matrix /5 are all zero except the elements fipp for 

P = 7/i-f 1, ..., r, 

which are unities; so that P^ +„..,, P^ reduce respectively to 
- ; and, in fact, since 



<^U > I 3/. 






the matrix 






ha« the form 




*■■ = c- ;)• 


where 


</'' 


- 1+2J 1 3!+-' 


thus 




o' = 0'-' 



is the " matrix ^" of a group in the m variables /|, ...,/„ with con- 
stants of structure d^i^ for 

p, g, Z = 1, 2, ..., m; 



also 



*-=^(.VI[-^--)^ 



thus, if we put 



u = -<^>'-\ 
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we have 



" = L' r- (: I) ■■ 



and therefore B, = ^i+t*,H+i,p5- — H-...+«*r,p^ 



Bp = 



a/p 



(2> = 1, ..., w; P = w + 1, "", t), 



where 






The quantities oJ,p, t*p^p, being formed from the matrix F, are functions 
of /i» ••.>/». only ; if we put 

we immediately verify from the series given above for ^' and \(/' that 
which conversely determines <^' when the series for i^' is given ; 



putting 



/i — ^i*» •••» /•* — •^«*» 



and regarding ^', ^' and N as fractions of t only, this equation leads 



(£^ 



80 that 



which means 



hence, putting 



4>' = ^ r ^l/r'(i^ 
^ Jo 



^ — J 11^1 •••1 ^m "~ /im/*i 



,• • 



the form of <^', and thus of u = — <^'«', as functions of /i, ..,/.„ is 
determined ; this includes the solution of the equations 

satisfied by the quantities <^)?,p, <^i,, (c/. Campbell, Proc. LoiicZ. Math. 
8oc., Vol. XXXIII., pp. 290, 292. The group (-4^) is the parameter 
group of the adjoint group.) 



1901.] 



a Simply Trmisiiive Continnous Oranp. 



109 



Consider now the square matrix 3/ in the matrix 

M 0' 



\N 0/ 



it is a function of the constants of structure d^ for jo, q, I = 1, ,.., w, 
and the variables/,, ...,/i«» similar in form to ^ as a function of c^ 
for p, <r, r = 1, ..., r and c„ ..., e,.. If the columns of the matrix M 
be subject to linear equations with coefficients independent of/,, ...,/«, 
let m, be the number of these columns independent in this respect, 
the other columns of M being such linear functions of these. Then, 
a« we have shown, we can ta-ke a matrix a, of m rows and columns, 
and non-vanishing determinant, and make a linear transformation 

/■" = a,-'/, 

affecting only the variables /„ ...,/,„, such that the matrix ai'^Ma^ 
shall take the form 

' \N, 0/ •• 

whei'ein M„ iV, are linear functions of the new variables /'\ contain- 
ing, however, only fi\ ...,/!»lJ, the coefficients being new constants of 
structure d'p^^^p, in which 

j9 = 1, ..., m, pi, 5, = 1, ..., i/i„ 

M, consisting of m^ rows and columns, and ^i of m — w, rows and w, 
columns. The infinitesimal transformations Ap for 

p = 1, ..., m 

will then naturally be replaced by linear functions of themselvea 
taking the forms 






(2?i = 1» ..•» ^ > A = w, + l, ..., m)» 



where 






and a,';,., ...,«*,.; ««,.i.,.' •••. «»!« o.re functions of/,", ...,/JJ only. 
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Take now 



8o that 



^0 1/ 
\0 1/ 



^d form F,^h-m^ K ^)(^ ^)(^ ^) = h'^^ ^); 
* VO 1/ W 0/^0 1/ V i^o, 0/ 



then, as 



= ^6=/abWa,0X /aa,bX 
Vc d/Vo 1/ Vco, d/ 



has the same last r — m colamns as the matrix a, and a non- vanishing 
determinant equal to the product of the determinants of a and a,, and 

it is clear that we can argue with the matrix jP, as we at*gued with 
JF ; the infinitesimal transformations of the group will have the fonn 

a ^ a ^ ^ a 

yfp, o/«M ofr 

a/;- 

where Ap[ involves differentiations in regaitl to /,", ...,/LI^, the co- 
efficients being functions of these variables only, the suffix p^ has the 
values 1,2, ..., mj, the suffix Pj the values Wj+l, ..., m, and the 
suffix P the values m-hl, ..., r; and t*ii| ♦!,,,,, ..., ul\p^ are functions 
only of /i, ...,/;,^, while t*«^,,p,, ..., tt^,;,,ti,„+i,p,, ..., «^,p, are functions 
only of /, ', ...,/il. Also the matrix F, will have the fonn 

M, 



u\ = J U, 0/ 

'^ A'a, - 



If now the columns of the matrix Jf, can be expressed linearly by 

m, of them, with coefficients independent of f^\ ...,/„I,, we can take 
a matrix a, of m, rows and columns, such that 

M. 



-■■"— (": I) 
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and then with 



we can form 



which is of the form 



6. 



^ 1 

V N^ci^ 0/ 



w 







and associated with this there will be a certain linear transformation 
of the variables /J^\ ...,/^) to variables /^*^, ...»/!!!• 
This process can be continued indefinitely. 

Further, an equation A^/ = A^A, 

leads to a'^A^^a = (a"*A^a)(a"'A,a), 



and a'^Aa = 1 + 



where 



a-}Ea . a-^E*a 



1! 



- + 



P^+...-l + iP+- + ... -^^,) ij' 






while 



/< 0\ /a;^^ 0\/A^^^0\ /Ai^'A^^' 



fl) Av /aO) Av / a(») 

"" >A(')-|-B^^^ 

and so the equation A^/ = A^A^ 

gives a;\^=A>^^ 

but the equation fl^^J^ = Ii^W^ + H"' 

does not involve the variables fZ*\i ...»/J'- 
Also, from 

\N^M*,-' O' 



^ 



we have 



^ No, •' 



"''''' = ^+f!' + lf+"-={' 



- » 






A<" 
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where A<'' = l+^'. + ^'+..., ir.)=2yr,(l+^ + ...), 

The equation A^, = ^^A, 



gives 



(o l) ^l = J ^"^'"+^'"' ^ I 



K 1 






and therefore, beside the equation 

< = a.^'a* 

used above, also the equation 

which involves the vanables/2,^n ...,/il, beside f^\ ...,/L\'. A proof 
that this equation led to unique values tovfl^^i, ...,/lI^ would dispose 
of the m— mj quadratures used above. 

We have now to prove that when the columns of the matrix E are 
not linearly connected with coefficients independent of e^, ..., e„ the 
equation A^,=A^A. 

has unique solutions for e'l', ..., elf. 

Let, if possible, (^„ ..., h^) and (A^, ..., A;^) be two sets of quantities 

such that 

A* = A*. 

Then we have ^k^^k = 1> or A.^A^ = 1, 

or A^(A._A, = 1, 

as follows fix)m § 2 ; or, if Z, = ^, (A, — /:), 
we have ' A/ = 1 ; 

this, however, is equivalent to 

^,^, = (l+|+3f + ...)^, = 0; 

the determinant of the matrix ^|, reducing to unity when 

i^ = = ... = Z,, 
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is not identically zero ; therefore, multiplying by i/^i , we obtain 

^, = 0. 

We have, however, shown that these r' equations have no solution 
other than Z = = = Z 

pi-ovided, as here assumed, the columns of E^ be not linearly con- 
nected with constant coefficients. 

Xow the quantities Z, = <^^ (A, — k) 

are those which occur in the group equations 

as the result of eliminating the variables x from the two sets of 
equations ..=/.(.,», A), a,: =/. (a., -fc) ; 

Thus we have shown that the equation 

^H = A* 
requires that these two sets of equations lead to 

«:=/.(*',o). 

Within the range for the parameters within which the group is 
simply transitive, these last equations 

< = f. (a^. 0) 

require x'„ = x^. 

But the equations x'^ =/, (ic, — fc) 

are the same as x^ =/, {x\ k), 

the parameters k being canonical, and therefore give 

so that /, (a^, k) =/, (x^, h). 

These equations, however, give within the range for which the group 
is simply transitive simply 

K = K 
which is therefore shown to follow from 

A, = A*. 

5. We now give some examples of the actual determination of the 
finite equations. (See also the Example at the end of § 3.) 
VOL. xxxiv. — NO. 771. I 
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In general we are to reduce A, by means of the equation satisfied 
by the matrix JEf, to a polynomial of finite order in E. The coefficients 
in this polynomial will be functions of the unknown quantities 
^j, ..., e^ entering in E. For instance, if 

E" =z \+X^E+ ... + \.,E''-\ 

and the roots ^„ ..., 0^ of the equation 

be all different, we have 

1 1 ... 1 I 









er-' o;-' . 


.. ff^ 1 






e»i 


... e^f^ 


+ 


1 ... 1 


JB7+...+ 1 


... 1 


«, 


... v^ 




e»i ... e«/» 


0, 


... Vft 


• • • 


• • • • • • 




^ ... ^ 




• • • 


• • • • • 


^.. 


... 6^ 




••• ••• •■■ 

6\ .,. 6C 






... 0^ 

... e*M 



E'' 



-1 



Example 1. — When the constants of structure are all zero, the 
equation ^ * ^ ^ 

reduces to 1 = 1 ; in this case variables /i, 
reduce the finite equations of the group to 



».,fr can be chosen to 



Example 2. — The group generated by the infinitesimal transform- 
ations 2i ^ ra '\ 

p = A _,, A P - ?- P - -£ 

OX Oy Oy dz 

for which (P,P,) = P„ (P,P.)=0, (P,P,)=0, 

has Pj for special transformation, and its matrix E is 

^ = /O 0\, 
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requiring no transformation of variables ; it satisfies 

E*=/ 0\ = -ei^; 

-e,e, < 

0' 
60 that 

2! d! 4! Bj 



= l-\-AE, say, 



- 1-ex p (-ej) 



where -4 = 

or A = / 1 0\. 

^4ej l—Ae^ 
1 

For the finite equations of the group we therefore have 



1 0\ = 

A"€^: l-A"e\' 
1 



1 0\ / 1 0\ 

i'e\ l-A'e{ 0)[Ae, 1-Ae, 0] 
V^ 1/ 



1 0\. 

A'ei'\-(l'-'A'e\)Ae, (l-^'e;)(l-^e,) 
1 

Comparing these, we obtain 

A'^e'i ' = Ag\ -f Aey^ — AAe\ ei, 
giving exp (—el') = (1— ^ e;)(l— /le,) = exp (— Cj') exp (— e,), 
or, since ej' = e^ when ej = 0, 

and e.:'/e;' = ^>/ +(1— ^'O^". 

A'e{-^Aei—AeiA'e{ ' 

while for the variable e, we have, in accordance with the general 

For the ti'ansf ormations 

P_3 ,3 p_3 P-.3 

Ox Oy Cy Cz 
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the " matrix f " is 



and gives 



f=/ 1 0' 
-y 1 

or 

i (x, y, z) = {X, —xy-\-y, z) ; 



so that the variables are not canonical. It can, however, be easily 
verified that the above are the correct forms of the finite equations 
in canonical variables (cf. p. 94). 

Example 3. — Taking the case of three infinitesimal transforma- 
tions satisfying the equations 

(P,P,)=P,, (P,P,) = 2P^ (P,P,) = P,, 

so that c„i = 1, c,a = 0, 0,5, = 0, c^ = 0, c,„ = 2, 

c,„ = 0, Ca, =0, Caj = 0, Cto = 1, 

^ = / e, -61 
2e, — 2ei 
e, — e. 



we have 



which satisfies 

where 

and thus 



fi = <»*— 4eieg, 



^ = '+^(' + 5T + ?. + '^*->^(2Vs-^i;^-) 



= l-^AE-\-BE*, say. 



where 



>l — 8inh ( Vfi) „ __ c osh (^/fi)— 1 



Squaring the matrix i5? and substituting in this form for A, we find 
A. = i l + ^e^ + PC^j-SeiO, — ^ei— Pe,e„ 2Pe' | • 



2P.1 



1 --4Pe, 63, — 2i4e, + 2Be^ e^ 



We are now to multiply together A,, and A„ and solve for e[\ e'l^e^ 

from the equation ^ ^ ^ 

A,» = A, A.. 

As the formation of the product A,«Ae is perfectly easy, it will be 
sufficient, writing ei, e^, e, for e,", Cj', cj', to consider the solution for 
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«], 62, «s of an equation 



A.= 



n 



'il 



(Tu O'lj \. 



'a 



»^si <^n o'zi 

wherein the elements Cy are known. This gives 
o-j, + 2cr3, = 4i4«j, 2(ri, -f o-j, = — -Liej, <ru—«'g, = 2Ae„ 

o-ji— 2<rj2 = 456,ej, <r,j— 2<ri2 = 47?e,e„ 1— <rsj = 45eie„ 



and therefore 



<r« = 2 Be 



SI 



«» 



— »"< __ 



e, 1 



— <r,2-^j8 (r„ — (Tj, i<r„ + or„ 2A' 



and thus, if the (known) denominators of the first three fractions be 
denoted by M^, M"„ 3f, respectively, we have 

2(r„ + 2<7„— 4 _ 2or„ _ 2(r,i _ ffg^— 2<i'^ __ (r^—2a^i __ l—tr^ __ i^ 
~MI-2M,'m, Ml Ml Al^M, M,M, M,M, /«' 

which involves five necessary i*elations among the given quantities 
<r,„ 0-12, . . . , but determines for us only the ratio B/A^ ; denoting its 
value by 3f , so that M is given, we have, recalling the values of A 

' cosh ( y/fl) — 1 __ ^ 

sinh* ( y/fl) 



or 



cosh(v/^) = jy|^— 1» 



and hence 



= (log 



l--J/+N/l-23f\* 
~M J ' 



as a function of M this is single valued save near If = 0, in the 

neighbourhood of which all its branches inci'ease indefinitely ; thus, 

if we limit ourselves to finite values of e„ e„ e,, and therefore finite 

values of 2 ^ 

fi = Cj— 4ei«„ 

and recall the fact that the values of ej, £»,, e, are assigned for a 
certain value of M (in the original notation e[\ ei', €3 are to reduce to 
e,, e„ 6, fpr e[ = 0, 63 = 0, ej = 0), we have an unique determination 
for /Lt, and therefore for -4, which is a series in /u ; and therefore also 

^^^ «, = iUr,/24, e2 = lf,/24, e^ = MJ2A. 

Thus the equation A^* := ^t'\ 
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is proved to be sufficient to determine el', ej', ej' uniquely in terms of 
e„ e,, e, and ej, ei, 63. 

We have alluded to the fact that a group called simply transitive 
may be so only for a limited A*ange of the parameters. As bearing 
on the little considered relations of Lie's theory to the theory of 
functions, it is worth while to point out tKkt precisely the same 
ambiguity whidi wwuld arise in the value of fi above if infinite valuta 
of 61, «), e, were not excluded, would alsQ arise, save for a similar 
limitation, in the translation of the group to canonical variables. 
Take, ier instance, 

o 3,3.3 jy 5,3.3 

Ox vy Cz ox Oy Oz 

Ox cy Oz 
which give {P,P,) = P„ {P,P,)=z2P^ (P,P,) = -P.- 
The finite equations are then, with canonical parameters, 

* = ^^5^^, = -P (ar,, e), say, y = F(y^e), z = F(z„e), 

where s = — r— sinh ^ v^ft, c = cosh jy^i, fi = e^— 4e,c,. 

In attempting to translate to the first parameter group in canonical 
valuables as explained above (§1), namely, to the equations 

where Cj, e,, e, are old variables, /j, /„ /, the new variables, and 
e{, e$, ej the parameters, we find, putting 



^=A-¥ih <r = ''"^^^, y = c08hiyH, 



that 



yff 



f.<r 



f.<r 



e,«c' + e(«'c+(e,e2 — m\) ss e,sc' + ej«'c + 2«s' (e-jej — e,e,') 

e, sc' + e^ s'c + S8 (e j e J — t?, ej) 



Denoting this by 

«/i/^i = o/iZ-^s = o/,/-4j = y/i4, = X, say, 
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we have H = —^ (A^—AlA^A^), 

cr 

or BiTih'iyir = A*(^J-4^iJ,), co8h«iv^JT=XM*, 

and therefore, as ^'— (^,— 4J.1.4,) = 1, 

it follows that X" = 1. 

When therefore H is determined from 

cosh yir=2^'-l, 



which gives -H-= [log (2J.'- 1+2^%/ J.* -!)]«, 

we have <r = sinh J y/H/H, y = cosh J %/-ff, 

A a- Ac A tr 

The ambiguity of H is clearly the same as that before arising for fi, 

6. In these concluding sections (6, 7) we give other applications of 
the matrix notation not directly connected with the exponential 
theorem. 

First, if r,/=:y,,|f + ...+y^J^=0 (i = 1, ..., m) 

be a complete system of homogeneous linear partial differential equa- 
tions of the first order which is invariant under the substitutions of 
the simply transitive group (A^), we show that there corresponds to 
this System a sub-group of m parameters of the reciprocal group {Al) 
whose component infinitesimal transformations are linear functions, 
genei'ally not with constant coeflBcients, of Fj/, ..., F,/ (c/. Lie, 
Transformatimisg'nippen, I., pp. 387, 436), finding the infinitesimal 
transformations of this sub-group. 

Secondly, as a particular case, we find a relation connecting the 
infinitesimal transformations of invariant sub-groups respectively of 
the original and the reciprocal group, and show that by use of 
canonical variables the infinitesimal transformations of an invariant 
sub-group take a certain simple form. 

Thirdly, we sketch Darboux's investigation of the conditions of a 
homogeneous contact transformation, showing that the algebra is 
precisely the same as that arising in the investigation of the two 
forms, known as Riemann's and Weierstrass's forms, of the relations 
holding for the periods of an Abelian function. 
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For the first, the equations 

or = 1, ..., r I 
which express the invariance of the equations 

rj = o, ..., r,/=o, 

under the group (-4,), lead easily, if 

be the element of a matrix denoted by L, to the equation 

Dy -h ay — y = — yL, 

where D is the homogeneous operator before used ; and this, using 
the equation we proved (§1), 

where ••/'' relates to the reciprocal simply transitive group, gives 

Now, as L vanishes when e, = = . . . = e„ 
assuming a form 

2i = 2il + ifj 4" . . . , 

where i* is a matrix whose elements are homogeneous polynomials 
in e„ ..., Br of dimension k, it is easily proved that a matrix P of in 
rows and columns, of the form 

where P^ is homogeneous in e„ ..., e^ of dimension Ar, can be found 
such that jQp _. rp 

Then D (f yP) = D (i/r'y)P+f y DP = [D (f y)+f yL] P = ; 

so that i/r yP = JB", 

where JJ is a mati'ix of constants, being the value of the matrix y, 

Thus yP = aH, 

m r 

or 2P./r./= Sff,^:/, 



i-1 



proving the result stated, the infinitesimal transformations on the 
right constituting, as we easily see, a sub-group of the recipix)cal 
group (Al). 
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For the second, if (F,, ..., F^) be an invariant sub-group of the 
group (-4.), the quantities X,vi» •••> K^m are constants, and the matrix L 
is homogeneously of the firet degree. Thus the equation 



leads to 



p=i+L+l+,^;+.... 



2! 3! 
Farther, if the constants H,i be such th&t 

r 

then y = aJT, 

and H is the same matrix as before, being the value of y when 

Thus the previous equation yP = aH 

becomes aHP = aH, 

Here the columns of the matrix aH give I'espectively the coefficients 
in the infinitesimal transformations of an invariant sub-group of the 
I'ecipi'ocal gix)up (AD, those of aH in a corresponding invaidant sub- 
group of the group (A^. In particular, the equation 

pi'eviously used to deduce the exponential th^bi'em, is a case, namely, 
when L = E and H = 1. In general the constants H^i must satisfy 
certain conditions expressing that (F,) is an invariant sub-group. 

Changing the notation slightly, to agreement with the earlier part 
of this paper, let ^^ ^ ^_^^ .^ ... +a„^, (p = 1 r) 

be infinitesimal transformations of the gi'oup (-4,), the determinant 
of the matrix of the constants a,^ being other than zero, and 

T 

Change the variables, as before, to the quantities 
8othat F=a'^Ea 



/--" 



is the matrix for which F^ = 2 d„^f,, 

T 

Further, suppose that {B^, ..., B^) generate an invariant sub-grou^j^ 
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so that every constant d^f,p for which P > m, jtx ?h -f- 1 is zero for 

p= 1, ..., r; 

thus, iD the matrix F, the last r — m i*ows are such that the first 
m columns of them consist of zeroes only, while in the last r—m 
columns of them only the variables /^,^i, ...,/r occur. Putting 

and thus ■^* = (o*^)' 

where ^ is a matrix of m rows and columns, and the statements as 
to the form of F liold equally for F*, we find that the matrix 

/3-' = l+F/2H-2^/3!+... 

is of the form ^'' ^ it t)' 

where ^ is of m rows and columns, and ^ contains only /«^i, ..-^fr'^ 

this gives P=[^'^ ~*i^^"')' 

80 that the r infinitesimal transformations {B„) have the forms 

^p = ^ip^T +--+/5mj,;r— (p = 1, ..., wi; P = m + 1, ..., r), 

and herein />«.+i,pi ., /i,p 

do not contain the variables /„ . . . , /„, . 

It is therefore clear why the infinitesimal transformations 



of the corresponding invariant sub-group of the reciprocal group {Bl) 
are linear functions of P,, ..., B„,, as we previously found. The in- 
variants of this sub-group are /„,m, ..., /r, that is, linear functions of 
canonical variables. Further, it is easy to see that the transforma- 
tions 2 2 

— h ... +firP - 

Ofm.l Ofr 



r* = /3^+,,p;;^: — + ...+/3,p - (P=m + 1, ..., r) 
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generate a simply transitive group in r^m variables /m,+i« .-.j/r* 
whose constants of structui'e are -dpf^ft^ where each of P, Q, i2 is > w, 
and the variables /,„+i, ...,/r are canonical for this group (cf. Lie, 
Tra'tisformationsgruppen, i., p. 436). 

In particular, when m = r— 1, the coefficient /3^^ is unity, suggest- 
ing applications to an integrable gi'oup. 



7. The present section contains Darboux*s proof of the necessar}' 
and sufficient conditions for a hon^ngeneous contact ti-ansformation ; 
the quite analogous general case, which is, however, deducible by a 
change of variables from the homogeneous case, is given in Groursat's 
Partial Differential Equations of the First Order, pp. 269 et seq, ; the 
proof that the conditions ai'e sufficient given in G-oursat (p. 274) is 
not complete. 

Let Xj, ..., X„„ P„ ..., P^ be any functions of the 2m variables. 
Xi, ..., x„„ 2?!, ...,2'm gi'^ng nse to the identity 

and therefore also to the identity 



*M 



m 



2 (SP.c^X.—SX.r^P.) =2 {SpidXi-hxidpi), 



j-i 



i-l 



which we ^%Tite BPdX—SX dP = ipdx—Sxdp, 

where &r„ ..., 8r„„ 8pi, ..., Sp„, are variations independent of 
da*!, ...; dxy,, dpi, ..., dp„,. Let w, <a\ ly, rj' denote respectively the 
matrices of the quantities 



ut 



V 



3x, , _ 3x, _ 3p, , _ 9p, 

a^> c7/>, oxj Opj 



each of m rows and columns ; and let Hj c be matrices of 2m rowa 
and columns , _ , 



HO that in e every element is zero, except 



'Hi 



and 



= 1 e = —1 



which we denote by 



!»=-!. 



124 Mr. H. F. Baker on the E^cponentlal Theorem for [Feb. 14, 
Further, let U denote the matrix 






H 



obtained by changing the rows of H into columns and^ converaely. 
Then the equation 

hPdXSXdP = Spdx—hxdp 
is the same as 

and therefore is the same as HtH = €. 

This shows (a) that the determinant of H is ± 1 ; so that Xj, ..., P„ 
are necessarily independent functions of Xi, ...,p», ; in particular 
Xj, ..., X,„ are independent functions of aj„ ...,p,„; and thus one 
determinant, at least, of the matrix (w, w'), of m rows and 2m 
columns, is other than zero ; by comparing the coefficients of dxi and 
dpi in the original equation of the contact transformation, namely, 

lFdX='S.pdx, 
we get, however, wP = p^ w'P = 0, 

where P = (P„ ..., P,„), p = (pi, ..., p«) ; 

the latter shows that the determinant of the matrix w' is zeix). The 
equation B.H = ., 

when written (!!^^)( ) (^ ) = ( )» 

and multiplied out, gives further ()3), the equations expressed by 

which are of the same form as the so-called Weierstrassian relations 
connecting the periods of an Abelian function ; while also we deduce 

(y) from 

UeH = c, 

that HeH€ = -1, €H€ = -(Hr\ He = -c"^ (jff)-^ = €(U)-\ 
and hence HeH^ e, 
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which is the same as 

/w w'\/0 -l\/«' ~r)\ _, /O — 1\ 
Vi; ,,'/U Q/'i'y/ \1 0/' 

and this gives, on multiplying out, the illations 

una =: w'w, -qri' = ly'ry, ii)i{ — w ly = 1 = i; iii — 7^0/, 

identical in form with the so-called Riemann relations for an Abelian 
function. Putting 

these are the equations 

(P,X,) = 1, {P,Xj) = (X,X,) = {P,P,) = 



Lastly, as 
the equation 
gives (h) that 



or 



wP = ;?, wT = 0, 

'p = (w'u; — woi') P = 0, 

Vi> = (yfi»—rjJ) P = P, 
up =0, i{p-=^ P\ 



w 



so that each of X^, ..;, X,„ is a homogeneous function of ^„ ...,^« of 
zei"o degree, and each of P„ ..., P„, is a homogeneous function of 
Pv "'fPm of degree unity. 

Conversely^ if Xj, ..., X,„ be independent functions of the 2m 
variables a?,, ..., o^^, p^^ --'iPm^ which are homogeneous of zero degree 
in Pi, ..., p„„ and satisfy the ^m (m — 1) equations 

(XiX,)=0. 

it can be shown, as below, that m functions Pj, ..., P^ can be found 
by the solution of linear algebraic equations, such that 

:S,PidXi = Xpidxf, 

and that these functions P,, ..., P„, are homogeneous in |?„ ...,p„. of 
degree unity ; so that the conditions specified are sufficient to de- 
termine a homogeneous contact transformation. 

First, if {w, w') be a matrix of m rows and 2m columns of which 
not every determinant of order m is zero, lYhich is such that 



WUf 



'-«'ai = 0,- 
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and if m— k be the i^ank of the matrix w\ a determinant of m rows 
and colnmns from («, «') can be found which does not vanish, con- 
taining m— A* columns of w and the A; coinplententary coluniuB of w. 
This can be proved from the theory of determinants, or simply b}- 
proving that the wi linear equations 

>can be solved for k of «,, ..., x^ and the complementary m—k of 

i/i> •••> yi»» 

We have now, in the previous notation, 

tap = 0, ww' w'iMf = 0, 

and we show that the 2m linear equations for P„ ..., P^, 

wP-;? = 0, w P = 0, 

have a solution. By the conditions we know that m of these equa- 
tions are linearly independent and have a solution, and as, from 

u/p r= 0, 
it is known that | w' | = 0, 

these m independent equations ai*e not the equations 

w'P = 0. 
Denoting the left sides of the equations by Lj, ..., Iil, so that 
Li =r «ii P, + . . . + ««, P„. — J9«„ Li = wu P, -H . . . -f ui;„, P^„ 
we immediately prove 

w (L,, ..., Zf,„)— <i/(L„ ..., jL,„) =0, 
namely, the left sides are connected by w equations 

and it is to be shown that, if the values of Pi, ..., P,„ which make a 
certain 7/i- of the quantities -Lj, ...,!/'„ vanish be substituted herein, 
the determinant of the coefficients of the others will not be zero ; so 
that these others are necessarily also zero. 

Suppose, then, Pj, ..., P,„ can be chosen to make 

/yj = 0, ..., 2/4 = 0, Lii^i = 0, ..., X,„ = ; 

Uiis is in accoi*dance with the lemma put down above. Then the 
iletormiuant of the quantities L which remain is 
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which is exactly the determinant assumed not to be zero. The result 
would not follow anless the second suffixes of the (tfj^ in this determ- 
inant were the complementary of the second suffixes of the wy*. 

Thus the equations 



dp. 



d ( A^, ..., ^im) 



' ^ V'^'n •*•> •'^'M^ Pii '"^ Pm/ 



¥^0 



are sufficient uniquely to determine a homogeneous contact trans- 
foi-mation. 
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'*Vierteljalir88ohrift derNaturforschenden Gteaellsohaft in Zurich,*' Vol. xlti.^ 
Heftel, 2; 1901. 

*' Nieuw Arohief voor WiBknnde," Deel y., St. 2 ; Amsterdam, 1901. 

*' Proceedings of the Physical Society," Vol. zvn., Pt. 6 ; London, July, 1901. 

** Sitzungsberichte der Konigl. Preuss. Akademie der Wissensohaften zu Berlin,*' 
23-38; 1901. 

** Proceedings of the Cambridge Philosophical Society,** Vol. xi., R. 3 ; 1901. 

*' Nachrichten von der Konigl. GeeeUschaft der Wissensohaften zu Qi>ttingen,'* 
Qeschaftliche ^tteUungen, Heft 1, 1901 ; Math.-phys. Elasse, Heft 1, 1901. 
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Hefte 1, 2 ; 1901. 

* 'Transactions of the Royal Irish Academy,** Vol. xxxi., Pts. 9-12; Dublin, 
1900, 1901. 
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Harlem, 1901. 

'< Transactions of the Canadian Institute," Vol. yei., R. 1, No. 13 ; Toronto, 1901 . 

** Supplemento al Periodico di Matematica," Anno rv., Faso. 8 and 9 ; Livomo, 
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APPENDIX (6). 
(Session 1900-1901.) 

The Council are indebted to Prof. Elliott for the following 
notice : — 

Mr. Charles Edward Bickmore, M.A., who died at his residence in 
Oidord, on April 30th, 1901, had been a member of the Society since 
February 11th, 1875. He was eldest son of the Rev. Charles 
Bickmore, D.D., of Berkswell Hall, Warwickshire, and Leamington. 
His school was Westminster, where he was Captain in 1866. He 
proceeded to Christ Church, Oxford, as a Westminster Junior Student^ 
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and at Oxford obtained a First Class in Mathematics and Second 
Class in Classics from Moderators, and a First Class in Mathematics 
at the Final Honours Examination. In 1872 he was elected to a 
Fellowship at New College, which he vacated on marriage in 1885. 
From 1872 till 1878 he served his College as Mathematical Lecturer. 
He also lectured for Pembroke and Keble Colleges. He was 
examiner within the University on a number of occasions ; and did 
much examining work externally. 

Mr. Bickmore was an enthusiastic student of higher arithmetic 
and the theory of numbers, and was active as a researcher on such 
questions as factorization, and on the use of periodic continued frac- 
tions. Much, perhaps most, of his original work was unhappily left 
in an unfinished state. But he published new results, and collected 
much of interest which was scattered and little known, in a number 
of papers in the Messenger of Mathematics and the Nouvelles AnruHes. 
He also produced a considerable continuation of Degen's Tables con- 
nected with the Pellian equation, which is incorporated in a report 
to the British Association (1893). He never submitted a paper for 
our own Proceedings^ though he not infrequently took part in our 
discussions when an arithmetical paper was before us. At the time 
of his decease he was President of the Oxford Mathematical Society, 
a non-publishing society to which he had made very many com- 
munications. 

Lt.-Col. Cunningham supplies the following references : — 

Mathematical Papers by the late C, E. Biekmore. 

1. In Messenger of Mathematics, Vol. xxv., 1895-6, pp. 1-44, " On the Numerical 
Factors of («»» — 1)." 

2. In same periodical, Vol. xxvi., 1896-7, pp. 1-38, same title (second notice). 

3. In Nouvelles Annales de Mathematiques, S6rie 3, Vol. xv., 1896, pp. 222-227, 
*' Sur les Fractions Decimales Periodiques." 

4. In British Association Report, 1893, pp. 73-120, "Tables connected with the 
Pellian Equation " (y- = ax^ + 1, from a - 1001 to 1600). 

6. Extensive Tables of the complex 8-ic factors of primes of form (8w + 1), up to 
about 20,000 (in MS.). 

COBBIQBNDA. 

Page 47, second table, for Q^^ G^-k-^G^ g\ =6^1 + 2G^, 

read (f^ « Gi + G^-i-G^ G^J = G^ + G^+G^. 
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THIRTY-EIGHTH SESSION, 1901-1902 
(since the Formation of the Society, January 16th, 1865). 

November Uih, 1901. 

The Eighth Annual Gbnkral Meeting op The London Mathe- 
matical Society, as incorporated under the Companies Act, 
1867, on October 23rd, 1894, held at 22 Albemarle Street, W. 

Dr. E. W. HOBSON, F.R.S., President, in the Chair. 

Eighteen members and a visitor present. 

The President spoke briefly upon the loss the Society had sustained 
through the death of Mr. J. Hamblin Smith, M.A., who was elected 
a member, December 8th, 1870. 

Mr. Robert John Dallas, B.A., was elected a member, and Prof. 
Alfred Lodge was admitted into the Society. 

The Treasurer read his repoiH;, the reception of which was moved 
by Major MacMahon, seconded by Prof. A. Lodge, and carried 
unanimously. 

The President then moved that, if it was the pleasure of the 
meeting, and if Mr. Grallop was willing to act, Mr. Gallop be 
again appointed the Society's Auditor. The motion was carried 
unanimously. 

Mr. Tucker stated that the Seci'etai'ies had heard of the deaths of 
three members during the past Session, viz., Pi-of . C. Hermite, elected 
an honorary member, December 14th, 1871 ; Mr. C. E. Bickmore, 
who was elected Febmary 11th, 1875 ; and Mr. J. H. Smith. He 
further announced that an exchange had been arranged with 
the Institution of Naval Architects, and that the Council had 
sanctioned a five years* subscription for the three annual volumes of 
the International Catalogue, referring to " Physics," " Mathematics/' 
and " Mechanics." 

The number of members at the commencement of the session 
1900-1901 was 252. During the session 5 members resig^ied, 2 died, 
the name of one was stinick off, and 13 new members were elected. 

K 2 
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One member having been elected November 14th, 1901, there are 
now on the Society's list 258 members. 

At the President's request Dr. R. Bryant and Prof. Lodge acted 
as Scrutineers, when the ballot for the election of the Council of the 
new session was taken. The following gentlemen were declared by 
them to be duly elected to serve on the Council : — President : Dr. 
Hobson ; Vice-Presidents : P^f. Bumside and Major MacMahon ; 
Treasurer : Dr. J. Larmor ; Hon Sees. : Mr. R. Tucker and Prof. 
Love. Other members : Messrs. J. E. Campbell, Lt.-Col. Cunning- 
ham, Prof. Elliott, Dr. Glaisher, Prof. Hill, Mr. H. M. Macdonald, 
Prof. Rogers, Mr. A. E. Western, Mr. E. T. Whittaker, and Mr. 
Alfred Young. 

Dr. Larmor propounded a query regarding the recent behaviour 
of Nova Persei, with a view to getting the opinions of the astro- 
nomical members present. The President, Dr. Glaisher, Messrs. 
Hargreaves and Hough, and Lt.-Col. Cunningham joined in a dis- 
cussion on the subject. 

Prof. Love communicated two papers by Mr. J. H. Michell, (1) " On 
the Inversion of Plane Stress," and (2) " On the Theory of Hele- 
Shaw's experiments on Fluid Motion " ; the latter paper gave rise 
to some discussion. 

Mr. Whittaker read a paper " On the Solution of Dynamical 
Problems in terms of Trigonometrical Series," which also gave nse 
to some discussion. 

The following papers were communicated by reading the 
titles : — 

Linear Groups in an Infinite Field : Dr. L. E. Dickson. 

Note on the Algebraic Properties of Pfaffians : Mr. J. Brill. 

On Burmann's Theorem : Prof. A. C. Dixon. 

The Puiseux Diagram and DifEerential Equations : Mr. R. W. 
H. T. Hudson. 

Determination of all the Groups of Order 168 : Dr. G. A. Miller. 

An Outline of a Theory of Divergent Integrals: Mr. G. H. 
Hardy. 

Limits of Logical Statements : Mr. H. MacColl. 

Addition Theorems for Hyperelliptic Integrals : Mr. A. L. Dixon. 

On the Representation of a Group of Finite Order as a Permuta- 
tion Group, and on the Composition of Permutation Groups : 
Prof. W. Bumside. 
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Note on Clebsch's Transformation of the Equations of Hydro- 
dynamics : Mr. T. Stuart. 
Linear Null-Systems of Binary Forms : Mr. J. H. Grace. 



The following presents were made to the Library : — 

'* Educational Times," November, 1901. 

** Indian Engineering," Vol. xxx., Noe. 11-16, Sept. 14-Oct. 19; 1901. 

** Mathematical Gazette," Vol. n., No. 29 ; 1901. 

Rajet, G. — *' Observations Pluviom^triques et Thermomdtriqaes de la Gironde 
de Jain 1899 k Mai 1900," 8vo ; Bordeaux, 1900. 

Scarpini, G. — " Tavole Numeriche di Topografia," Svo ; Torino, 1901. 

Tycho Brahe. — " Operum Primitias de Nova Stella summi oivis memor denuo 
edidit Regia Societas Scientiarum Danica," 4to ; Hauniee, 1901. 

*< Annals of Mathematics," Series 2, Vol. m., No. 1 ; 1901. 

*' Journal de TEcole Polytechnique," S4rie 2, Cah. 6, 6 ; Paris, 1900-1. 

Huygens, G. — ** (Euvres Completes," Tome ix., 4to ; La Haye, 1901. 

Basset, A. B. — ** Elementary Treatise on Cubic and Quartic Curves," Svo; 
Cambridge, 1 901. (From the Author. ) 

The following exchanges were received : — 

•* Transactions of the Boyal Society," Vol. cxovi. ; 1901. 

** Proceedings of the Koyal Society," VoL lxix., No. 451 ; 1901. 

*'Beiblatter zu den Annalen der Physik und Chemie,'* Bd. xxv.y Heft 11; 
Leipzig, 1901. 

** Annales de la Faculte des Sciences de Toulouse," Serie 2, Tome m., Faso. I ; 
Paris, 1901. 

*' Transactions of the American Mathematical Society," Vol. n., No. 4 ; New 
York, 1901. 

<< Bulletin of the American Mathematical Society," Vol. vm.. No. 1 ; New 
York, 1901. 

** Proceedings of the American Philosophical Society," Vol. XL., No. 166 ; 1901. 

** Monat«hefte fiir Mathematik und Physik," Jahrgang xn., Pt. 4 ; Wien, 1901. 

*' Bulletin des Sciences Math^matiques," Tomexxv., Juillet, Aoiit, Sep. ; Paris, 
1901. 

** Journal fiir die reine und angewandte Mathematik," Bd. cxxiv.. Heft 1; 
Berlin, 1901. 

'^Atti della Reale Accademia dei Lincei — ^Rendiconti," Vol. x., Sem. 2, 
Fasc. 7, 8 ; Koma, 1901. 

** Annuaire de TAcadcmie Koyal de Belgique," 1900-1901 ; Bruxelles, 1901. 

<< Bulletin der Acad6mieIloyalede Belgique," Classe de Sciences, 1899-1900; 
Bruxelles. 

** Memoires de la Society des Sciences Physiques et Naturelles," Sdrie 5, Tome v., 
Cah. 2 ; Bordeaux, 1901. 

' * Proo^-Verbaux des Seances de la Society des Sciences Physiques et Naturelles," 
Ann^ 1899-1900 ; Bordeaux, 1900. 
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** Periodioo di Hatematica,*' Audo xvn., Fasc. 2 ; Liyomo, 1901. 
** Journal of the Institute of Actuaries," Vol. xxxvi., Pt. 3 ; 1901. 
** Wiskundige Opgayen," Deel vm., St. 4 ; AmBterdam, 1901. 
** Prace Matematyczno-Fizjczue/' Tom. xn. ; Warsaw, 1901. 



The Inversion of Plane Stresa. By J. H. Michell. 
Eeceived October 26th, 1901. Read November 14th, 1901. 

1. A process of inversion can be applied to the stress-Junction* ^, 
satisfying the difEerential equation 

VV = 0, 

similar to that employed in electrical theory to transform the 
potential. 

The stress in the inverted solution is connected with that in the 
original solution in a simple manner. In particular, it may be noted 
that the lines of principal stress invert into lines of principal stress 
and uniform normal h tress into uniform normal stress ; thus a 
boundary free from stress becomes, in general, a boundary under 
uniform normal stress. 

This process of inversion is illustrated by the reduction of circular 
to straight boundaries. In particular, it is shown that the solution 
for uniform normal stress over any portions of a circular boundary 
can be expressed in simple finite terms. 

Applications to mathematically allied problems, involving extended 
analysis, are held over for subsequent papers. The extension to 
three-dimensional problems is merely noted. 

The Inverted Stress-Function. 

2. The stress-function if/, in the absence of volume-forces, satisfies 
the differential equation _. , ^ 



* The notation and the propertiett of \|^ assumed are taken from two earlier 
papers, Troe, Lond. Math, Soc, VoL xxxi., p. 100 ; VoL xxxu., p. 35. 
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and the polar elements of stress are expressed by 



^. 



^ 



r„ 



re 



r" 8^ r dr' 



Let the plane be inverted with respect to the origin of the polar 
coordinates (r, 0), the point (r, 0) going to (p, 0). For simplicity 
take nnity as the radius of inversion ; so that 

rp = 1. 



-1- 
in the inverse plane. To prove this, introduce conjugate coordinates 



The function ^', = -^ = ^/j*, is a stress-function satisfying y*;^' = 



The general solution of 



vv=o 



IS 



or 



^ = «'/ (z) +«sf (/) + Ji' (*) + G (/), 



Let (f, ri) be the inverse of (x, y), and put 



so that 
Then 

where 



4=/.(o+?i(0+f^.(o+fG,(a 



/.(r)='^, 



and so on. This shows that i^', = -^- = -j^- , satisfies vV' = ^ 

in the inverse plane. The relation between ij/ and ij/' is plainly a 
reciprocal one. 
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Comparison of Stresses. 

3. Denote by P", Q", V the polar elements of stress in the inverse 
plane ; so that 









p,^_a/jLaf) 

ap V p del 



Now 



^' — _ r" — it 
dp ar r" 



)p' 



ar' 



therefore 



9r 3r ^ 

a»^ ar »■ ' 



so that 



where 



^a^'^iaj,_wig^i|tx^2(^ 
p a^ p ap v*^ a^ r dri v 

ap« h,» V "^drr 
apU ae/ arU ao/' 

* 

F = r'P+21f, 

Q' = t'Q+2M, 

Tr=-r'U, 

Or 



-i*). 



Hence the stress in the inverse plane is compounded of an isotropic* 
tension 2M and a stress which is heterochirally similar to that at 



♦ A word is wanted to describe the centro-symmetrical "fltdd** or "hydro- 
fltatio '* pressure or tension. '* Isotropic " is here used proirisionally. 
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the corresponding point of the original plane, and of r* times the 
intensity. 

Otherwise stated, the total stress across a line-element &' in the 
inverse plane is compounded of a normal tension 2MS«' and a stress 
which is equal to that across the corresponding line element & in the 
original plane and in the corresponding direction. This follows be- 
cause the line-elements are in the ratio 1 : r*. 

In particular, if the stress is normal across Ss, it is also normal 
across Ss^ and therefore lines of principal stress invert into lines of 
principal stress. 

Interpretation of M. 

4. The quantity JIf at a point (r, &) differs by a constant merely 
from the moment of the stress across a line from a fixed point to 
(r, $), taken about the origin of inversion. To prove this, let s be 
the arc of a curve from a fixed point to (r, fl). The moment about 
the origin of inversion of the stresses across this arc is 



-WU't) "- U't) ^} 



^^ ^^l^^ 



Hence the proposition. The connexion, expressed by the equation 



'^' 



Oi/'' Or 



dp r' ■ 

between the moments of the stresses across corresponding lines in 
the two planes should be noted. 

Uniform Normal Tension, 

5. If the stress across « is a uniform normal tension T, its moment 
about the origin of inversion is 



■I 



3r 



-\Tr"^d» = -^Tr*+G. 
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Hence the stress at the corresponding point across the inverted 
curve /, which is normal and equal to Tr^-{-2My is also uniform. In 
particular, a boundary free from stress inverts into a boundary under 
uniform normal tension (or pressure). In the case of singly- 
connected regions this uniform normal tension is immediately 
removable by the superposition of a uniform isotropic pressure 
throughout. In the inversion of multiply-connected regions it must 
be remembered that the condition for single-valued displacements 
will not in general be simultaneously satisfied by a solution and its 
inverse. 

Comparison of Concentrated Forces, 

6. If the stress becomes infinite at some point, not the centre of 
inversion, in the original plane, let that point be surrounded by a 
very small circuit s. Corresponding to this there is a very small 
circuit s' in the inverse plane. If, as will be supposed, the moment 
of the forces across any arc, about the origin of inversion, is finite, 
the term 2M in the inverse stress is finite, and therefore adds 
nothing to the resultant stress across an infinitesimal circuit. 
Omitting this term, the stresses on corresponding elements of $, s 
become equal and in corresponding directions ; hence the resultant 
stresses across s, s' are equal and in corresponding directions. Con- 
centrated forces, therefore, invert into concentrated forces of the 
same magnitude and in corresponding directions. As in the last 
section, it must be remembered that, if concentrated forces act in the 
interior of the body, the inverse solution will not in general satisfy 
the conditions for single-valued displacement. 

When the original region extends to infinity there may be a con- 
centrated force or couple, or both, at the origin of inversion in the 
inverse solution corresponding to the stress at infinity in the original 
solution. This force is readily determined in any given case by the 
form of yl' in the neighbourhood of the origin, or by the conditions 
of equilibrium of the body as a whole. A general discussion is 
hardly necessary. 

The Circular Plate or Cylinder. 

7. The solution >// = rQ' sin ©' = yQ' 

gives a simple radial distribution* of stress at the origin (7 of the 

• Proc. Land. Math, Soc,, Vol. xxxn., pp. 44, 64. 
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polar coordinates (r', 6'). If we take a straight line through this 
origin as the boundary of an otherwise unlimited plate, the solution 
corresponds to a concentrated force at 0' in the negative direction of 
the initial line and of magnitude ir. 

Invert with respect to a point on the initial line outside the plate. 
The straight boundary inverts into a circle on which there are two 
balancing concentrated forces at the ends of a chord, the second con- 
centrated force being at the origin of inversion. There is also a 
uniform normal tension over the circle to be removed by the super- 
position of a uniform isotropic pressure throughout. This is 
equivalent to the solution given by Hertz and discussed geometrically 
in a previous paper.* 

In the original solution the lines of stress are the circles around 
(7 and their radii. Therefore in the inverse solution the lines of 
stress are the circles through the points of application 0, 0" of the 
forces and their orthogonals. This result is not affected by the 
superposition of the isotropic stress. Further, there is no stress 
across the radii from 0' in the original solution, and therefore the 
stress is uniform on each of the circles through 0, CT. 

For the analytical form of the solution, let (p', S') be polar coordi- 
nates at 0", the inverse of 0'. Then 

where 00' = c. 

Hence ;^' = pVB' sin ^' 

^ ic-q+pa sin 6 — p^' sin S'. 

Thus, omitting the insignificant term iri;, i//' is the difference of the 
stress-functions corresponding to two simple radial distributions at 
0, 0", a result already known. 

Uniform Pressure on a Straight Boundary, 

8. Let a uniform normal pressure be applied along a finite length 
of a straight boundary of an otherwise unlimited plate. The form 
of yl is found by integration from the solution for concentrated force. 

* Loe, eit. 
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It is snfficient to write down and verify the result. Let AB be tlie 
length on which the pressure is applied. Then, with the proper 

where (r, 0), (/, 0') are polar coordinates at A^ B and ZB is the 
initial line. For verification, observe that the polar elements of 
stress, origin A, corresponding to if^ = r^O are 

Q = 2^, 

ir = -i, 

and to — rV, origin B, are P' = - 20\ 

Therefore along the initial line the tangential stress is JI+ JT^ == 0, 
throughout ; along AB there is a uniform normal pressure 
2 (^— ^), = 27r, and the rest of the boundary is free from stress. 
Finally, the stress vanishes at infinity. 

To find the principal stresses at any point, it is ■ convenient to use 
the formulsB for the transformation of axes in a different form from 
that usually employed. Let accented letters denote the stress 
elements for axes in angular advance of the original axes. Then 

P' + Q' = P+Q, 

P'-Q'-.2*[7' = e^ (P-Q-2c[7), 

as may be readily deduced from the usual formulsa. Now, let 

F, (if TJ be the elements of stress, in the solution found, referred to 
the bisectors of the angle ATB (= a), at the point P (r, ^), (/, 0'). 
Then, by the formulae quoted, 

P+ y = TJ^QJ^F'J^Q' = 4 {$-$') = -4a, 

p-^-2itr = e'«(P-Q-2i[7)+e-'**(P'-Q'-2*[r) 
= 2t (e'*— e-'«) 
= — 4 sin a ; 
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therefore P = — 2 (a + sin a) , 

Q =z — 2 (a— sin a), 
U = 0, 

m 

Thus the principal axes of stress bisect the angle APB, and tlie 
principal lines of stress are therefore the confocal conies having 
^, £ as foci. It further appears that the stress is uniform along eacli 
circle through A, B, 

Uniform Pressure on Part of a Circular Plate, 

9. Invert the solution of the last section with respect to a point 
outside the plate, and on the line bisecting AB at right angles. The 
boundary is now a circle under different uniform normal pressures 
on the two parts into which the inverses A\ B* of A, B divide the 
circle, and with a balancing concentrated force at the origin of 
inversion (which is on the diameter bisecting the arc A*R), The 
part A*OB' of the boundary may be freed from the uniform normal 
pressure on it by the superposition of a uniform isotropic tension 
throughout, leaving a normal pressure over the arc A''B balanced by 
the force at 0. 

The lines of principal stress are the inverses of the confocal conies 
of the last section with respect to 0. 

The concentrated force at can similarly be replaced by a uniform, 
normal pressure over another arc bisected by the diameter through 
0. The stress-function due to such uniform distributions of normal 
pressure is therefore expressible in finite terms. Tbe analytical 
form of the solutions is readily found. With the notation of § 7, a 
term of the form , __ /^a» 

inverts into \//' = cV" (ir+6^— ^') 

where cc' = 1. 

Thus \//' is built up of elementary solutions of the forms (a) p* (uni- 
form isotropic tension), (6) ^0 or pO cos (simple radial distribution), 
(c) p^6 (as in § 8), {d) $ (symmetrical shear around the origin). The 
complete solution for any case is therefore composed of terms of these 
forms, but terms of type (d) do not occur in the final result. 
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^4 Uniformly Loaded Beam. 

10. A final example, illasti^ating the transmission of stress in a 
loaded beam supported at its ends, is perhaps worth noting. Let a 
plate in the form of a segment of a circle be supported at its ends 
and uniformly loaded along the chord. The solution can be found 
by starting with a single force at the angle of an infinite plate 
bounded by two straight lines at an angle equal to the angles of the 
segment. A simple radial distribution at the angle solves this sub- 
sidiary problem. Let the force be at right angles to one of the 
straight boundaries, and invert with respect to a point on this 
straight boundary produced. The inverse solution gives a segmental 
plate acted on by two concentrated forces at the angles perpendicular 
to the chord of the segment, and by different uniform normal stresses 
over the chord and arc. Removing the uniform normal stress over 
the ai'c by the superposition of a uniform isotropic stress throughout, 
the required solution is reached. 

Since the lines of principal stress in the subsidiary problem are 
the concentric circles aix)und the angle and their radii, those in the 
beam ai^e the circles through the angles of the segment and their 
orthogonals. Also, since there is no stress across the radii from the 
angle in the subsidiary problem, the stress across each circle through 
the angles of the segment is uniform. It is easily shown that the 
difference of the principal stresses along any one of these circles is 
inversely proportional to the distance from the loaded chord. 



Extension to Three Dimensions. 
11. The corresponding law of inversion of a solution of 

in three dimensions is 4^' = — • 

r 

The author has not yet made a detailed examination of the applica- 
tion of this inversion. 



1 
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Note on the Algebraic Properties ofP/affians. By J; Brill, M.A. 
Received September 17th, 1901. Bead November 14th, 
1901. 



1. My object is, in the first instance, to obtain a generalization of 
the ordinary theorem for the expansion of a PfaflBan, viz., 

[123 ... (2m)] = [12] [345 ... (2m)] -[1.3] [245 ... (2m)]-f... 

... + (-l)^-[l(2m)][234... (2m-l)]; (1) 

and afterwards to develop some of the consequences of the formulae 
so obtained. 

Equation (1) gives the expansion of a Pfaffian of the m-th type in 
terms of ceitain Pfaffians of the first type and their complementaries. 
It would seem probable that similar formulee should exist for the 
development of a Pfaffian of the m-th type in terms of Pfaffians of 
any lower type and their complementaries. We will endeavoui* to 
obtain such formulae by the method of induction. 

Now we have 

[123 ... (2m)] = -[2134 ... (2m)] 

= - [21] [345 ... (•2m)] + [2.3] [145 ... (2m)] 
-C24][1.35...(2m)] + ... 

^ (-1)2—1 (-2 (2m)] [134 ... (2m-l)] 

^ [12] [345 ... (2m)] -f [2.3] [145 ... (2m)] 

-[24][135... (2m)] + ... 
...^.(-l)2-l[2(2m)][134...(2m-l)]. 
Similarly, we should obtain 
[123 ... (2m)] = - [13] [245 ... (2m)] + [23] [145 ... (2m)] 

-h [34] [1256 ... (2m)]- [35] [1246 ... (2m)] -h... 
...+(-l)2««-2[-3(2^)-][-1245 (2m-l)]. 

We have, in all, 2m equations of this type, inclading equation fl^ 
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Adding these together, and dividing the resalt hy 2, we obtain 

m[123...(2»»)] = [12][345... (2m)]-[13][245... (2m)] + ... 

... + (-l)*-[l(2w)][234...(2m-l)] 

+ [23][145... (2to)]-[24][135... (2m)] 
... + (-l)*-»[2 (2m)][134 ... (2w-l)] 

+ [34][1256... (2m)] -[35] [1246... (2m)] + ... 
... + (-l)»-'[3(2m)][1245 ... (2m-l)] 



Taking account of equation (1), this reduces to 

(m-l)[123... (2m)]= [23][145... (2m)]-[24][135...(2m)] + ... 

... + (-l)»-'[2(2m)][134... (2m-l)] 

+ [34] [1256... (2m)-[35] [1246...(2m)] + ... 
... + (-l)*"-'[3(2m)][1245... (2m-l)] + .... 

This equation may be written in the form 
(m-l)[123... (2m)] 

= 2±[123...(p-l)(i>+l)...(3-l)(3+l)...(2»i)][2>g], (2> 

where p and q denote two numbers, standing in their natural order,, 
abstracted from the set 

2, 3, 4, ..., 2m. 

The 2 denotes that all possible products of the given tjrpe are to 
be included, the sign of any given product being positive or negative 
according as the number of displacements required to restore the 
series 

p, q, 2, 3, 4, ..., (p-1), (p-hl), ..., (9-1), (9 + l)» •••» (2w) 

to its natural numerical order is even or odd. 

Now the theorem expressed by equation (2) may be applied ta 
each of the coefficients in that equation. Thus we have 

(m-2)[123 ... {p-l){p + l) ... (2_1)(5+1) ... (2m)] 

= S±[12...(p-l)(p + l)...(5-l)(2 + l)...(r-l)(r+l)... 

...(«-l)(«+l)...(2m)][r»]. 
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Therefore we obtain 

(m-l)(m-2)[123...(2;/i)] 
= 2Sd=[12...(p-l)(p+l) 



.(g-l)(g + l)...(r-l)(r+l)... 

...(i?-l)(«+l)... (2m)] 
X { [pq] [rs] -[pr] [qs'] -f Ips] [qr] ] , 



which redudes to 



i(m-l)(m-2)[123...(2m)] 

= 2±[12...(2>-l)(p + l)...(g-l)(g + l)...(r-l)(r+l)... 

...(«— I)(i?+l)...(2m)][jp5r4 (3) 

In equation (3), p, q, r, 8 denote four numbers, standing in theii 
natural order, abstracted from the set 

2, 3, 4, ..., 2r}i, 

A rule similar to that we gave in the case of equation (2) obtains 
for the determination of the sign of any particular product included 
under the 2. 

We may again apply the theorem expressed by equation (2) to 
the coefficients of the Pfaffians of the type [pg»*«] contained in equa- 
tion (3). Thus suppose p, q, r, s, t, u to be six numbers, standing in 
their natural numencal order, abstracted from the set 

2, 3, 4, ..., 2m. 

We will denote the Pfaffian formed from the numbers 

1, 2, 3, 4, ..., 2m 
by leaving out p, q, r, «, f, u 

by the symbol C [pqrstu]. 

Then we have 

i(m-l)(m-2)(m-3)[123 ... (2m)] 

= 2 ± (7 [pqrstu] [ [pq] [rstu] — [pr] [qstu] + [p*] [qrtu] 

— M [g'rm'] + [puXqrst] + [qr] [pstu] 
-[qs] [prtu] + [qt] [prsu] - [^t*] [prst] 
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But, in virtue of what we have proved above, we see that 

[pq] [rstu] — [pri [qstu] + . . . + [/«] [pqrs] = 3 [pqrstu]. 
Thus we obtain • 

(m-l)(m---2)(m-3) |-^23 ^,^^^^ ^ l±0[pqr8tu][pqrstul (4) 
J. . ^ . o 

The method of procedure is now evident, as it is easily seen that the 
same process may be i-epeated. By its repeated application we arrive 
at a theorem which may be written in the form 

(n— 1)! 

= ^±[lpiPt ■..l?2».i] G[lp^p^ ...l>2«.i]. (5) 
In this f 01 inula Pv Pi^ •••) Pin-i 

denote 2n— 1 numbers, standing in their natural order, abstracted 
from the set g^ 3 4^ ^ 2m. 

The sign of any particular product, included under the 2, is decided 
by the number of displacements required to restore the series of 
numbers 

Pii Pv •••» P-iH-M 2, 3, 4, ..., (pi— 1), (pi + l), ... 

to its natural numerical order, according to the customary rule. 

2. Reverting to the original definition of a Pfaffian as the square 
root of a skew-symmetrical determinant of even order, we see that it 
is easy to justify that the repetition of any one of the numbera 
occurring within its symbolical expression necessitates the evan- 
escence of the said Pfaffian. 

Thus, if in equation (1) we replace 2m by unity, we obtain the 
known theorem 

[12] [1345 ...(2m-l)]-[13] [1245... (2»i-l)]-f ... 

... + (-l)^~-» [1 (2m-l)] [1234 ... (2m-2)] = 0, (6) 

which is also capable of an easy direct proof. 

In a similar manner we can deduce a new theorem from any 
special case of the general theorem of the preceding article. Thu& 
we have 

S±[li>3r][123...(p-l)(;, + l)...(g-l)(5 + l)...(r-l)(r+l)... 

... (2m-l)] = 0, (7> 
And 80 on. 
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Now consider the expression 

[I2xy] [1345 ... (2m-l)iry]-[13ary] [1245 ... (2m-l) a;y]-h... 

... + (-l)2-> [1 (2/n-l) xy] [1234 ... (2m-2) xy], 

Oii expanding the Pfaffians of the second type we obtain for the 
coefficient of [lic] in the above expression 

'-{[2y][lS4>b...{2m^l)xy]-lSy][l24^b...(2m^l)xy]-\-,., 

...4. (-1)2-1 [(2^-1) y] [1234 (2m-2)a^]} 

= [^y][1234... (2m-l)2/]-[ly][2345... (2m^l) xy], 

by an application of the theorem contained in equation (6). 

Hence the above expression becomes 

[xy] {[12][1345... (27n-l)ary]-[13] [1245 ... (2m-l)ajy] + ... 

...4.(_l)'i-.-i[l(2m-l)][1234...(2m-2)ary] 

+ [laj][1234... (2Mi-l)2/]-[ly][1234...(2»i-l)a^]] = 0, 

by a further application of the theorem contained in equation (6). 
Thus we obtain 

[120-^] [1345 ... (2m^l) xy'j-^llSxy] [1245 ... (2m-l) iry] + ... 

... + (-l)2'»-i [1 (2m- 1) xy] [1234 ... (2wi-2) xy] = 0. (8) 

Consider next the expression 

[12aj,yiir8y,][1345 ... (2m— 1) a?, 2/1 ^^,^3] 

-[13a;,y,a-j2/,] [1245 ... (2m— 1) a;iyia;,2/,] + ... 

... + (-l)«-.-i[l(2m-l)aJi2/ia;,2/,][1234...(2;ri-2)a^,yirr,y,]. 

Expanding the Pfaffians of the third type, we obtain for the co- 
efficient of [la;,] in this expression 

-{[2^1*^82/,] [1345 ... (27)1-1) x^y^x^y^] 

— [%i^t2/i][1245... (2m— l)a;iyia-,y,] + ... 

... + (-l)^->[(2m-l)y,a-,y,][1234...(2m-2)aj,y,a;,y,]} 
= [«iyi a-s2/t] [1234 ... (2m- 1) y^x^y^] 

— [lyi^jy*] [2345 ... (2m-l) «,yiaj,y,], 

by an application of the theorem contained in equation (8). Hence, 
since we have 

[Ix,] [lyia-,y,]-[lyi] [lariir,y,] + [la-s] [la^iyiy,]-[ly,] [l«iyi«i] = 0, 

l2 
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it follows that our expression reduces to 
[«iy.*iyi] { [12] [1345 ... (2m-l) x,y, x,y,] 

-[13][1245 ... (2m-l)r,y,a-,y,] + ... 
... + (-l)'-'[l(2m-l)][1234... (2m-2)»,y,x,y,] 

+ [It,] [1234 ... (2m- 1) y, a-,y,] 

-[ly,][1234... (2m-l)ar,a:,y,] 

+ [la!,][1234... (2m-l)a-,y,y,] 

-[ly.][1234... (2m-l)a;,y,a!,]] =0, 

bj an application of the theorem contained in equation (6). Thus 
we have 

[12a^y, «,y,] [1345 ... (2m— 1) a-,y,a!,y,] 

— [13a!, y,a!,y,] [1245 ... (2m-l) «,y,a-,y,] + ... 

... + (_!)>-> [1 (2m-l)ar,j/,a^y,][1234...(2M-2)a;,y,a!,y,]=0. (9) 

This process is clearly capable of indefinite repetition. Thus we 
eventually obtain, as the generalization of the theorems contained in 
equations (8) and (9), the equation 

[12aHy,...ar„2/„][1345 ... (2m — 1) ar,2/i ... a-^y^] 

— [13a;,yi...a?„2/„] [1245 ... (2m— l)a;iyi .• a5«yH] + ... 

... + («l)^-.-i[l(2m~l)a-^y,...aj„y„][1234...(2m-2)ahy,...««yH] = 0. 

(10) 

We are now in a position to obtain an interesting general theorem 
which possesses an important application. Thus, consider the ex- 
pression 

[12a!,yi ... aj^yj [345 ... (2m) a;,yi ... x^y,,] 

— [ISaJi^i ... ar„?/„] [245 ... (2m) x^y^ ... a;„2/„]+ ... 

... + (-l)^'"[l (2m)x,y, ...a;„i/„][234 ... {2m--l)x^y, ... x,,y.,']. 

Expanding the Pfaffians of the (n + l)-th type, we obtain for the 
coefiBcient of [la*,] in this expression 

- { [2y, ... z„y„] [345 ... (2m) x^y^ ... x„tj„'] 

— [31/1 ...a;,.2/„][245 ... (2m) x^y^ ... a*„2/,.] + ... 
... + (-iy^'"[(2m)yi...a:„y„][234...(2m-l)a:,2/i...ar;.2/,.]> 
= - [»iyi ••• «Hy«][234 ... (2m) 2/iir,2/, ... Xny,,], 
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by an application of the theorem contained in equation (lO).* Thus 
our expression becomes 

[x^yi ... a;«y„] { [12] [345 ... (2m) x^y^ ... x^y,,] 

— [13] [245 ... {2m)Xiyi ... a;„2/«]+ ... 
... + (-ir [1 (2m)][234 ... (2m-l)aj,y, ... aj„y„] 
-[la;,] [234 ... {2m) y, a-jy, ... aj„t/„] 
■+•[12/1] [2^4 •• (2m)ffjiCjyj...a?„y„] — ... 
... + [ly„][234... {2m)x^y^ ...««]} 
= [^i2/i ...i»,.2/„][123 ... (2m)aji2/i ... »«y„]. 

Thus we obtain the general theorem 

[12a?i2/i ... aj«y„] [345 ... {2m) x^y^ ... a!„y„] 
— [13a;,yi ...a;„y..][245 ... (2m) x^y^ ... a*„2/„] + ... 
...4. (-1)2- [1 (2m)a^,y, ... x„y,.] [234 ... (2m^l)x,y, ... x„y,] 
= [^i2/i ••• ««y«] [123 ... (2?n) a:i2/i ... ar„y„]. (11) 

3. It is evident that the process which we have employed in Art. 1 
to obtain equations (2), (3), (4), <fec., from equation (1) may with 
equal facility be applied to equation (11). The equation correspond- 
ing to (2) is obtained without difficulty. On the left-hand side of 
the equation corresponding to (3), we shall have 

(m-l)(?/i— 2) [123 ... (2w) x^y^ ... x^y.,] {[x^yi ... a;»y„]}'. 

Corresponding to the expression 

on the right-hand side of the same equation, we shall have 
Ipq^iVi'-'^nynllrsXiyi ...ir„y,.] — [pra^ii/i ... ««t/»] [9«a?iyi ...a;„y.,] 

-\-[p8x^y^ ... x^y^'Jlqr x^yi ... aj„2/«], 



* To obtain thifi particular application, write out the theorem on the supposition 
that the numbers involved are 

1, 2, 3, ..., (2/11 + 1), jTj, yj* •••» *»» y«» 

:md then replace unity by yi and {2m + 1) by jt, and transpose the numbers within 
the square brackets. 
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which, by means of the theorem contained in equation (11), reduces to 

[a!i2/i ... a;„y»] [pqrsx^yi ... ir^y^]. 

Dividing both sides of the equation by [ai^i ... aJ«y»], we obtain the 
required result. 

Similar remarks apply to equation (3). Thus, if we make use of 

the symbol ^[12>.1>, ...?«.,] 

to denote the Pfaffian obtained from the set of numbers 

1, 2, 3, ..., 2m, «„ y„ ..., a-„, y„ 
by leaving out the set 1> Pn Pi> -..i Pa^u 

which are all supposed to be abstracted from the set formed by the 
first 2m of these numbers, we arrive at the theorem 

= V^"~ T^^iy tl23 . . . (2m) aj, yi . . . iP»y»] [iCi yi . . . ir»y«l . 

(12) 

It is evident that we may treat this equation in a similai* manner to 

that in which we treated the equations of Art. 1 in order to obtain 

equations (6) and (7). We shall thus arrive at a general theorem 

containing that expressed by equation (10) as a particular case. 

Thus, supposing: 

^^ ^ i>i, Pv ..., Pn.\ 

to be any set of numbers abstracted from the set 

2, 3, 4, ..., 2m — 1, 
and denoting the Pfaffian formed from the set 

1, 2, 3, 4, ..., 2m— 1, a;,, y,, ..., x^, y- 
by leaving out these by the symbol 

^[PlPi -"Pu-i], 

we have ^±[lpiPi ..^pn-iX^yi ... a;„y„] iC[p,^3 .../>2/.i] =0. (13) 

4. In the theoiy of the reduction of a Pfaffian expression, we come 
across Pfaffians of a special form. This special form, though giving 
rise to certain differential relations of great importance, in no way 
modifies the form of the algebraic relations by which the Pfaffians 
are connected. From the theorems developed in the present com- 
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munication, we can deduce certain relations that are of importance 
in the said theory. Thus, consider the theorem 

[I2x^y^ ... ar„2/„] [34^1^1 ... x„y.,]'-'[.lSx^l/^ ••• ^H2/«][24a;iyi ... x^y„] 

+ [14«iyi ... a-„2/„] l^^x^y^ ... aj,.y„] 

= [^i2/i ... aJ„2/„][ 1234c, yj ... «„y„]. 

As particular cases of this we have a set of theorems of the type 

[1256 ... (27n)][3456 ... (2m)]-[1356 ... (2»i)][2456 ... (2m)] 

+ [1456 ... (2m)][2356 ... (2m)] = [56 ... (2m)][123 ... (2m)], (14) 

which are of importance in the theory referred to. 



On Burmann's Theorem. By A. C. Dixon. 
Received September 28th, 1901. Read November 14th, 1901. 



The following method gives a proof of Burmann*s form of 
Lagrange's theorem, and also an extension of it which is curious 
and may possibly be useful. 

Let Fx, fx be two functions .of the complex variable x, and C a 
simple contour in the a;-plane such that Fx, fx are analytical within 
and on C, and that |/a? | = A;, a constant, along C, 

Let «!, a^, Oj, ... be the points within C at which /« vanishes, and 
'^» ^jj ^a» ... those at which fx has a value c such that \c\ < k. 
Denote fx -r- (ar— a,.) by /.a; (r =-1, 2, ...), and suppose /,a„ /,a„ ... 
not to vanish. 

r Fxfxdx 
Jo fx—c 

2iw {jP6i + jP6,+ F6,+ ...]. 

But the subject of integration may be expanded in ascending powers 
of r, since \c\ < \f\ along C Hence 

2nr [F6, + ^6,+ ...} 



The value of 



IS 



= 1 7- 



Fxfx 



i 



Fxfx 






I 



Fxfx 



(>) 



—,dx-{-,.. . 
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The coefficient of c" may be pnt in the form 

1 C F'x , 

n J(o (fxr 
by integrating by parts. 

The subject of integration in this coefficient becomes infinite at 
^9 ^> ^si ••• • 1^6^ ^11 0^, ... be small contours described about these 
points respectively ; then 

nJwW" «J,c.,(a:-a,)" (/,«)- nl \da,l (/,a,)» 



The coefficient of c* is therefore 

2(ir 



n! r \da^/ 



n-l 



Fa, 

(/r«.)' 



The first term in the expansion is 2iir2Fa,. Hence 

r 



S F6, = SFa,+c5 5^' + ... + 4 2 (/-) 

r r r /,0, n! r \da,l 



(frdr)' 



^1 • ■ • • 



Putting 1 for Fx in this result, we find that there are as many points 
h as points a. If there is only one point a, we have Burmann's 
theorem. If there are more, the expansion on the right is the sum 
of a number of series each of the Burmann form ; in general these 
series would not converge separately, but the sum converges ab- 
Bolutely under the conditions stated. 

By putting instead of F its square, cube, ..., we may find series 
for ^{FhrYj S(F6,)', ..., and such expansions might be used to 
calculate the coefficients in an equation with Fhi, Fh^, . . . for roots. 

The region of validity of the series can be readily assigned. It is 
bounded by a curve \fx\ = ^, where A; is a quantity suitably chosen. 
Suppose for the moment that Fx has no singularity that affects the 
question. For small values of k the cui*ve \fx\ = k will consist of 
small ovals enclosing 04, a„ ... respectively. Within each of these 
the corresponding Burmann series is valid. As k increases the series 
still hold good until two of the ovals coalesce — say those about a^, a^. 
There will be an intermediate nodal form of the curve |/aj|= k. 
Outside this the Burmann series are not valid singly, but their sum 
is still a valid representation of the sum of the two values of Fr, 
until a value of k is reached for which a new oval coalesces with 
that about Oj, a, ; after this the sum of the two series is not valid, 
ba^ the sum of three, or possibly more, will still represent the sum 
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of the con^esponding values of Fx. This process may be carried on 
until the curve \fx\ = k reaches a singularity of Fx. 

For instance, let /.r = (x—a^) (.i* — aj) (.r — a,) , 

and let x^, ar^, a*, be the roots of the equation 

{x — a^)(x^aj){x — Og) = c. 

Then the above method gives expansions for 

sin Xi 4- sin x^ + sin x^, 

cos a*j + cos x^ -\- cos aj,, 

and so on, in powers of c, and these expansions hold for all finite 
values of r. 

Itfx vanishes to a higher order than the first at one of the a points 
— say «! — the result must be somewhat modified. We may then put 

fx = (x—a^yfx, 

where fiU^ ^ 0, 

and the corresponding partial series is the result of putting a, for x in 



"[^''-^ air)' 'fl'+'-^o^yiGt.) 



ri«-l 



Fx 



+ 



,.]: 



The remainder after n terms is in any case 



^4 

2<ir J 



Fxf'x 



dx. 



2'^ J:r)(Ar(/^-0 

There is a similar extension of Taylor's or Maclaurin's theorem, 
when the function expanded is not uniform, but has a finite number 
of bmnches in the region considered. 

Suppose, for instance, that fx is a two-valued function within a 
circle, centre 0, radius /:, with no singularity within this circle 
except a branch-point at e. Let /jA', f^x be the two branches oifx. 
Then Maclaurin*s series for either of these holds good within a con- 
centric circle of radius | e | . In the ring between the two circles the 
two series are not available sepamtely, but their sum is still a valid 
representation of /jaj-f/ja*. Similarly in other cases. 
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The Pniieux Diagram and Differential Equations. By 
R. W. H. T. Hudson. Received October 7th, 1901. Read 
November Uth, 1901. 

The usual method of using a diagram of points, in order to deter- 
mine the first approximation to a solution of a differential equation 
corresponding to given initial values, is well known.* It will be 
convenient in what follows to consider only equations of the first 
order, but it will be found that equations of higher order can be 
dealt with in a similar manner. A typical term in the equation is 

Gx^y y**^ and is represented by the point (6 -f c, 
a^c). When the equation is in its complete 
generality, the diagram consists of all the ** unit 
points " on and between the lines OY, OZ. By 
a suitable change of variables the point can be 
made to disappear, and, when the origin is a 
lingular pointy other unit points are wanting 
also ; so that an unclosed polygon joins some 
point on OY to some point on OZ, 

As a rule the solution to be obtained is in the form of a con- 
verging series of increasing (not necessarily integral) powers of x, 
but it is known from the analytical theory that, when certain con- 
ditions among the coefficients are satisfied, these solutions fail and 
must be replaced by others. It is the purpose of this paper to show 
how these cases of failure may be predicted from the diagram itself, 
and to give an interpretation of the necessaiy analytical conditions, 
and to see how far the geometrical character of the curves repre- 
senting the solutions is affected. 

In the application of the diagram to obtain an approximat^e solu- 
tion of the form . . 

y = A3f 

three matters are to be specially noticed — in general the leading 
index cr is determined by the slope of a side of the polygon ; the 




* See Froe, Lond. Math. Soc,, Vol. xxxin., p. 392, and the references there given. 
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leading coefficient A is determined by the coeffidenU of the terms 
corresponding to points on this Bide ; one point in the dia^ifram maj- 
coireapond to two or more tenns in the differential eqaation. The 
last consideration is most important and constituteB the main 
difference between this theory and the correeponding theory of 
branch-points of algebraic functions. For example, in dealing with 
an algebraic equation the point (a, b) coald arise only from a term 
Cafy", but in the case of a differential equation this point could 
correspond also to terms 3^''y"''y', K'*'y"''y , Ac. 
Consider, as an example, the equation 

= aa? + by+cxi/'+y''+ 

To the terms written correspond in order the 
points P, Q, Q, R. The aide PQ gives 

a = 3, a+ib+Sc)A = 0; 
the side QB gives 

ff = 2, b+2c+iA = 0; 
and so, in general, two regular expansions can be obtained. But 
here the point Q corresponds to two terms by and exy', and it is 
possible to choose a so that 






by -f- cxy' = 0, 
y = A^, 



whatever be the value of ^ ; in fact o- mast be taken eqnal to — b/c. 
Xow draw through Q the line whose slope corresponds to this 
quantity. If — b/c lies between 2 and 3, this line has all the points 
of the diagram except Q entirely on one side of it, and consequently, 
by the usual theory of these diagrams, indicates a suitable first 
approximation. It is to be noticed that the valae of <r thus obtained 
depends on the coefficients in the differential equation, not on the 
exponents of the different terms, and the coefGcient of X" is entirely 
arbitrary. Thus, subject to the inequalitiea 2< — 6/c<3, we obtain 
a Bolutioa in increasing powers of x, 

y= kx-'--'+..., 
where k is arbitrary. 

The theorem of which this is an example will be found in the text- 
books, wliere the convergence is rigorously established. The present 
method is useful as foretelling the possibilities without calculation, 
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but is, of course, applicable only when the variables are restricted to 
be real quantities, as is the case in the geometrical theory. 

The preceding example is a very simple case, but the same con- 
siderations apply to equations of higher ordei*, and when the 
singularity is more complicated ; we have to look 
out for comers of the polygon arising from more Y 
than one term. Points on the sides of the polygon 
also call for attention. Thus in the equation 

= (Mj' + fcy 4-ca;y'+y''+ ... 
the only possibility is 



where 



0= a+(fc-h2c)^ + 4il*. 




The substitution 



y = Aa^ -^ ri 



gives a term in the i^-equation corresponding to every term in the 
y-eqnation except that in a^ ; so that the point corresponding to the 
terms in rj and xq is a comer, and this case is reduced to the pre- 
ceding. 

The present example is interesting, because it is of general 
occurrence in the theory of differential equations of the first order ; 
for the three points (0, 1), (0, 0), (1, —1) which are missing 
correspond to three conditions which determine a finite number of 
sets of initial values of x, y, i/. We thus find that when only two 
inequalities are satisfied, there exist certain points {tueuds) on the 
discriminant locus, at which two special integral curves touch 
the locus and other integral curves osculate one of the special 
curves.* 

It is sufficient to consider only a side of the polygon which joins 
points on the fii'st and second columns ; for, if the term Ax' has been 
obtained from any other side, the substitution of Ax'-{-y instead of 
y leads to a new diagram, in which the side corresponding to the 
next term in the solution is of the kind just mentioned. We may 
suppose (T to be an integer ; for, if cris a fraction with denominator m. 
we make the substitution x = f "*, and the leading exponent of $ be- 
comes integral. 



♦ For drawings of these curves see £diH, Phil. Trans,, Vol. xxxvin., p. 817 ; 
MAf^hnur Sitzunffsberichtet Bd. xxi., p. 23. 
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It appears from what has been said that 
the most general case we have to con- 
sider is 

In the diagram 

OP=n-hcr, 0N=:1, NQ^n, 
The expansion indicated bj PQ is 
y = Ax'-\- ..., 

where = a-h(6 + co-) il. 

The substitution y = Ax'-^ii 

has the effect of leaving the point Q and of moving P one unit higher, 
and so successive terms in the expansion can be obtained without 
fail, unless — h/c is a positive integer equal to or greater than a. 
Suppose that —h/c is greater than a-, make OB = 7i— fe/c, and join 
QB ; then the slope of QB corresponds to — h/c in the same way as 
the slope of QP to <t. 

If B is not a unit point, the regular solution in integral powers of 
X can be obtained term by term, but at the stage when P has just 
crossed B the possibility arises of an expansion beginning with 
kx'''% where k is arbitrary; for, at this stage, BQ does not separate 
the points of the diagram. In this case we have an infinitude of 
integi^al curves touching the axis of x at the origin and having con- 
tact of a certain order with a special integral curve. 

If B falls on a unit pointj then when P arrives at B the equation 
has the form 



whei'e 



«i = — h/c. 



An approximate solution may be found by i*etaining only the first 
three terms. Thus : 



0= a"ii«'"— my+icy', 



= - + , 
x ax 



y = — a'x"* log X 4- Aa;"*, 

where h is arbitrary. Thus the solution is no longer regular, but, 
since a; log a; vanishes with x^ the terms already obtained up to a; 
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hold good as an approximate solution ; so that the geometrical 
character of the curves in the immediate vicinity of the singular 
point is not affected by the circumstance that — cr — 6/c is a positive 
integer. 

We can bring this into agreement with the analytical theory as 
follows. The equation under consideration is 

Make the substitutions 

y = {p-\-v)x\ 

y'-=z rV-H (p + v) era;'"*, 
leading to = a;'***'[a+fe (p-l-t') + cor (p4-u)4-ca;t;'l -h... . 
Choose p so that = a-\-hp-{- ca-p ; 

then = 6v + c<n;4-C£ct;'+..., 

or X — = Xv + fix-^ ..., 

ax 

where \=z ^ a—h/c. 

According to the general theory, when X is not a positive integer, 
but has its real part positive, there is an infinitude of integrals which 
vanish with x ; and they have the form 

where i? is the regular integral, and f is a double series of powers of 
X and x^ acquiring an arbitrary value for « = 0. Again, when A, is a 
positive integer, there exists an infinitude of integrals, vanishing 
with X, which are regular functions of x and x log x.* The preceding 
discussion may be regarded as exemplifying these theorems. 



♦ Forsyth, Theory of Differential Equations^ Vol. n., pp. 156, 158. 
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On the Representation of a Group of Finite Order as a Permuta' 
lion Group, and on the Composition of Permutation Groups. 
By W. BuBNSiDE. Received November dth, 1901. Bead 
November 14th, 1901. 

In writing of linear groups it is becoming almost necessary to have 
a phrase by which to distinguish substitution groups, in the older 
and narrower sense in which every operation effects a permutation of 
the symbols, from groups of linear substitutions in general. In this 
paper the former will be called permutation groups. 

Any permutation group with which a given abstract group is 
either simply or multiply isomorphic will be called a representation of 
that abstract group as a permutation gi*oup. 

Two such representations of an absti*act group in the same number 
of symbols will be called equivalent when the one can be traite- 
foi-med into the other by a linear substitution of non-vanishing 
determinant. In dealing with the theory of permutation groups by 
themselves, it is both natural and convenient to consider first the 
question of equivalence when transformation by permutations only is 
permitted. 

The mark of any sub-group of a pennutation group is defined as 
the number of the symbols operated on which are unchanged by 
every operation of the sub-group. It will be seen that in the theory 
of the representation of a group as a permutation group, and also in 
the composition of permutation groups, the marks of the sub-groups 
in the distinct transitive representations play a part closely analogous 
to that of the characteristics of the operations in the distinct repre- 
sentations of the group as an irreducible group of linear substitu- 
tions. 

The main object of this paper is to determine, for any two repre- 
sentations of a group as a permutation group, the question of 
equivalence or non-equivalence : first, when transformation by 
permutations only is permitted; and, secondly, for general trans- 
formation. 

1. Let Ghe hk group of finite order. All the sub-groups of G may 
be arranged in a series of conjugate sets. The number of these 
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conjugate sets, including G itself and that constituted by the 
identical operation alone, will be represented by /i. Let 



S^n 9v 



• ••J \/,t. 



be representatives of the groups in the /x conjugate sets arranged in 
such a way that the order of gr,^, is not less than the order of g,. 
The first, gfj, will then be the sub-group consisting of the identical 
operation alone, and the last g^ will be G itself. The order of g, will 
be denoted by n„ that of G being n^ or simply n, Herr Dyck has 
shown how G may be represented as a transitive permutation group 
of degree n/», in respect of gr„ so that to gr, there corresponds one of the 
sub-groups of the permutation group which leave a symbol unchanged. 
If g', belongs to the same conjugate set of sub-groups in (r as g,, 
the representation oi G in. respect of g\ is identical with that in 
respect of g,. The /x representations of G in respect of 



9\^ 9%^ 



ri» 



as transitive permutation groups of degrees 

n, n/nj, ..., nln^, ..., 1 



will be denoted by Q^^ (t„ ..., (r„ 



6?.. 



These incJude every possible representation of (7 as a transitive per- 
mutation group. • 

The mark of g, in G| will be denoted by mj, each of these numbers 
being by definition either zero or a positive integer. The only sub- 
groups of Gt whose marks differ from zero are those contained in the 
sub-groups that leave a symbol unchanged, i.e., in gt and its con- 
jugates. Hence, \i szfzt, and if n, ^ n^, then mjmust be zero. Each 
of the /Lt symbols m| is greater than zero. Hence in the square array 



< 


I 1 

m^ ..., m^y 


2 


2 2 


• • • 


• • • • • • 


W/^, 


//va) * * * I ■'^ife 9 



all terms to the right hand of the leading diagonal are zeix), and 
each term in the leading diagonal is different from zero. It follows 
that the fi sets of marks 



Wlj, w„ 



m. 



(^ = 1,2, ...,/i), 



1901.] Prof. W. BuFDside on Permutation Groups . 161 

are linearly independent in the sense that there can be no system of 
equations j ,^, ^ q 

for each i from 1 to fc. 

2. When a permutation group, transitive or intransitive, is trans- 
formed by a permutation of the symbols on which it operates, every 
sub-group must have the same mark in the transformed group a« the 
corresponding sub-gix)up in the original group.* Hence, if we 
regard two representations of in the form of permutation groups 
as equivalent only when one can be transformed into the other by a a 
permutation, the /i representations (?i, (?„ ..., O^ are distinct. This 
is, of course, obviously the case for O, and Ot, when g, and gt are not 
simply isomorphic ; but even when g, and gt are simply isomorphic, 
while the numbers of conjugate sub-groups in the «-th and t-th sets 
is the same, G, cannot be transformed into Ot by a permutation, so 
that the set of sub-groups which correspond to gr» in O, is transformed 
(for each i) into that which coiTesponds to gi in Gf. 

3. If G is simply or multiply isomorphic with an intransitive per- 
mutation group r, each transitive constituent of T must be equivalent 
to one of the permutation groups (?„ (?j, ..., G^, Hence V may be 
represented by the symbol 

2 ttiGi, 
f-i 

where a^ (zero or a positive integer) denotes the number of transitive 
constituents of F which are equivalent to (r,. Suppose now that G, 
and Gt are set up in two distinct sets of symbols — say x's and y's — n/n, 
and n/nt in number. To every operation of G will correspond a per- 
mutation of the n^/n,nt products of the x's and the y's. The per- 
mutation group that aiises when G, and Gt are thus campourided will 
be represented by G,Gt (or GtG,) ; it will in general be intransitive. 
The result of thus compounding G, and Gt may be represented by 
the symbolical equation 

Q.G, = '^' h^,G,, (i) 



where k.^i denotes the number of transitive constituents of the per- 
mutation group on the pi-oducts of the «'s and y'% which are 



* It should be noted at once that this is not necessarily the ca.so if a permutation 
group is transformed by a linear substitution on the symbols into another permuta- 
tion grroup. This point will be considered later and examples will be given. 

VOL. XXXIV. — NO. 774. M 
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equivalent to (7, ; and there will be an equation of this form for each 
pair of suffixes s and t. Moreover, these equations admit of a direct 
arithmetical interpretation. In fact, m' denotes the number of x'b 
which are unchanged by every operation of g„ and m' the number of 
similarly unchanged y's. Hence in the permutation group (?,(?« on 
the products of the ^*s and the y's just m'ml. products are unchanged 
by every operation of g^. The relation (i) therefore implies the 
system of fi arithmetical identities 



i-M 



tnjmj = 2 k^ifni (r = 1, 2, ..., /x). 



(ii) 



Conversely, since the determinant of the /i sets of marks is not 
zero, the system of equations last written determine the /a numbers 
k^i (t = 1, 2, ..., r) uniquely. The result of compounding any two of 
the transitive representations of is therefore given directly by the 
complete system of marks. 

4. For the tetrahedral group fi is 5, and ^„ gr„ gr„ ^^, g^ are groups 
of orders 1, 2, 3, 4, 12. In the corresponding transitive representa- 
tions (?i, (t„ (?j, (t4, G^ the marks are given by the table 



^1 9i 9i 94 9i 



0. 


12 














G. 


6 


2 











(?. 


4 





1 








Q* 


3 


3 





3 





<?. 


1 


1 


1 


1 


1 



In every case it is clear that 



and 



(?, Gt = m\ a, 
GMt= Gt. 



The remaining relations in this case indicating the composition of 
the G'b are 



0,0, = 2G„ 
G,0, = 3(7„ 



G,G,= G„ 
Q\ = ZG,. 
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5. Two permutation groups, given by the symbols 2a,G, and 

i 

^fliGi, can be equivalent (in respect of transformations by permuta- 

tions) only when they have the same marks for each set of conjugate 
sub-groups. But, since the sets of marks are independent, the /a 

**l°**^°°* 2 a,m^ = Sftmj, (t = 1, 2, .... ,u), 

i « 

« 

involve a, = /5,- 

for each t. Hence to each symbol such as 2 a,- Oi corresponds a dis- 

i 

tinct permutation group which represents O. The determination of 
all the distinct ways in which O may be represented as a permuta- 
tion group of degi'ee m will therefore be given by the number of 
distinct solutions of the equation 

2 aim*! = m 

in positive integers. For example, the number of distinct repre- 
sentations of the tetrahedral group as a permutation group of 
degree 7 is the number of solutions of 

12a, + 6a, -h 4a, + 3a4-h 05 = 7, 

viz., 6. These six groups are represented by 6^,+ G5, (?,+ G^, O^+SO^, 
2(?4+(?5, (?4+4(?5, and 70^. 



6. When the variables permuted by a permutation group V under- 
go a linear substitution 8, the transformed group S'^TS is not in 
general a permutation group, though it may be so in particular cases. 
Thus any permutation group in n symbols is transformed into itself by 

the substitution , __ 

Xi — fl*j ~r iPj "T • • • ~r 2/M » 



QS^ — Xi'j'X^'T ... -f- Xfti 



aj„ — "^ "T ^j 1 • • • "T" *l'M— 1 • 

A further question of the equivalence or non-equivalence of any two 
representations of (r as a permutation group (in the same number of 
variables) thus arises when, in addition to transformation by per- 
mutations, transformations by linear substitutions which preserve the 
permutation form of the group are admitted. 

h2 



1 
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In this connexion a theorem due to Herr Frobenius* is of great 
importance. It may be stated as follows : — 

Two representations, O' and (?", of a group O of finite order as a 
group of linear substitutions in the same number of variables can be 
transformed into each other if, and onlj if, the sums of the multipliers 
of the substitutions of G' and (r" which coiTespond to a given opera« 
tion S oi G are the same for each operation S. 

In any representation of (? as a permutation gi'oup the sum of the 
multipliers of the permutation that corresponds to 8 is the mark of 
the cyclical sub-group generated by this permutation ; for the sum 
of the multipliers that arise from any cyclical component of the 
permutation is zero. Hence it follows at once from Herr Frobenius's 
theorem that the necessary and sufficient conditions that 2 a^ (xj and 

S I3i Gi should be equivalent when transformations by linear substitu- 

tions are admitted is that the equation 

2 {a.^Pd m\ = 

i 

should be satisfied by the marks of each cyclical sub-group. Unless 
(r is a cyclical group, the system of equations that thus arise when 
a,— /3j (i = 1, 2, ..., /*) are regarded as unknown must have (integral) 
solutions other than all zero values ; since their number cannot exceed 
fjL — 1. Hence there must always be representations of a non-cyclical 
group as a permutation group which," while not equivalent in respect 
of transformation by permutations, are, in fact, equivalent for trans- 
formation by linear substitutions. 

7. Suppose that G has s distinct conjugate sets of cyclical sub- 
groups, and (slightly modifying the previous notation) let g^^ g^, •••,g, 
be representatives of them. The equations 

2 a, ml = 0, (^ = 1, 2, ..., s), 

will have just ft-— 5 linearly independent solutions in positive or 
negative integers, since the determinant 

II mj II (t, t = I, 2, ..., s) 



• *' Ueber die Daratellung' der endlichen Grruppen durch lineare Substitutionen," 
Berliner Sitzungbbeiichtey 1897, pp. 1000-1005. 
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is different from zero. Moreover,* there is a set of solutions 

a[, aj, ..., ci^, (r= 1, 2, ..., /*—»), 
in terms of which the general solution takes the form 

where the k's are /x— « arbitrary integers, positive or negative. Hence, 
if Sa,(?. and 2 fitOt are equivalent I'epresentations of O in respect of 
transformation by linear substitutions, then there must be a set of 
integers k such that 

r 

Every possible equivalence of the kind considered will therefore 
arise from the /x — s fundamental equivalences denoted symbolically by 

This is to be understood in the sense that, after removing to the 
right-hand side the terms with negative coefficients, the permutation 
groups denoted by the symbols on either side of the equation are 
equivalent. 

8. In illustration, the tetrahedral group may be again considered. 
The cyclical sub-groups are those denoted by ^p ^„ g^ in the preceding 
table. The three equations among the as are 

12ai + 6a, + 4a, + 3a, -h 05 = 0, 

2a, +3a4+a5 = 0, 

«a +a5=0. 

The fundamental solutions of these are 

Oi = 0, a, = — 1, a, = 1, a, = 1, a, = — 1 ; 

and Oj r= 1, a, = — 3, a, = 0, a, =: 2, a, = 0. 

The equivalences corresponding to these, from which all others 
arise by addition, are 

and G,-f26?4 = 3(?,. 

It will be perhaps not without interest to verify directly the equi- 
valences thus indicated. The tetrahedral group is defined abstractly 

« Elliott, Algebra of QuatUict, p. 192. 
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bv the relations ^',= 1. If=l. *.4B.' = l. 

In the form G^-^G^ it i> repivs«'iited as a permntation group of 
degree 7 in which one symbol ^^ i> analtered by every operation, and 
the others x^. ^. x^ are permute*! tran.sitirely. We may take 

Consider now the seven linear functions of the jr's 

y. = -^, + J'j + J'«-^Jrj. 
y, = ^,+Jr,+jrj+jr,. 
y, = J-^+J-j+Jr.+^t. 

-I = '! + '*• 

"i = -^j + 'i- 

They are obvious 1}' linearly independent, and therefore these seven 
equations give a linear substitution S. Moreover, when the »*s 
undergo the permutations A and B^ the y*s and £*s undergo the 
permutations (!ny,)Oj.y.) 

and 0/ay,y4)U"i^j-i)- 

Hence the y*s and z*s are each permuted among themselves by ereiy 
operation of the group, and the permutation group so arrived at is 
G,-^G,; or ,. ^^^ ^ ^^^ ^.., ^ ^^^ ^^ 

Again, in the foim Gi-^2G^ the tetrahedral group is represented as a 
permutation group of degi-ee 18, interchanging 12 x\ 3 y*s, and 3 i*s 
among themselves. The permutations given by A and B may be 

r JV's) (>.'•) ('s-'c) (rya-s) (j-»a-,o) (jri,ar, J 
The 18 linear functions 



^'i = yi+'i +-^i. 


4* 

'1 


«, = y, + ^5+./V 


4* 


«J= y3 + ^« f./',„ 


4* 


^'4 = yi+a', +j-„ 


*4 


«5 = .vj+^« +.rs- 


^5 


"0 = y5+.r,o-i-j-,;, 


^'fl 



-1 + ir, 4- J-,, tr, 
-a + 'T'a +fl'it» W*! 
-s + '7 +'«» «^» 



'n+a?n 
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are linearly independent and give a linear substitution T, Moreover, 
the operations A and B give the permutations 

(tt, U5) (t*, Mj) (r, r,) (fji-^) (w;, w?^) (tt- , w?^) 
and (m, Mj Mj) (1*4 m^Mj) (r, VjV,) (i\v^ v^) (w^ w^ w^ (i^t'UJi w?«) • 

The t**8, r's, and w*b therefore undergo a permutation group denoted 
by 3(?, and T (Q^-{-20,) T' = SG,. 

9. It may happen that among the fi—s fundamental equivalences 

laiGi = 
one or more of the form (?,— Gj = 

occur ; indicating that two distinct transitive representations of 
G can be transformed the one into the other by a suitably chosen 
linear substitution. The necessary and sufficient conditions for this 
are that the marks of each cyclical sub-group shall be the same in Gf 
and Gj. Hence gi and gj must be of the same order, the conjugate 
sets to which gr, and gj belong must contain the same number of con- 
jugate sub-groups, and any cyclical sub-group which enters in a 
number of sub-groups of the one set must enter in an equal number 
of the other set. 

As an example, these conditions are satisfied by the two distinct 
sets of octahedral sub-groups which enter in the simple group G of 
order 168. In respect of an octahedral sub-group g of the one set, G 
is represented as the transitive group of degree 7 generated by 

,S = (x^x^x^Xf^r^x^Xj), T = (x^x^x^)(x,^XfiXj), U = («ja7«o^)(^4«6) ; 
and an octahedi*al group g' of the second set is generated by T and F, 
where V = («, XjX^x^) (a?, as^) . 

The seven linear functions 

2/4 = iPs + «6 + «r. y6 = «l+«8 + «r» 2/6 = «l + «4 + «5i 
^7 = ^1 + ^ + ^0 

are independent ; so that these equations give a linear substitution. 
"When G is transformed by this substitution, it remains a permuta- 
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tion group, and 

s ^ (yiyiyiyayiVfiyT)^ '^ = (yiyiyAKy^yfiy?)^ ^ = iyxyiyzydiy^yi)^ 

y-iyiyiy^ydiy^yt)' 

Hence in the transformed group g is the sub-group which leaves one 
symbol y, unchanged, while g permutes the symbols in the two 
transitive sets y^, y,, y„ y^ and ^5, y^, y^. The given linear substitu- 
tion therefore transforms the transitive representation of in respect 
of g into that in respect of g'. 



Linear Null Systems of Binary Forms. By J. H. Grace. 
Read November 14th, 1901. Received November 18th, 1901. 

As an exercise on Hilbert's paper " Ueber vollen Invarianten- 
systeme," Math. Ann,, Vol. xli., I propose to investigate the necessary 
and sufficient condition that all the combinants of three binary forms 
which are pure invariants should vanish. The method used applies 
equally well to any number of binary forms. 

Suppose the three forms are 

- H N~>1 It It 

<^ = \x[-\-n\x[' ic,+ ... -HfcHajJ = &*, 

then the combinants in question are such mutual invariants of 
J^tfi, iff BA remain unaltered when any of the forms is replaced by a 
linear combination Zf +m0+ni/r. 

The combinants are well known to be rational integral functions 
of the determinants of the type 



a. 


a^ 


«T 


K 


h. 


^ 


Ca 


<^0 


Cr 



whether they involve the variables or not. "We shall denote the 
above determinant by jp.^,. 
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2. The most important combinant is the corariant 

a*/ J^ ay I 



j= 



3 2' 

a«0 






a*0 






aor! 



or 



n-2TM-2 M-2 



(hc)(ca)(ah) a," 6,' c/ . 



It is of order 3n— 6, the coefficient of x^ ' is j)^!,, and generally the 
coefficient of x^ "'""a^ is a linear combination of snch p*8 as satisfy 
the condition a-h)3 + y = p+3. 

Now every invariant of J is manifestly a combinant of /, ^, i/r, and 
hence a necessary condition is that all the invariants of / should 
vanish. But Hilbert has shown that, if all the invariants of a binary 
form of order m vanish, then the form has a factor of multiplicity 

equal to the integer next greater than — ; hence in our case / has a 

linear factor of multiplicity greater than ^(3n — 6). Without loss 
of generality we may suppose this factor to be ar,. 

3. Now consider how many times a factor occurs in / when its 
mode of occurrence in /, ^, i/r is given. For perfect generality suppose 
the factor (aj,) occurs v times in every form of the system 

then there will be two linearly independent forms, say/, and/,, each 
containing the factor more than v times — say /i times. Finally, there 
will be a single form included in 

containing the given factor more than ft times — say X times. Hence, 
g^ven the factor, we can choose three forms included in the system — 
say f, 4^\ }jf — such that f contains the factor X times, ^' contains the 
factor ft times, and \\/' contains the factor v times (X>/ui> v) ; and, of 
course, the integers X, /i, k are quite determined by the linear factor 
under consideration. 

We shall clearly not lose generality (since the combinants are the 
same for any three members of the system) if we suppose /, ^, ^ to 
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(\>fi>y). 



be the same as fj 0', if/ respectively, and further, since we are dealing' 
with invariant properties, we may suppose the given factor to be ar,. 
Hence, referring to the definitions of /, 0, i/r, we have 

K K — > ^^.-1 = 0, h^^O 
Oo, a,, ..., Ox.i =0, OxT^O^' 

It follows easily that, ifa+/J + y < X+fi+v, then 

P^ = 0. 

For (a— X) + (/3— /i)-f (y— v) < 0, and we may suppose that 
a >/3 > y ; therefore either a <X or )3 < ft or y < r. 
If a<X, then )3<X and y<X; therefore 

«. = o^ = Ot = ; 

therefore p^ = 0. 

If /3<A4, then y<fi, i3<X, y<X; therefore 

a^ = o^ = 6^ = 6^ = ; 

therefore ^.^ = 0. 

If y<y, then y<ft, y<X; therefore 

a^ = b^ = c^ = 0; 
therefore jp.,y = 0. 

Again, if a+/3 + y = X+fi + v, 

then jp^^ = 0, 

unless a = X, fi z= fi, y = i^, 

for otherwise a < X or /3 < ft or y < v. 

As regards j?;^,^, it is equal to Ox^^^v* an*! is therefore not zero. 

But in the expression for / the coeflBcient of ^^ ~ ""irj is a linear 
combination of p^a for which 

a+)3+y = p + 3, 

so that, ifp + 3<X-hft+»', the coefficient of ir,"" "'ojJ is zero, but, if 

p + 3 =X+fi+i', 

it is certainly not zero; that is, the factor a?, occurs precisely 
(X-f/x + v— 3) times in /. 
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4. We have seen, however, that the factor a?, mnst occur more than 
J(3n-7-6) times in J, and accordingly we have 

\-\-fi-hy-S >i(3n— 6); 

3n 
2 ' 

a+/3-l-y < X-h/i + v; 



therefore 



Now 

if 

therefore when 

we must have 



X-f/l + V > 



a + /3 + y > X+fi-hv > 



3n 



5. The weight of ii product of powers of a's, 6's, and c's is the sum 
of the suffixes of the various letters in the product. If the weight of 
an invariant of partial degrees i„ ij, tj of three forms of orders 
*h» ♦Hi ^H ^® ^» then we have 



In our case 



ni = n, = w„ *\ = z, = I, = I , 



where t is the degree of the invariant in the p's ; for every p is linear 
in the coefficients of each form. 

Hence for a combinant we must have 

2w = 3m. 

Now the weight of p^^^ is a-h)3 + y, and for a non- vanishing p we 
must have 

and hence for a product of p's of degree % which does not vanish we 
must have ^ . 

aAd, inasmuch as for terms of a combinant 

3m 



w = 



2 ' 



it follows immediately that all the combinants vanish. 

Hence the necessary and sufficient condition that all the com- 
binants should vanish is that / should have a factor of multiplicity 
greater than J (3n— 6). 
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In accordance with the general reasoning of Hilbert, we infer that 
all combinants of three binary forms are integral algebraic fniictions 
of invariants of /, and therefore, a fortiori, of the coeflBcients of /. 

The resnlts for any number of binary forms are exactly the same. 



Addition Theoremufor Hyperelliptic Integrals, By A. L. Dixon. 
Received and read November 14th, 1901. 

The present communication is a continuation of my paper on " An 
Addition Theorem for Hy3)erelliptic Theta-Functions," presented to 
the Society in December, 1900 (Proc. Lond. Math, 8oc., Vol. xxxiii., 
No. 755). 

The method there given of deducing theorems in the theory of 
hyperelliptic integrals from the geometrical properties of confocals 
is applied to the investigation of addition theorems for the integrals 
of the second and third kinds.* 

I muBi record my obligation to a paper by Herr 0. Staude, on 
the " Geometrische Deutung der Additionstheoreme der hyper- 
elliptischen Integrale" (Math. Ann., Bd. xxii., 1883). In particular 
the fundamental idea of § 4 has been taken from that paper. 

References to my first paper are prefixed by the number I. 

Integrals of the Second Kind. 
1. Taking the equations (11), 1., § 2, of the straight lines through 
the point hi, which lie in the surfaces 8 and T, one of them is given by 

. .^, = J^ = - ^' 

Vp—s.p — t.q — r 's/q^8,q — t .r — p y/r — s .r — t .p~-q 

^. = 0, f. = 0. 
Let 8 be the distance measured along this line from h^. Then 



and therefore 

'S _ i. _ 



y/q—r ,r—p .p—q y/ps ,p—t . q—' 



(2) 



* A paper on the application of the method to oonfooal coniooids in ordinary 
epaoe and the deduction of theorems for elliptic integrals has appeared in the 
Quarterly Journal, No. 131, 1902. 
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Therefore also 



2i dS 



2d8. 



vq — r .r—p .p — q y/p—ti.p — t.q — r 

V p — q . V — If dp 

\^q — r V'-P 



(3) 



(4) 



2dS = (p-3)(p-r) ^],= {q-T)iq-p) -^ = {r-p)(r-q) -^; 



and thei-efore 
Integ^ting, we get 



ojv = 7? -''P +o» ^-- +r« — 



(5> 






where 






2. Since 1x1=. %a^-\-p-{-q H-r +* + /, 

we get 

S" = 22a, + 2« + 2^+2)+jpo+(Z + 5o+^ + ^o 

where s and f may he given any value we please, and, in fact, the 
coefficients of « + ^ and st vanish by I. (15). 
Putting s =. — 04, ^ = — tij, I get 

i<* = 2 (ai + aj + fls) +P+JPo+3 + 5o+^ + »'o 



(ai— a,)(ai-a,) 



2 y^+p•<^^^^yo•^ ^+g• ^ ^+go•<^+^^^^^ ^o 

(a,— ai)(a5— a,) 
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(«-JPo)(^-Po)2 



Kx^ 



(at+Po)(at+«)(ai + 



since ^r = 0, ^, = ; 

and therefore 






(9) 



3. Another expression for S, whicli will be used hereafter, is 
obtained as follows. We have 






where 8 and t are arbitrary constants. 
Putting 8 = —dij ^ = — a„ I get 






fif 



the other two terms in the 2 corresponding to a^ and 05. Also, inter- 
changing p and j7o, q and (^q, r and r^, I get 



Then, by subtraction. 



(12) 
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Integrals of the Third Kind, 

4. To find corresponding expressions applicable to integrals of the 
third kind, let us take the generalized conception of distance as given 
by Cay ley in his sixth memoir upon quantics (Gall, Works, Vol. ii., 
pp. 583-592). 

Taking for the absolute the continuum 

5,-^-=l* (. = 1,2,3,4,5), 
the distance 8* between any two points Xt and hi is given by 



cos 8' = 






and therefore 



\ ai-\-u / v at + n / 



(13) 



. f Qf _ V Oi + n /\ flt + n / \ a^ + H / 

(5-^-l)(5^-l) 



sin* 8' = 



— U(a,-^n) 



(n-2?)(n-g)(n-r)(n— »)(n-0 

Cn— 2)o w— go n—r^ «— « n—t) 

5. To find an expression for dS' at any point, suppose the point h^ 
to move up to and ultimately coincide with the point x^, and we get, 
writing 

N = U(a,-\-n), N' = U(n-X) (>^ = p, q, r, s, t). 



d8^:= 



^NCJsl^J^_^d4,^J4_^J±U (15) 
A'(n— jp n—q n—r n—s n—t) 

= - ^N^ (p-<iHp-rXp-»Xp-t) a^ (16J 



* Staude, loe, eit,, Math. Ann,, Bd. xxn., p. 23, § 7. 

t (pt («• <^«p> <^*«) ••• haye exactly the same meaning here aB in the last sec- 
ion, that ifl, they lepreeent the same expreesions in «., or in p, q, r, t, t. 
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Now along the straight lines considercd, namely those which lie in 
both the surfaces 8 and T, 

d8 = 0, dt = 0, 

and, as in the preceding section, we get 

(n-~gX^--9 )(n-r) 2d 8' 2ds, 

VN . q — r .r—p .p — q 



y/p—s . p — t . a— 



(17) 



q-r 



- ^p-q-p-r dp_ _ 



y/q-'T 



VP 



(18) 



(n-p)(n--^)(.-.r) ,^,y^ (i.-5)(l>-r) -^ = (9-r)(,-p) ^^ 



<ir 



= (r-l>)(r-g)-^. 



2i dS' ^ 



ii. 



rir 



(19) 



VN {n-p)VF (n'-q)VQ ' (w-r)Vie' 
Integrating, we get 

I (n-2)) VP J (n-2)o) ^/Po ^ J (n^q) VQ J (n-^^) ^Qo 



+ 



J (n-r) Vii; J (»— r 



^o)^/i^o* 



(20) 



6. One expression for S' is given by 

COSiS' = 



a^+n 



-1 



_ ( (flt + n)/(-a,) ^ J 

(7*— s)(n — ^) %/?«— p.n— jpQ.n— ^.n— gr^j.n— r.n— r^ 

(21) 

where 5 and t may have any value. Putting 5 = 00,^ = — Oj, I get 

cos ;S" = _ (tfi + n)(aa-fn)(a,-fn)(a4 + w) 

v^n — p . n—p^, . w — q . n — q^ . n — r . 7i — r^ 



X (v v^«i-i-^'«i +Po.q Tf7'qi + <yo'<^ + r .ch + r^') ^22) 
C (ai + «)(a,-a,)(ai-a8)(ai— aj )' ^ ^ 
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the other three tenns of the 2 corresponding to a,, a„ and o^. Also, 
pntting X = t =z CO , I get another form, viz., 



co8^'= ^ - ( «i±n)r(-acj " _ 



. (23) 



Another expression for 6" follows from (14) and (2). For, putting 
Ci» %« 

- fr _ */Sf 



in (14j, we get 



or 



siA- 6" = - 



sm jS = 



(n-p) (n— g) (n-r) (n-po) (w— 3o) (»*-^o)' 



•s/n — p.n — Pft.n — a ,n—Q^ .n—r.n'—r^ 



-Po 



2o 



(24) 



Confocah of Revolution, 

7. It is also interesting from the geometrical point of view to con- 
sider the results obtained when two of the parameters a are equal to- 
one another, and one of the families degenerates into the system of 
planes through an axis. 

It will be found that in this way a real geometrical construction 
is obtained for the sum of integrals of the third kind. 



Take 



whei-e 



5^=1 (< = 1. 2, 3. 4. 5, 6), 

fli + A 



80 that y, z, x^, a*,, a*^, x^^ x^ are Cartesian coordinates, as the equation 
of a set of confocal ^B^^s of revolution in a space 8j, and let g, r, s, t, 
M, r be the values of \ for the six members of the set through any 
point. The degenerate seventh member of the set corresponding to> 
the parameter p is given by 

y z= z tan $, 
VOL. XXXIV. — NO. 775. K 
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Then, as before, 

2^; , _ (X-<y)(X-.r ) (\-.)(X-0(X- n)(X---r) . 
a,4-'X - n(a. + X) 

, _ ((h'\-g)(ai-\-r)(a,- \- s) (0* + (oi + «f ) (Oi + r) 

/(X) = n(a. + X); 



dg\ 



writing . 

and 4<foJ = S,^-^ d3' = (2=rK3-?K2:=<K2z- «)(!?- »:) ^„. 

(«.+?)' /(9) 

but dsl is replaced by ^dff, that is, by 

_ (£1+5) (<ti+r)(ai+«)(a i + («! +J«) (fb + «) ^^ 

/(-a.) 



b. In considering the " tangent cone," we may without loss of 
generality take the coordinates of the point h^ to be 0, hi^h^j h^, h^, 
^61 ^6 f ^^ ^^^^ ^^s equation is 

(vlt^^X-^ l)( ^' \X ^' l) 

\a, + X 'at-+-X / ^Oi + X 'at+X / 

= (^T +2. ""i -i)' (' = '^' =^' ■*' 5> ®)' 

Voi + X at + X / 

which when referred to its principal axes takes the fomi 



e 



e 



i'. . & 



r + _ii_ + >'-. + _*■ + ,>> _ + >!L + _»i^ = 0. 



^ 

Vw 



^. _ 



a^-+-X \ — q X — r X — s X — i X — u X — r 

Then, exactly as before (I., § 12), the common points of the three 
surfaces T, ?7, V and the three tangent planes T\ IT, V are given by 



^, = 0, f„ = 0, ^, = 0, 



y 



{a^ + t)(a,-^ic){a, + v)(q-r)(r-s){s'-q) 



-e. 



{q—t)(q-u)(q-'v)(r-'s){a,-\-8)(a^'\-r) 

_ _e 

(r— O(r-n)(^-0(«if *)(«i + 5)((Z— ^) 



putting — flj for^ in the equations of I., § 12. 



7- .X' (A) 
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Now, writing, for y, x^dd ; for ^^, ds^; &c., we get, as the differential 
equations of the eight lines in the surfaces T, U, V, 

1 2d0 ^ _€ ^2 

^ _e^ dr 

(«— 5)(ai-|-ir)(a,+5) v^a,-f-r y/(r) 

_. €^ ds 

t 

Writing Q = (aj + g)(a8+g)K + 5)(a5-f-g)(a6 + 3)» •••» 
these are equivalent to 

dii ^^^dr_nds^ 

qdq , , rdr . „ «d« ^v 

2d0 edq edr _ e" ds __ ^ 

vZ/P a,) (tti + g) v^Q (ai + r) VE "^ (04 + *) VS 

and the integral of these is 



or.Q /) (gi 4- A. ) C ai + m ) v^fli -f 7 . g, -h 7. . . ai + ^-.ai + y'o . ai + g.ai -h^o 

COB C7 i^ / \ 

/(-«l) 



(* = 2, 3, 4, 6, 6), 
which is the same as (21). 

9. Also putting ^^y'+e.-^e^- ^;, 

we get, from (A), 

S" . I 



(«!■+■ ?o)(«i + OK + *o) (^ + 0(ai + «*)(ai + v) ' 
and therefore, substituting for y, 



g __ v^ai -f 7_, at H-r . at -f g . g^ -f go . Oi 4- rp . Oi -f jg^ ^^^ ^ 
v/ttj — Ui . Oj — Oi . a^ — ttj . ttj — ttj . a^ — Oj 

which is equation (24). 

In fact represents the " distance " between two points, when the 

absolute is taken to be • • ^v 

y'^Jf,? = 0. 

N 2 
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Paraboloids. 

10. The degenerate case of paraboloids may also be briefly noticed. 
The particular case here worked out gives an integral of the two 

equations ^.^ ^.e 

2 14, = 0, 2 n (u,a) = 0, 



r-l 



r-1 



where u is an ordinary elliptic integral of the first kind, and n (m, a) 
one of the third kind. Starting with 

2_4^=:4a(aj + aX) 0=1,2,3,4), 

Oi + A 

1 shall get 

S J^.ia(x+a\) ^ _ 4a' (X-p)(X-.,)(X-r)(X-.)(X-0 
flt + A n (a^ + A.) 

Then ar* = ^' ^^^^^y^)(^^"^^g)(^^^^^)fa + ^)^"*^*"0 



where 

Also 
and so 



/(X) = n(ae + A). 



a 



4dsl 






The results of I., §§ 2, 3 will not be altered, and I shall get an 
algebraical integral of the equations 



\%-i 



VP. 



+ e 



Vj v/« J VQ./ 



•(f7k-f^.) = »- 






where 

in the form 



e=/{0)= (a, + 0)(a,+0)(a,+0)(a,+ 0), 



+i'+;'o-H?+?o+^+^o+2X = = 1,2,3,4), 
where X is an arbitrary constant. 
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11. I proceed to expi*ess the results obtained in the notation 
adopted in the former communication (I., §§ 5, 6). Making the 
substitutions 



1 1 

P = , «! = 



h—a ' 



0,= 



c — a 



and writing 
I take 



e = a-0,h-0.c-'0.d''0,e-'e.f-e, 



u 



V 



=1 
=1 



(e — X) dx 
(e-/) VK 

(f — x) dx 
(J-e) VX 

dx 



1 



_f.d-2/)Al 

(/-e) VY J 



-f 



(25) 



from which (ic— y) — r = if—y) du-Y (e— y) dv 



VX 



(a? - y) J- = (/—a?) <it* -f (e - a;) (iv 



(26) 



Then [^fl 



-I 






becomes 



and 



dy 



(a-y) VY 



}■ 



I 

[ ^— -f ^2^ = [ «+/-^-y du-f [-^"^^"^^^ (it;. 

J (a— a;) VZ J (a— i/)v/Y J (a-a;)(a-t/) J (a— ar)(a— i/) 



But 



th eref ore 
and so 



y)^Y 



f da- { dy _ u V f tt'F^^n f a^E*dv 

]{a-x)VX ja-yVY a-/"^a-e"^J (/-a) C-^' J (e-a) cM*' 



and therefore 



[]^_[p, 
] VP J ^ 



^7^ becomes 



v/fe — a. — a.d — a, e — a ./ — a 

"" ( a-/ "^ a-e ^ J (/-a) r^« "^ J (e-a) eU* 5 
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Now b—a, a—f, ... can be expressed in terms of a, j3, y, ...,* and I 
finally get equation (6) in the form 



(a/SyScO* ' J (ai) Ul («) tAi ' 



(27) 



where, as in I., § 9, (a{) is written as an abbreviation for 

(»/30(ayC)(aSO(a.O. 
Then, using Z^ (u, v) to denote the function 



f 1 /aF^du ^ nE'dv \ 



I have 
where 



28 



-^ = Z^ (m„ r,) -f ^^ (wj. I'j) ^^A (^8, Vs)» 



(a/3y5eO 

Uj + Wj+Ws^^ and r j -f v, + r, = 0. 



(28) 



12. Let us now consider the transformation of 8* as given in 
§ 2 (8). We may obviously put 

Al '^ At Ai A^A^A^ A^A^At A^A,^A^ 

where X^, A, X', ... are coefficients to be determined. Then, firstly, 
since there is a linear relation between the squares of A, B, 0, D, \ 
may be merged in X, /:*, v ; and, secondly, since S^ must vanish when 

^8, v, = 0, and t*„ r, = — Mj, — rj, 

we have j3X'4-2Xa = 0, ..., 

and we may therefore put 

\A' Al A', P A, A, A J 

(f. . c: . a 



V^J Al Al A^i^J 



♦ For the values of a, (ojSf), ... in terms of a, A, <?, rf, tf, /, see Cayley, Co/L 
JTorkSf Vol. X., pp. 502, 503. Neglectmg a fourth root of unity which occurs as a 
coefficient, it is easily found that 



and that 



>/h — a . c — a . d — a . e — a.f—a «» {a&yi((y/a'. 
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But the coefficient of —2 ' J-^ in S* as determined from (8) is 

^z-- — ,,— — >,— Tv ^' which, on substitutinir c—a=i (ay)/ay, he- 
(b—a){h—c){h-'d) /3* o v /// /» 

comes on reduction — ^ ., — ——* and so we eat, finally, 



4- 42l(> 

+ - 



where 



"O' (C; .CC, pg fiC.C. N 

.»^j££^ / Dj^ . i^ + ^, _2 ^ AAA \ ,29) 

2S 

which is one form of the addition theorem for integrals of the second 
kind. 

13. The transformation of formula (12), § 3, leads similarly to 

q {AEF\ a' A\ l3yc ^ /3V aB,B,A, 

(acO {af3yHy «* ^,0,A giy){WS) PA,A,B,' 

and therefore 

X { (^) ^^' + m ^ - (iTy) ^ } . (30) 

The signs of the terms in the bracket are determined by patting 

(«i. "i) = (ef). («i. "i) = — K. I'j)— («/). 
when S is seen to vanish by the help of the identical relation 

(y&€) (y SO (BEF) B+(oBe)(^,3SOiOEF) 0-(/3ye)(/3yO(i>^*') D = 0. 

This gives the result that, with 

5,u, = 0, S,f, = (r=l,2,3), 

\z^ («„ t.) - ^^ef),aXa, 

^ ( BJi, G,C, D,D, ■) .3j. 

i()3^)(i3S)2?, 0"59)(yS)O, m(^)B,r 
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14. In exactly the same way j _ ^ (§5) is replaced by 
f ^^^, , and {^^ ^-4^^ is eqnal to 



r VNF*du f VNE*dv 



y) 



Now take 



B (a, /3) = 5' = /V6-n . 6-a 



(a, /ij) = C = y y/c—n . c— a 



(32) 



so that a, are parameters of double G-functions for which A (a, /3) 
vanishes identically. Then, since 

(H-g)(n-y) 



(6— n)(c— n)(d— 7i) 



_ {h-x)(b-y) 

{h-n){b-c)(h-d) " 



= -^^^ } (-/30' («|30' g - (are)' («yO' S + (-8*)' (-80' 2 } . 
a (ac) (04) V R (J JJ J 

where the signs are determined from the identity 

(afley (aPiy- (ayey (ay(y+ (aSc)' (a^iy = 0, 



I get 



f VN / F'du E*dv \ 

J (n-a5)(n-y) l(/-n) {" "^ (e-n) eV 



_ f a/3ya ( acQ jyC^JX 
J (ai)(ci?) (^^^)' 
^ (;^) E'^FHu^ (^) jF'^IPdr 

(33) 

This I shall denote by 211 (w, r ; n), or by 211 (w, r ; a, /8), and for 
shortness I write 

J/*=(a/3€)»(a/30'5*0''F'-(ay€)^(ayf)*C^I)';F'+(a8e)^(a80'-^^'^ 



(n— a;)(n-y). 



(34) 



Then formnla (20) becomes 

*S" = n (n,, r, ; n) +n («„ r, ; n) + 11 (t*,, r, ; n). (35) 
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The transformation of (22) gives 

I ^ C" D" 

_ ®lB\E:iM» ] , (36) 






'2 r:i'3 



and, of (24), 



(37) 



which may be written 
Sn (w^, tv; a, /3) 

= sinh-' «(«iy^O* (acO^i.^.^FC'D'^'^l^'SZ^ (u„ tv) 



when 



2 \,ae){aOM^M^M^{AEFy 
2n, = 0, Sv, = (r= 1, 2,3). 



(38) 



Linear Oroupa in an Infinite Field, By L. E. Dickson, Ph.D. 
Received June 20th, 1901. Read November 14th, 1901. 

1. Introduction, 

Various branches of analytic group theory may be coordinated and 
generalized by the study of groups of transformations in an arbiti*ary 
field or domain of rationality. Afield (KOrper) is a set of elements 
within which the rational operations of algebra may be performed. 
Thus the totality of rational numbers forms a field B ; the totality of 
all complex numbers a-^-hy/ — 1 forms a field C. A finite field is 
completely defined by its order, which is necessarily a power of a 
prime number jp, the latter being the modulus of the field. Although 
certain infinite fields may have a modulus p, so that /x+jp = /i, 
rp = 0, for arbitrary elements /i, t in the field, such fields do not seem 
to have been investigated. An example is given by the aggregate of 
the Ghilois fields of orders jp**, for n = 1, 2, 3, ... . 
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In a memoir entitled " Theory of Linear Groups in an Arbitrary- 
Field," to appear in the Transactions of the Americnn Mathematical 
Society J October, 1901, I exbibit four infinite systems of groups 
of transformations which are simple groups in every field. For 
the CAse of the field G of all complex numbers, they are the 
simple continuous groups of Lie, shown by Killing and Cartan to 
give the only systems of simple continuous groups of a finite number 
of parameters. Among them is the linear homogeneous gix)up defined 
by the quadratic invariant* 

d'^Ji'^iiVi'^ '""^imVm- 
The structure of this group, for the case of a finite field, was deter- 
mined by the writer in the Proc. Loud. Math. Soc.y Vol. xxx., 
pp. 70-98 ; with slight modifications, the investigation there made 
holds for any infinite field. Another group investigated in the Trans. 
Amer. Math. Soc, is that defined by the invariant 

(o-^dVi'^iiVi'^ "'"^irnVm- 
The next problem in the same direction is the study of the group 
r„, of all linear homogeneous transformations in an arbitrary field 
F which leave absolutely invariant 



fo — '^J + fl '/l + fs »?»+•••+ fm 17 



mj 



wheref v is in F, but is not the square of any element in F. The 
investigation of r,„ is made in §§ 6, 7 of this paper. The study of 
r,„ may be made to depend upon the senary group Fj. The structure 
of the latter may be derived from that of the quaternary hyper- 
Abelian group. This relation accounts for the treatment of the 
group r,„ and the hyper- Abelian group in the same paper. 

The hyper-Abelian groups in a finite field were introduced by 
me in the Proc. Land. Math. Soc, Vol. xxxi., pp. 30-68. Their 
structure was there made to depend upon the structiu'e of the hyper- 
orthogonal groups. The structure of the latter groups in an infinite 
field presents serious difficulties. The hyper-Abelian groups in an 
infinite field are consequently investigated ab initio in the present 
paper (§§2-5). 



* If we employ the form 2X^» we are led to quadratic equations, the discussioii 

of which presents greater difficulties. The desire is to employ only the rational 
operations of algebra. 

r If K be a square in /*, the form is reducible to a-oyo + ^|i7i + ... +^,h17*m» a oaae 
previously mentioned. We thus exclude the case F = C. 



1901.] 



Linear Gh^oups in an Infinite Field. 



18' 



Consider an arbiti'ary field F not having the modulus p = 2, and 
containing an element v not the square of any element in F. In 
particular, F shall not be the field G of all complex numbers. The 
equation X* — v = belongs to F, but is irreducible in F. By the 
adjunction of a root / of this irreducible quadratic equation, the field 
F is extended to a larger field Q, The elements of Q are therefore 
of the form 5 = a -f fij, where a and /3 belong to F. We set 

q = a — pj, and call q the conjugate of q with respect to the field F. 

In particular, J z= —J, and J, J are the two roots of X* — v = 0. 



2. Definition and General on* of the Hyper-Abelian Group. 
Consider the transformation with coefl&cients in Q, 



S : \ ■"' - (i = 1, ..., m). 



1.= 



2 iHiji+i.in. 



.)J 



Mt 



The conditions that S shall leave the function 
formally and absolutely invariant are the following : — 

yik "^ik 



Ml 

(1) 2 

t-1 



HI 



(2) 2 _' 



t-1 



"(, 


/5« 


a.* 


a. 


«« 


/3o 


y.» 


I, 



= 0, 2 



= 0, 



^1 0" = *) 

U^k) 



holding for J, A; = 1, ..., m. Hence the inverse of 8 is 

r-l . J >-' 



s- 



■ I « _ - 

l^i7i= 2 i—lijii + ajini). 



" (i = 1, ..., m). 



Writing relations (1) and (2) for S~\ we get 



(3) 


2 


«*• 


?*. 


= 0, 


2 


/3« 






1 ■ 


«ji 


r>* 




'-' Hji 


li 


(4) 


2 ! "** 


r*. 


_1 


= *) 




\ X 


•-1 


i^/. 


^i. 


""0 


0'=?' 


= i) 





= 0, 
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If a denote the determinant of S, we note that the determinant of 
S'^ equals cr, so that car = 1. 

Among the simplest transformations which leave <^ absolately in- 
variant, we make use of the following : — * 

= In Vi = — fi ; 

= li+aii (« iti field F) ; 





Mr- 


« 




!'!,„ : 


« 


1 


i;.«: 


/ 


■?^<.. 


, T • C» 


= 


Qu 


..:« 


= 


■B.,> 




= 



All of these transformations except T,, ^ have determinant unity. 

The totality of transformations in the field Q which leave <^ abso- 
lutely invariant constitutes a group called the hyper-Ahelian group 
and denoted by H{2m, Q), We proceed to prove that it is generated 
by the above simple ti*ansformations. 

Let 6^ be any hyper- Abelian transformation expressed in the above 
notation. The product 8'=V'^S has a'^ ^ 0, if we take V = Pj^ or 
Py3f, according as a^ ^fc or y^j^ 0. Then S' = 1\ ^' S^^ vvhei^ 8^ 
is of the above form S with a^ = 1. The product 



^ — Ql, 2, a., -^1, 2, y„ — Ql, in, a,.. -^1, «, y, 



m 



leaves rj^ unaltered and replaces fj by 



M 



Ml 



Hence we may set S^ = W8[^ where S[ replaces (^ by 



ii + ^^i ('• = 711+ Sa,^yyj. 



* The notations are slight modifications of the standard notations for Abelian 
linear transformations in the field F. Only the indices actually altered are indi- 
cated in the notation. 
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The first condition (3), for _; = fc = 1, gives 

1 ''=0. 

SO that r belongs to the field F. We may therefore set 

where S" belongs to H and does not alter (^ Let 8" replace 17, by 
S(Pu£-fa„^). By (4), forj= A;=l,weget?„ = l. Then 

leaves (^ fixed and replaces i|i by 

m m 

We may thus set S" = ^/S^j, where Sj belongs to H, leaves d on- 
altered, and replaces i;, by 

By the second relation (3), for J = ^ = 1, we get k—k = 0. Hence 

Si = L{, ^ 8"% 
where S'" leaves ^i and rj^ fixed. By (3) and (4), for J = 1, 

y*i = ftki = 0» ttii = (^ = 2, ..., m). 
By (4), for A; = 1, we get Cj^ =0 = 2, ..., m). 

Hence S'" involves only d^ rji (i = 2, ..., m). 

After m operations similar to that by which 6"" was derived from 
8, we reach a transformation which leaves fixed every variable, and. 
hence is the identity. 

Between the generators the following relations hold : — 



(5) 



Hence H (2m, Q) is genercUed hy Mi, Li^ «, Nij^ t, 2^, r . 
la view of the relations 



(6) 



r<. r^i'=M T^i-i, r^ ,Ntj^ , = Ntj, ,,-. r^ „ 
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any transformation of J3" can be given the form ^T„, t, when h is 
deHved from the transformations 

each of determinant unity. But T^^r is of determinant unity if, and 
only if, T = ?, whence r belongs to F. But, for any quantity t in 
the field Fy we have 

(8) r,., = i;<i,,.,-.i;,,jf,. 

Hence the transformations of H (2wi, Q) which have detenmiiiant unity 
form a sub-group H^ (2m, Q) generated by the transformations (7), and 
H^ is extended to H by the right-hand multipliers* T^^r- 

Hence Hi is an invariant sub-group of H. This fact also follows 
from (6), in view of the relation 

(9) T- iM,T,, = M,T,,rf. 

3. Structure of the Hyper-Abelian Group JTj (2m, Q). 
Every transformation of H^ is commutative with 

Tk : ii = K(i, rf'i = Krii (t = 1, 2, ..., w), 
which belongs to H^ if, and only if, 

(10) KK = 1, K^"" = 1. 

• 

The various transformations Tk, for which k satisfies the conditions 
(10), form an invariant sub-group K of H^. In order to prove that 
K is the maximal invariant sub-group of J?i, we show that an in- 
rariant sub-group J of jffj, where / contains K without being identical 
with iT, must coincide with H^, 

Let S be a transformation of / not in K. If <S be commutative 
with both 2y<,i and L^i for every i = 1, 2, ..., m, it has the form 

S : il = Oiii, fii = UiTji (i = 1, ..., m), 

where, by (4), a, a", = 1. Since S' is, by hypothesis, not in JK", the a, 
are not all equal. If a, z^ ajj /contains 

which replaces d by a,^+ (a,— a.) rjj. 



* We may restrict t to elements of Q not in F, such that no two elements t have 
a ratio belong^g to F, while every element of Q has with some r a ratio belonging 
toF, 
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Since 8" is not of the form S\ we may take it in place of the initial 
S. Suppose therefore that S is not commutative with i,,i, for 
definiteness. Then / contains 

If 8'^ replaces -q^ by w, the product 8^ has the form 



S, : 



fN 



i-1 



Vi = ^.— /^iw (i = 1, ..., m), 

in which the coefficients of (;\ need not be determined. 

From jSj we proceed to derive a transformation z^ I and belonging 
to /and leaving 2m— 3 variables unaltered.* If 

Oil = /^i. = (i =2, ..., 7/l), 

6\ itself is such a transformation. In the contrary case, the trans- 
formed of /S, by some Py or F^j M^ will have a^j ^ 0. Consider there- 
fore iS, for ttj^ :^ and transform it by the product A, 

which denotes the transformation (where vi is not given) 



A : 



^ = fi, v<i = ^„ ^ = f.--^f, (1 = 3,.. .,m), 
'/.' = '?.- -fs (^- = 1,3,4, ...,m). 



ii 



Then 8[ = A~^ SiA leaves unaltered rj^, f„ rji (t == 3, ..., w). Trans- 
forming S\ by Pjj, we obtain in J the ti»ansformation (not the identity) 

I i'l = oji ii + yji 7i + ^8 + yji nty Vi = '?2» 
since ajj = jgj, = 0, a^j = 1 by the hyper- Abelian relations.f 

The group J therefore contains 82 ^vi,i Sj ^1,2.1 • 






* The argument asBumes that *w > 1. For m = 1, see the first note in § 4. 
t Henceforth we do not write ^, t?, (i - 3, ..., fw), when not altered. 
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(a) If /3„ =0, «?„ :^ ] , then iS, has the form 



(11) f« = ^' + ^"''" "•="•1 (,„:^0). 

By the hyper- Abelian conditions ci^ = 0, y,i = 7i„ y„ = 7„. Hence 
S, has the form (with o :^ 0) 



(12) 






5f': 



(6) If ^Sjji^O, a„ = 1, J contains M{^ S^Mi, which is of the 
form (11). 

(c) If )3ii :jfe 0, aji :^ 1, the transformed of S, by Tj ^ T^^ ^-i is 

,, \ i[ =- ii-^- "1- (1 -oji) 1,,, 17; = i/i— "y ,y^ 
»' • J (If (,»• 

Then /contains S'S^^, which replaces fj and 171 by, respectively, 

fi+(-^ -l)(l~«ii)'?,, >7i-(=-'-l)/3n'7,. 

Choosing* « in F different from 0, ±1, we have ai = w, u>*z^l. 
Transforming the resulting transformation by ilf„ we reach a trans- 
formation (11). 

(d) If /3,i = 0, «!! = 1, S^ is the identity. Hence S^ is commutative* 
with ^1, 2, 1 ; so that ^i, = 1, 0,1 = 5,,. By the hyper-rAbelian conditions, 

^u = — ^iv yji — rn ^8— Tu = 0» rii = rn- 

If yjj = 0, Sj reduces to the form S, and is not the identity. If 

7„ :^ 0, we transform S^ by Qa^i.T, where '"yn + yu = 0, and obtain 
the transformation 



r ({ = ^1 + yu »?i, m = 

I ^ = f J + ^is^i + yii Vi + yiii;,, »7J = 



It. 



where y„ = y^, ^^ = — ^,„ y« = yn^ij. If ^1, ^ 0, we consider 

U2 = fj + 6 (fi. >7i, i7i\ »/» = Vi^ 



• If f is of finite order p^, the choice iii valid if />* > 8. 
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which is of the form 8^ above, and is not the identity.* If 5^ = 0, 
V is of the form Li^^^L^^^ with y, :^ 0. Transforming it by Ti.^, 
/A belonging to the field F, we obtain L,, ^.^^ i^ ,,. Multiplying it by the 
inverse of a similar transformation, we get in / the transformation 
Li^r, T = y,(/i*— /ij). Taking 

we get r = yjp. By proper choice of p, we can make r assume any 
given value in the field F. 

It remains to discuss the transformation (12), in which a and (i 
are not both zero. If a = 0, it is L^, ^. If a :^ 0, it is transfonned 
by Q'i, 1, T into the transformation 



( 



(i = f, + ai7i-|-(/3 + ra + ra) 17,, rji = 17,. 



Taking t so that ra is a root ot x-\-x = — fi^ an equation solvablet in 
Q since ft belongs to F, we reach in the group J the transformation 

Ni^2.a' But 

Since ri,Tf 2*2,T-i has determinant unity, it belongs to jff,. It trans- 
forms ^1,2, a into Ni^2,aT*i which therefore belongs to J. Hence /con- 
tains ^i,2,p» p = a (^1— ''j)> where p can be made to assume any given 
value in the field Q, Having N^^ i,i, J contains 

(13) Lm = (^2^2.1)-* -^,,2.1 (^^22^2.,) m;'n;XiM.n,^,,,. 

Hence, in every case, /contains the transformation Lj^ry where r is 
arbitrary in the field F. Then / contains 

Transforming by Pi„ we reach every 3f, and Li^r' Then, by (13), / 
contains ^1,2,1- As above, we reach in /every Ni^2,py P in Q- Then, 
by (5), /contains every ^i.^,p, Q,,y.p, Bi^j,p, Pij- Since 

J contains every T^^ - Tj^^, /i in the field Q, But, by (8), / contains 



* If there be a modulus p, we assume that p^2. 
t If Uie modulus p, when existent, differs from 2. 

VOL. XXXIV. — NO. 776. 
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every T^ ^yt in F, Hence, since fx^ belongs to F, /contains every 
T^^^-\TJ^^. Since / therefore contains every generator (7) of H^, we 
conclude that /= Hi. Except for the case when Q has a modulus 2, 
we have proved the theorem : 

The maximal invariant sub-group of the group Hi (2m, Q) of hyper- 
Ahelian transformations of determinant unity is composed of the trans- 
form4xtions T,t, which m,ultiply every variable by the sams factor r. The 
group of the transformations of H^, when taken fractionally, is simple. 

4i. The Abelian Linear Group. 

Those transformations of J7(2m, Q) whose coefficients all belong 
to the included field F form a sub-group, the general Abelian linear 
group in the field F. It is designated OA (2m, F). The Abelian 
transformations of determinant unity form a sub-group* called the 
special Abelian linear group in the field F, SA (2w, F). By the proper 
specialization of the above developments, we obtain the theorem : — 

The special Abelian group SA (2m, F) is generated by the transforma- 
tions Mi, Li^ay ^i,j.ay whcrc a is arbitrary in F. Its m^zximal invariant 
sub-group is composed of ihe identity and the transformation T^\, which 
changes the sign of every variable. 

The maximal sub-group of H (2w, Q) within which SA (2m, F) is 
self -con jugate may be determined as in the au thorns paper in the 
Proc. Lond. Math, Soc. (Vol. xxxi., pp. 34-40). We derive the 
theorem : — 

Every transformation of J3"(2m, Q) which transforms the group 
SA (2m, F) into itself may be expressed as a product UV^, where U 
belongs to SA {2m, F) and F. denotes the transformation 

We may restrict a to those elements r of Q of which no two have (w 
ratio an element in F, while every element of Q has with some r a ratio 
belonging to F. 



• For ♦« = 1, they are identical : Hi (2, Q) = SA (2, F). Each is the group of 
all binary transformations in i^ of determinant nnity. It is shown in the Traits, 
4mer. Math. Soc. (/.r., § 1) that the structure in the case m » 1 follows the same 
law as in the case m > 1 . 
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5. Structure of a certain Senary Linear Group. 

The preceding resalts concerning tlie structure of the quaternary 
hyper- Abelian group Hi (4, Q) in the field Q may be applied to deter- 
mine the structure of a senary group in the field F. The latter group 
plays a fundamental role in the later investigation of a general class 
of linear groups defined by a quadratic invariant. 

We consider the second compound* of the group H^ (4, Q) and 
obtain a senary group in Q with the absolute invariantf 

In the second compound, we introduce new variables!!; 

Vl = ^18> ^1 == ■*f4» f S == "~ ^I4» ^8 = J^»' 

The invariant F^ is changed into the negative of the function 

(14) {i-yvl+ixVi+iti,, 

where y = cT (see § 1). Hence to the group Hi corresponds a senary 
group Gi with the invariant (14). To the transformation Tj « Tj ^-i 
of Hi corresponds 



&i = ^o+M(ii ^i=ii» fj = «w^„ 



(15) 






= - /'fo + ^''o* ^l = ^1' Vi = (<«'«^) " * Viy 



where 



ae) x = j(| + ^), . = i(^-f). 



« 

Since 7= — /, it follows that \ and ft belong to the field F, 

Now Gi contains g = r^„ 17J = t'^t;, if, and only if, r is a square 
in the field F, Hence G^ contains 



(17) [A,/!]: 



7i = — /^o+^iyj 

y 



(x.-l,. = i) 



♦ iVar. £o«rf. Math. Soe., Vol. xxx., p. 81. 

t For the case of finite fields, see Bulletin Amer, Math, Soe,^ Vol. 71., p. 323. 

X If there be a modulus p, we assume henceforth that ^ ^^ 2. 

o2 
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III 

T 



if, and only if, ww is a square in F, By (16), we get 

X + ilJJ = w/w, X — fijj = «/•#. 
Then, if ww = ^, where t is in F, we may set 

Hence, by taking the product of the two, 

Since w/«u = w'/^'i we get 

X = a*+— )P = 2a*-l, ,JL = 2ap. 

Hence, if O^ contains [X, /i], the latter is of the form 



™ t-«'^ ^^ = f .^^«^' 



2-^17, ] ^ 

I fa'- A /3» = 
'-1)^.J ^ " 



= !)• 



We next show that, inversely, every [a, /3]' belongs to G,. We set 
X = 2a'— 1, /I = 2a/3, and show that equations (16) can be satisfied 
by an element to which is a square in Q, so that utu is a square in F, 
The conditions give 

The latter follows from the former, since 



(-^)("^)=(-f){-i)=-*-i;=«'->='- 

Let a+/3/J"= Wj so that w = 1/w, We seek the solutions m of 



w ) w 



We may take w = rti;, where r is any element :9i^ in F. Since 

the value r = 2/(a + 1), for a :^ — 1, makes rw;, and hence also no, a 
square in Q For a = — 1, then /3 = and [a, /?]' is the identity. 
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Hence G^ contains [X, /*] if, and only if^ it be of the form (18), 
To the transformations 3fi, M^, i^i,xi A,x> -^i.a.x of jff,, X being in F, 
there correspond the respective transformations of G^ : 

^U -f^ia -^2, - 1 > ■'IJ^I, -1> ^M,i,X> Ql, 2,-X» -^CltX? 

and to ^i,2,Tj where r = — r, corresponds Z7o, i,x» where X = Jr belongs 
to F. The notations employed have the following definitions : — 






0,i,A 



u; 



o»i.A 



z 



o»ifX 



T 



17.' = Vi + Xf^, 

vo ^^ vo ^»i» 



7o — Vo "t 7;» 



ij = £— Xi/.; 
>7i = 1?/— X^. ; 

S = £ + 2X^„-X^i;,; 

12; = 12, +2X^0-^*6; 



'7o = >7o+ — ^y, I?;' = i|y+2Xi7o+ — ij ; 



Between these transformations exist the relations 

(19) F,,,,» = Sj'TF,,,,So, Q<j., = Sj\'W^j,,Sj„ 

(20) Yo,;,x = ^>* ^0.>. X Sjk , ^OJ. X = Sj^ k ^<W, X Sjk . 

Since the group Jff, (4, Q) is generated by the transformations (7), 
we may state the earlier result in the following form : — 

There exists a senary linear group G^ in the field F, which leaves the 
function (14) absolutely invariant, and is generated by iS,,, PujTj, _|, 
TF|,2,x» Qi,2,x» •^o.i.x? and (15). It contains the transformations (18) and 
^o,\,x- If — 1 i^ a square in F or if — 1 and — v are both not-squares 
in F, then 6?, is a simple group. If —1 is a not-square and — v is a 
square inF, then G^ has the m,aximal invariant sub-group [j, T], where 
T changes the signs of the six variables. 

To verify the last statement, we must determine the transforma- 
tions Tk, where k* =1, kk = 1. Let i be a root of »■ = — 1. There 
are three possible cases. 

(1) If —1 is a square in F, then i belongs to F and 7 = t ; so that 
it = t* = — 1. Hence k cannot be ± i. 
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(2) If —1 is a not-square and — f is a square in F, then — r is a 
square in Q and y is the square of /in Q ; so that —1 is a square in Q. 
Hence t is in Q, bat not in F, Let 

i = x+Jy (as, yinF,y^O) ; 
therefore —1 = a5'+vy* + 2ajy/; 

therefore ajy = 0, aj'+»^ = — 1. 

Hence « = and — ^ = (*^)*. Hence 

i = Jy, 1* = — /y, ti=l. 

It follows that K may be ±1 or =bi. 

(3) If —1 and — v are not-squares in F, then t is not in Q, For, 
if I = a?+/y, « and y being in i^, then y ^ 0, since i is not in F. As 
in case (2), a; = 0, — v = (»'y)* = square in F, This being contrary 
to hypothesis, k cannot be zk i* 

In cases (1) and (3), ic = db 1; so that every Tt corresponds in the 
second compound to the identity. 



6. Definition and Generators of the Group V^. 
We study the group F^ of all transformations in F, 



(21) 8: 



SM 

i-o 

m 



(t = 0, 1, ..., m), 



which leave formally and absolutely invariant 

¥ being a not-square in J''. The conditions on 8 are 

(22) < -viai+ s a,/3, = P 0; = 0) 

«-i to (j = 1, ,.., m), 

(23) yj- .8J,. + 5 y«8, = J -" O; = 0) 

<-i to (_; = !, ..., m), 



(24) 2a^a«-2.'/?,^|3,t+S(ay/3„+a„/3(,)=Ol ,.. „, 

i-i I /J, fc = 0, 1, ..., m\ 

(25) 2y^y„.-2v^.8«+ 2(y<,8„ + 7«8„)=oJ -^^^ 

(26) 2a,.y.-2./J,^+ S (aA+r«/3.) = {J gljij^,,^.^,) 

0', A; = 0, 1, ...,m). 
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In view of these relations, the inverse of 8 is 



S-': 



fo = 



m 



V'o 



^ = 



/ 

Vi 



«oo^o— ''^oo^o + i 2 (fijo(j-\-ajorij), 
1 1 ** 

Nl 



(i = 1, ..., m). 



Writing relations (22) -(26) for the transformation /S"', we get 
(29) i)3;„/3»,- >-8«8«+ 5 (8,</3«+8„/y = ] 



• -1 



m 



(30) ia>o «*o— ^ y>o y*o + 2 (yji a^i + yw a/<) = 



2v 



/j,Aj = 0, 1, ...,m 



). 



i-l 



(31) i/3>oa«-^/.r«+ 5 (8,a„ + A,y«) = {J ^zttSX^j^,^^ 

(j, k = 0, I, ..,, m). 

3%e transformations of determinant unity in V^form an invariant sub' 
group T'„^ of index 2,* generated by 



(32) 






'^•,y,x» ^v»x> Q»,>.x» ■^o,i,x» ^o,>.x» ^a,J»Xi ^o,>,xj 
P</ and [A, /i]. 



Let 8 be an arbitrary transformation of T^ and let it replace f, by 



m 



/l = 2 (ayf^ + yyl^y), 

JmO 



* If JET ifi a sub-group of an infinite g^up O, and if the operators of G may be 
expressed uniquely in the form hSi, where h belongs to S and where the Si are not 
in Bf the nimiber of the Si is called the index of JET under G, 
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where, by (27), for j. = 1, 



(33) „J,-lyJ,+4Sa,..y,.. = 0. 



We proceed to determine a transformation 2 which replaces d by 
/i and is derived from the transformations (32). We note that 
«i»i yii (* = 1» •••» ^) are not all zero, since otherwise a,Q ^ yj^^ = 
by (33) ; so that /, = 0. Three cases arise : — 

(a) If Oi, ^ 0, we may take as 2 the product 

^ = 2\, a„ ^O,l,iyio^0, 1, h^,o^^ 

in which K denotes the transformation 

^ = Ql. 2, ai, ^1,2, y,8 — ^1, m, a,^ ^1,«, Yi« » 

SO that 7? replaces f j by 



fi— 17, 2 a„y,^+2 (o,y6 + y,,i2,). 

In view of (33), we see that S replaces f, by/j. 
(6) If yn Tjfc 0, we may choose for 2 the product 

where K' is derived from IT by interchanging Oi, with y^. 

(c) If tt]^ = yy = (j = 1, ..., fi— 1), while ai, and yi, are not both 
zero, we obtain 'by case (a) or case (6) a transformation 2' which re- 
places $, by/,. Then 2 = 2'Pi, replaces f, by/,. 

We may therefore set fif = 28*, where S' is a transformation of T^ 

9 

which leaves f, unaltered. Let 8' replace 17, by 

/;=2(/3ye+8„.^), 

where, by (31), for j = fc = 1, 8„ = 1, and by (28), for j = 1, 

It follows that the product 2, : 

^0, 1, i«io-^0,l, i^,o^8,l, -^18^2.1, -«,3 — ^«i,i, -^1^^, 1, -«,„ 

leaves f , fixed and replaces i/, by /[ . We may set 
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where S^ is a transformation of V^ which leaves f, and Vi unaltered. 
If 5, be written in the form (21), it has 

yu = /5v = 0* = 0, 1, ..., m), 
«!! = ^11 = 1» <^u = ^y = (J = 0,2, ..., m). 
Then, by (29), (30), and (31), for j = 1, and by (31), for A- = 1, 

flki = Vki = o»i = ^^1 = (j. A; = 0, 2, ..., m). 

Hence Sj is a transformation of r„, which involves only 

ii, ni (i = 0, 2, ..., m). 

We proceed with S, as we did with S. After m—\ such steps, we 
reach a transformation Sm-\ which involves only the variables fo> %•> 
imi V»*- Transforming it by Pi„„ we reach a transformation S in- 
volving only $^ rjQ, i^, rj^. Let it replace fj by 

If a^ T^fc 0, we proceed as in case (a), taking K= I. If a^ = 0, then 
a,o = v,o = by (33) ; so that y,i ^^fc 0. We may therefore set 

where L does not alter ^j. Let L replace i/j by 

where, by (31), for^* = A: = 1, and by (28), for J = 1, 



Hence 



^11 = 1, ii3?o-;^^o+/3n^n = 0. 
^ = ^0.1,i«^o^0,l,J^,o^^ 



where X' does not alter fi and iji, and therefore involves only f^ and rf^. 
Let Zr' replace fo by aoo^o+yoo'?o» where, by (27), 

Hence X' = [o^q, yoo] ^"j where i" leaves ^q fixed and replaces rj^ by 
/3co^,>+^oo»?o. By (31), for j = ^- = l, /3oo = 0. Then, by (28), for 
; = 0, ^Jq = 1. Hence L" is either the identity or else Y^, which 
alters only yjq, whose sign it changes. But 

^0 = ^oj, -V Zoj, 1 ^0, j, -V ^j, K-» ((jrij)' 
It follows that any transformation of r„ may be given one of the 
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two formfl : A^ A ((^rj^^), where A is derived from the transforma- 
tions (32), all of determinant unity. 

7. Befinitioyi and Structure of the Group Q^. 

m 

In view of § 6, the senary group Fj contains a sub-group (?, which 
contains the transformations 

^m -^la^i, -1» **^l,2,>i Ql,2,X» -^0,1.X? ^o,i,x» Ti^xT2,x^ Ti^x*^ 

together with (15) and (18), but does not contain Tj,^ or Ta,^, when 
fi is a not-square in the field F. 

Denote by (?„ the sub-group of T^ obtained by extending G, by 
Sij (i, J = 1, ..., m). In view of the formulae 

^i. X ^0, i.T — ^0. i, tX ^i. X' ^i, X ^0. i, T = ^0, i, tX ^i, X' 

it follows that every transformation of F^ may be expressed as a 
product BT^^x, where B belongs to (r,„. 

Om is an invariant sub-group of FJ^ and is extended to the latter by the 
right-hand multipliers 7'„, ^, where p runs through the series of those not- 
squares in the field F the ratio of no two of which is a square in F, 

Let K be an invariant sub-group of 0,^ which contains a trans- 
formation S, neither the identity I nor the transformation T which 
changes the sign of every variable.* Let m ^ 3. 

Lemma I. — The group K contains a transformation which multiplies f, 
by a constant and is neither I nor T. 

Let the given transformation S replace d by 



m 



/i = 2 (ay(j + yyrij) [subject to (33) ] . 
(a) If 711 :jfc 0, Qfn contains the product P ; 

^V >,V ^2, YiV ^0> 1> iVio ^0, 1, §aio ^2, 1. -y,ia„ Q?, 1. -yu\y»^> 
^= ^B, 1, -ajs^S, l,-yi3 ••• ^m, 1, - o,,^ Qro, 1, -yj^' 

We find that P replaces ^i by ynii, and rj^ by /j. Hence K contains 
Si = P~\SP, which replaces i^ by yiV'7i- 

If S*i multiplies f, by a constant, its transformed by PuTi^.i yields a 

* In certain cases T belongs to (?„» ; in other oases it does not. 
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transformation in K which multiplies fj by a constant and is neither 
I nor T. 

If 8i does not multiply f, by a constant, there exists* in 0^^ a 
transformation C which leaves f j and % fixed, and is not commutative 
with 8i ; so that K contains S[^ C'^Sfi^ which leaves ^i unaltered and 
is neither / nor T, 

(6) If yi, = 0, we may take a^ ^ 0. In fact, if 

then ttio = yio = by (33), while the y^j are not all zero ; but for 
y,, zfi 0, for example, the transformed of 8 by 8^ has aJa ^ 0. Setting 

we find that G^a contains the product B : 

which replaces f, by /j, without altenng fj. Hence IT contains 
fifi = B~\SR, which replaces fj by f,. It follows that K contains a 
transformation, neither I nor T, which leaves d and iji unaltered.f 

Lemma II. — The group K contains a transformation which does not 
alter d or r|^, and is different from the identity. 

In view of Lemma I., K contains a transformation S, neither I nor 
T, which replaces fj by afj, and ly, by 



m 



5(/3u6 + ^v'?i)- 



>-o 



By (31), for j = ^ = 1, 8^, = a'K By (28), for j = 1, 

(34) i/5?o-|;^?o+2/3.a,. = 0. 

(a) Let /3,i = 0, /3y = Oy = ( j = 2, ..., m). Then /3^ == ^lo = 
by (34). Hence 8 = Ti,./Si, where 8^ leaves f| and lyj unaltered. As 
in § 6, case (c), /Sj involves only the variables 

fo. ^;. »»/ (; = 2, ..., m). 



♦ We may take C— Vz,z,x or Qs,2,*« S®® '^'^^- L<md, Math. Soe., Vol. 
top of p. 74. 

t The proof is identical with that in Froe, L<md. Math. Soe,, VoL xxx., middle 
of p. 74. 
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If a = 1, the lemma is proved. Suppose then that a :^ 1. If 

which changes the signs of f„ 17, (t = 0, 2, ..., m), the value a := — 1 
is excluded, since S^ ^ T, Then S^ = T,,.. ^^ I. If iSj = J, then 
jS^ = Ti^. :jfc /. In either case, we transform by Pi,Tj^ _i and obtain a 
transformation ^^fc I, which leaves ^, and t/i fixed. 

If /S, be neither r nor J, there exists in Q^ a transformation 2|, 
affecting the same variables as does (9„ and not commutative with 8^ 
(compare § 3). Then K contains 

which leaves f, and 1;, unaltered. 

(6) Let /3ii = and ^y, S^ 0=2, ..., wi) be not all zero. By § 6, 
6?„, contains a transformation L which does not alter f^ or 17,, and 
replaces f j by 

m 

i-2 

subject to (34). Hence K contains Si = L'^ SL, which replaces fi by 
af,, and rj^ by a'^i/j + f,. The latter function is invariant under the 
following transformations of G^ : 

If any one of these, say 2, is not commutative with S^, then K con- 
tains 81 ^ 5"** 81 5, which leaves f 1 and iji fixed and is not the identity. 
But, if 81 be commutative with both Qz,2,x and F2,8,x» it replaces ^, 
and 17, by, respectively,* 

If /S\ be also commutative with u4 = Ti^x^'j^x-" (^=?^ 0, 1), we find, 
upon equating the functions by which A 81 and 81 A replace 17,, that 
/3^ = ^^ = 0. Then the transformed of 8^ by PisTg,.! multiplies fj 
and 171 by the same constant. We proceed as in case (a). 

(c) Let /3„ T^fc 0, and let /3y, 81^ (j = 2, ..., m) be not all zero. By 
an evident transformation within (?„, we may take ^,j :jfc 0. Trans- 
forming 8 by Ta,,^, Ts^,,,, we reach a transformation iS' with fi^ gfc 0, 
c„ = 1. Employing (34), we find that 

^ = ^0, 2, §«io ^0. 2, i^,o Qs, 2, -«j8 ^2, 8, ^18 • • • Qm, 2, -«i„. ^2. m. ^,^ 



♦ Prw?. Land, Math, Socy Vol. xtx., bottom of p. 76. 
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does not alter ^„ 17,, ^,, bat replaces q, by 

i-s 

Then iT contains S^ = D'^S'D, which replaces (^ by o^j, and rj^ by 

We proceed as in Proc, Lond. Math. Soc, Vol. xxx., bottom of p. 76. 

(d) Let /5„ :jfc 0, iSy = ^y = 00' = 2, ..., m). Then, by (34), ft^ 
and ^nj are not both zero, while <^,i = a"\ We find that 

where Si leaves f, and iji unaltered, and so does not involve them. 
Since Tj^ ^ transforms Yq^ j ;^ into Yq^ i, ap'* *^^ transforms Zq^ j^ ;^ into 
^0,1, Ap-^ since the inverse of Yq^^,^ is Yo,i,-a» 8"^ce ro,i,x a.nd 
Zq I ^ are commutative, and since 

^0, 1, A ^0, 1, /. = ^0, l,A+^i' 



we find that 



^l.J'S^^lp-^ = ^0,l,Ta«io^O,l.Ta^io ['" = ^ (^'^ "" !)]» 



which belongs to IT, and is not the identity ol p::^ 1. Its transformed 
by PitTi^ -1 leaves (^ and iji unaltered and is not the identity. 

In the proofs of Lemmas I. and II. we assumed the existence of 
the variables ^„ ly, (i = 0, 1, 2, 3) only. Hence, if m ^ 4, we may 
repeat the process and obtain in £^ a transformation which leaves 
fi> *?!> iij Vi nnaltered and is not the identity. After m— 2 such steps, 
we reach a transformation which involves only f„ ly, (i = 0, m— 1, m). 
Transforming it by Pim-iPim? which belongs to O^, we obtain a 
transformation :jfc I which involves only ^„ -7, (i = 0, 1, 2). We can 
readily avoid the case in which it multiplies those indices by — 1. 
In view of the structure of G^ (§ 5), it follows that K is identical 
with O^. 

The maximal invariant sub-group of (?,„ contains no transformation 
other than the identity and T, 
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On the Solution of Dynamical Problems in term^ of Trigonometric 
Series. By E. T. Whittakbe. Received and read 
November 14th, 1901. 



1. The solution of a dynamical problem depends on the in- 
tegration of a system of ordinar}^ differential equations, in which 
the time is the independent variable. It is therefore always possible 
to express the motion in terms of infinite series proceeding in 
ascending powers of the time, and these series can easily be found ; 
in fact, if the differential equations of the dynamical problem be 
written in the canonical form 

dt dp/ dt dq^ ^"^ A.A...,n), 

then when H does not involve the time explicitly the solution is 
given by 2« equations of the type 

q, = a,-h(^-g(a., X)+ (^^^((a,, K), K) 



3! 



4! 



I • • • ? 



where Oj, a,, ..., a„, 6,, 6^, ..., 6„, t^ are the initial values of 
9i» ?n -M S'bi i^uPa* •••,i>H, t, respectively, and K is the same func- 
tion of aj, Oj, ..., a„, 6i, ..., 6„ that H is of ^i, g„ ..., 5^, 6^, ..., 6., 



and where 






This method can without much difficulty be generalized to meet the 
case in which E. involves the time explicitly ; and, from the purely 
theoretical point of view, the solution of any dynamical problem is 
completely effected by these series together with the aggregate of 
the series derived fi'om them by the process of analytic con- 
tinuation. 

The unsatisfactory nature of this result is, however, evident when, 
we consider that these expansions in 'general converge only for very 
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limited ranges of values of the time, and that the actual execution 
of the process of analytic continuation is attended with great dif- 
ficulties. Moreover, the series fail to give what is often most needed, 
namely, a ready indication of the number and nature of the distinct 
types of motion which are possible in the problem. They are, for 
example, of no assistance to the investigator who aims at classifying 
the different kinds of orbits descnbed in (say) the problem of three 
bodies, and determining the periodic and other remarkable solutions. 

It may be noticed that the necessity for analytic continuation can 
be avoided by a change of the independent variable, as was shown by 
Poincare ;* the integral of the problem is then expressed in series 
proceeding according to ascending powers of the new variable ; but 
this equally fails to overcome the second of the difficulties mentioned 
above. 

A method is given in this paper for the expression of the solution 
of a dynamical problem in terms of trigonometiic series. Each set of 
series will represent a family of trajectories, the limiting member 
of the set representing a position of stable equilibrium in the 
dynamical system. The process adopted may roughly be described 
as that of working outwards from a position of stable equilibrium ; 
when such a position has been found the equations are transformed 
by a change of variables, the new variables being such as would be 
small if the system were merely describing small oscillations about 
equilibrium; after this the equations are again transformed by a 
change of variables, the new variables being such as would change 
but slowly if the system wei^e describing small oscillations ; and then 
the equations are again repeatedly transformed by changes of the 
variables, the result of each change being the destruction of one term 
in the Hamiltonian function — the process in this respect resembling 
that which underlies Delaunay's lunar theory. When all periodic 
terms of the Hamiltonian function have been destroyed the equations 
can be integrated, and the final solution of the dynamical problem is 
presented in the form of trigonometric senes. 

As an example of the results attained by this process, the problem 
of the simple pendulum may be considei'ed. The equations of motion 
of the pendulum are 

dt 3p dt ()q 



• Acta Mathematica, Vol. iv., p. 211 (1884), 
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where q is the sine of half the angle made by the pendulum with 
the vertical, and 

The form of the solution which is the goal of this paper is 

where K and t^ are two arbitrary constants and 

it being understood that IC is the complete elliptic integral comple- 
mentary to K. This expansion does, in fact, i^epresent the solution 
when the type of motion is oscillatory, i.e., the pendulum does not 
make complete revolutions. 

2. Consider then a dynamical problem, expressed by the differ- 
ential equations 

(Zi aff </;>,__ Off , J ., 

dt cV ' dt - Sj, ^' - ^' -• •••' "^' 

where (/p q^, ..., qn, Pi^Pt^ "-^ Ph ai'e the generalized coordinates and 
momenta, and H is a given function of these quantities, not involWng 
the time f explicitly. 

The algebraic solution of the 2n simultaneous equations 

^1^=0, ^-^ = (r = l,L>, ...,.0 
dp, Vq, 

will furnish in general one or more sets of values tij, a*, ..., «,, 
/>!, ..., ?)„ for the quantities (/„ (/*, ..., q^, p^, .-., p,.n respectively; and 
each of these sets of values will coii'espond to a foim of equilibnum 
or steady motion in the dynamical problem. 

Take one of these sets of values flj, a,, ..., o„, fej, ..., h,^: it is re- 
quired to tind expressions which represent the solution of the 
dynamical problem when the motion is of a type terminated by this 
form of equilibrium or steady motion. Thus, if the dynamical 
problem considered were that of the simple pendulum, and the fonii 
of equilibrium chosen were that in which the pendulum hangs 
vertically downwards at rest, our aim would be to find expressions 
which rei)reseut the solution of the pendulum pix)blem when the 
motion is of the oscillatory t^-pe, i.e., when the pendulum does not 
make complete revolutions in the vertical plane. 
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Authors of Paju'is intfUtied T'T coTtiniunicatioti to the Society are requested 
to furnish t(. the St'ci« tarii-.- short abstracts ol" ihi'Ir l'apcr^, indicatinjc the 
nature ot' t!ic nu-liio«ls cnij»Ioy»Ml jni«l tin* rliasm'ter ol' the lesulls obtained. 



C'-jmnsuniiati'Ti"* fi-r thf S<'crt:laric.«* nia\ br forwauinl to ihcm at the following 
tddr'-s."*'.* : — 

L'-ndoii ^lathoniatical S<.Hi«'t\, 'I'l Alhvni.-irir Street, W. ! . ' , _, ' " 

V A. h. Ii. Love. 

Hi i>t. ^lui^'AivVif ItoaJ, Oxii.rd. — V. K. 11. Lovi:. 
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Take then new vanables q[, q2, ..., gi ; p'l, ..., j?i defined by the 

equations , , / , , « x 

</, = o^+5„ p,= b,-^pr (r= 1, 2, ..., n). 

The equation H become 

dq: _dH dpr__dH (r--l 2 n) 

where H. is supposed to be expressed in terms of the new variables. 

For sufficiently small values of the variables ^I, g^, ..-jI'hj the 
Hamiltonian function H can be expanded in a multiple power series 

in the form If = H<, + H, + ff,-hfl.+ ..., 

where B* denotes terms homogeneous of the /p-th degree in 
5h 9«> •••» I'm* combined. 

Now, since H^ does not contain any of these variables, it exercises 
no influence on the differential equations, and so it can be omitted 
altogether. Moreover, the fact that the differential equations are 
satisfied when ^l, q-i^ . . . , p'» are put permanently equal to zero 
requires that H^ should vanish identically. The expansion of H in 
ascending powei*s of the new variables therefore begins with terms 
involving their squares and products. 

Henceforth we shall suppress the accents, there being no risk of 
confusion with the old variables, and so the system of differential 
equations of the pi-oblem can be written 

dq,. _ vR d]o,__dH , - 1 9 n^ 

dt dpr '" Cq^ 

where for sufficiently small values of the variables H can be ex- 

pandedas H = m + E,+H,+ ..., 

and -Hj can be wi'itten in the form 

where a„ = a,„ cv, = f,n K ¥" K- 

3. The next step is to find a new set of variables which will 
exppess ifo in a simpler form.* 



* In obtaioiDg the transformation of thin article I use a method suggested to me 
by Mr. T. J. I* A. Bromwich, M.A., Fellow of ISt. John's Goilege, Cambridge, whi^h 
seems to furnish the transformation more directly than the method I had myself 
devised. 
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For this purpose, consider the set of 2n equations 






On solving these, we obtain for \ the equation 



0=1, 2 n). 



= ' ^u, 



«1,M 



• ••, U\n j 



(I. 

.... '■•'MM » 



^ll + ^J .••♦ ^ 



In 



"ll~"A, .... />„! ; 



^>»I, 



^IP 



•> ^nn'^'X 



• • • » ^iM 



ft|»n 



J, X • r 

. . . , l»nu ** , I 



li» 



. . . , C, 



lilt 



Clearly, if \ be a i*oot of this equation, then —X is also a i-oot. 

Coiresponding to each ixx)t X thus furnished, there will be a set of 
values for the ratios of the quantities .r,, ii'j, ..., t/j, ...,y„. Let the 
roots of the determinantal equation be X,, X,, ..., X^, — X„ — Xj, ..., — A„; 
let a set of values of .r,, a-*, ..., //„ coii*esponding to X,. be denoted by 
,.tp ..., ,A\,^ ,.1/1, ..., ,yn ; and let a set corresponding to the I'oot — X^ be 
denoted by .^r^, a*,,, _,.//,, ..., .,.?/„. Then we have 

~ ^r ryp ^^ ^Vl '**'l I • • • I <'/>ji !-'■« 4" t';.! r//l T" • . . + O^m rlln • 

Multiply by ^v^, and ,//^„ and add to the similar results for other 

suffixes. Then x .c / v tx / v 

X, 2 ( ,.r ,// - ,.r ,y) == n(r, s), 

where the summation is extended over all equal suffixes of a*, y, and 
where 

H (/, .s) = <fn ,<i', ,.i'i 4- «'/,3 (,-/', ^<'2 4- ,.^', .^Tj) + . . . + 61, (, J-i ,y, + «.Ti ,y,) + . . . 

... + Cji ,.?/| ,2/1 "T . . . , 

which is symmetrically rehited to r and .*. 
Interchanging /• and <, we have 

X. 2 (..(• ,.//—,-♦• ,y) = H (r, *•)• 
Thus (K + X,) 2 (,.T .// — ,.r ,?/) = 0. 

So, unless X^ + X, is zero, we have 
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and consequently H (r, s) = 0. 

If X, + A. = 0, 

we have ^ = ^, ,y = .^y ; 

and therefoi-e A^ 5 (r« -r!/ — -i^ rV) = H (r, — r). 

If then we make the substitutions expi^essed by the equations 

(r = 1, 2, ..., w), 

and 2> = a similar expression with y's instead of a;*s, it is clear that 
the coefficient of ^ql-^p', in li^^q^^p^ — A^i^Pi), where o and A 
denote any two independent modes of variation, is 2 (^,7/— ^..y), 
which is zeit) when X^+X, is not zero. Thus 5 (^^i Apj— A//,^^,) 
contains no terms except such as 2 (^g^ Aj^^— Aqf^/p^), and the co- 
efficient of this term is lS(,-.r _,.;y — _^j',.y). Xow hitherto the actual 
values of ,^, ^?/ have not been fixed, as only their mtios ai*e detenn- 
iued from their equations of definition. We can therefore choose 
their values so that 

for each value of r ; and then we have 

Now this last equation expresses the condition that a transfoi-raation 
from the variables q^^ //,, "",q,n JMi? -iptn to the variables q'^q-i, • .»^m» 
p'u "^ p'n shall be canoiucaL i.e., that it shall leave unaltered the 
Hamiltoniaii form of anj^ system of Hamiltonian differential equa- 
tions in which these quantities are the vanables. Further, if in //, 
we substitute for the old vanables q^^ r/j, ..., ^„, />,, ..., p,., in terms 
of the new vanables q[^ q'^, ..., </!, />!, .•> p'.„ we obtain 

M 

7/3=2 II {r, —r)q,2>',. 
»•= I 

M 

or 7/^=2 Kq,p',' 

r.l 

Thus, when this (change of variables is made in the differential equa- 
tions of our dynamical pit>bleni, as given at the end of § 2, the 
differential equations take the form 

dt-dp: dtr- ap; ^^^'^ '*^' 

p 2 
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where for sufficienfcly small values of the variables H can be ex- 
pandedas H = H, + H, + n,+ ..., 

in which H^ is homogeneous of degree k in 9,', 9J, ..., 9,[, p[^ '•»tP»y 
and /ij can be written in the form 

n 

flj = 5 Kqrpf 

r = l 

4. To this system apply the further ti'ansformation from the 
variables q{, qi, .,., qi, p\, ..., p„ to variables 71, 9,, ..., g„, pi, ...,p„, 
defined by the equations 



3^^ = 






•1 



n 



"Nviiere 



;>r = 



^'^^ 



3]f 

3g; 



(r= 1, 2, ..., n), 



r • 1 »• a 1 A^ r ■ 1 



Fix)m the foinn of this transformation, it is known to be canonical, 
iiud so the differential equations retain their Hamiltonian form. 
Moreover, since the transformation is linear, the quantities If,, H,, ... 
will still be homogeneous polynomials in the new variables 
'in 5^1? -M 7'n V\^ •••? i^« ; and in particular it is easily seen that 



II 



i/, = I 2 (pl-XWr)- 



f-l 



The quantities X^, which have been obtained as the roots of a determ- 
inant, are constants, depending on the constitution of the dynamical 
system whose motion we are considering ; in a very large class of 
cases, which for practical purposes is the most important class, they 
are purely imaginary, so that the quantities - Xj. ai*e real and posi- 
tive ; in this case the particular solution of the dynamical problem 
from which we start, and which is to be the limiting case of the 
family of solutions we propose to find, may be called a position of 
stable equilibrium or steady motion. We shall confine our attention 
to svstems of this kind, and to indicate this we shall write ^i for 
—k^. Thus (summarizing the last three sections of this paper) the 
f'quations of motion of the dynamical system have been brought to the 

df/r SH dpr 3/f /no \ 

7 = S — » 5~~^ (r = 1, 2, ..., n), 

dt dpr "^ cqr 



irh 



wre 



If = flj -f Hj-h If^-I- . . . , 
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in which H^ is a homogeneous 'polynomial in the variables g,, qf„ ..., 5», 

Pi» •••» l^ji ; omdy in particular, 

« 

r- 1 

where the quantities K «'*« supposed real. 

It is clear that, in order to consider the small oscillations of the 
system aboat the position which has been the starting-point of our 
work, we should merely have to neglect altogether the part 
-Hj+i/^+flg-f- ... of H, and that the variables q^ qt^ ...,(?» would 
then be the " principal coordinates " for the small oscillations. 

5. The system of differential equations which has been obtained 
will now be further transformed by applying to it a transformation 
from the variables g^ g„ ..., g„, pi, .",Ph, to new variables q{, jj, ..., jn, 
P\j •••> />»'» defined by the system of equations 



Pr = 



dW 



9r = 



dw 



where 



dqr ^' dp. 



(r= 1, 2, ..., n), 



From the form in which this transformation is expressed, it is clearly 
canonical, and so will leave unaltered the Hamiltonian form of the 
differential equations. 

The equations connecting the old and new variables &vc 

Pr = (2Kqry Binp, I ^ _ ^ 
q, = (25;)»X;*co82>;J 

The differential equations now become 



= 1, 2, ..., 7*)- 



dt dp: ' 



■^'=-| <'=''^ •>• 



where H =z\q{-\-\^q^-\- ... -[•X^q*^-\-H^-^H^-^ ..., 

and now H, denotes an aggregate of terms which are homogeneous of 

degree - - in the quantities gj., and homogeneous of degree r in the 

quantities coBp*„ sin p^. 

Since a product of powei-s of the quantities oospJ» sin^^r can be 
expressed as a sum of sines and cosines of angles of the form 
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where w,, Wj, ..., w„ have integer or zeit) values, it follows that Hr can 
lie expi-essed as the sum of a finite number of tei-ms, each of the form 



?1 92 



*»„ 8in 



qn " p^jg (w, ;>J 4- n, pi + . . . + w „ pi), 



where 



?W|-hw,4-...-f w« = ,, 



and 

since we must have 



I M^ I ^ 2m^ (r = 1, 2, ..., n). 



Let all the quantities H^ he transfoi-med in this way, so that H is 
expressed in the form 



where for each term we have 



and the series is clearly absolutely convergent for all values of 
Pij "-J Phi provided 7,', ^j, ..., 9'. do not exceed certain limits of 
magnitude. From the absolute convergence it follows that the 
order of the tei-ms can be rearranged in any arbitrary way ; we shall 
suppose them so ordered that all the terms involving the same 
argument Wijyl+... +n,»|?,', are collected together, and thus H can be 
€xpi*essed in the foinn 

^ = %, 0. 0+ 2^^,. n,. .... »„ cos (m,^; + ...~\'7l„p^) 

where the quantities a and h are functions of 7I, q!,^ ..., gi, and the 
expansion of a^^ ^ „^ or ?)^^ ^^ ^ „^ in powers of 7,', ...,5; contains 

no terms of order lower than ^ [ | Wj | + 1 Wj | + ... + 1 n^ | } ; and where 
the summations extend over all positive and negative integer and 
zero values of w„ n^, ..., w„, except the combination 

Wj z= n^ = ... ^ n^ = 0. 
Moreover, the expansion of ao,o,...,o begins with the terms 

ftnd, when 7I, q*,, ..., ql are small, these are the most important terms 
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in H, since they con tnbute terms independent of q{, 52? •••» ^« ^ ^^c 
differential equations. 

For convenience we shall often speak of qU q'l, ..., q'n as " small," in 
order to have a definite idea of the relative importance of the terms 
which occur. It will be understood that q{, //'», ..., q'„ are not, how- 
ever, infinitesimal, and, in fact, are not restricted at all in magnitude 
•except so far as is requii*ed to ensure the convergence of the various 
series in which they occur. 

To avoid unnecessary complexity, we shall ignore the terms 

^^«i. »4, .... «H ^^^ Ohpl-^ ... +wh2?;j 

in if, as they are to be treated in the same way as the terms 

^%. n.,. ....n„ COS (W,p;-f ... +«nP«), 

and their presence complicates, but does not in any important respect 
modify, the later developments. 

The form to which the problem has now been brought may there- 
fore be stated as follows (suppressing the accents in the new 
vainables, as there is no longer any nsk of confusion with the old 
variables). 

The equations of motion are 

(it (jp.^ tit ()q^ 

where H = Uq q 0+ ^«n,.nj. .... »„ c^« ('*ii^i + tij />, + ... + 7*,, /;„), 

and the quantities a are functions of q^^ q^, 9,, ..., q^ only ; moreover, the 
periodic part of H is small compared with the non-periodic part fh^a,..^o ; 
a term which ha^ for argument "ij^i + Wj^a-h ...-^-n^p^ has its c/)efficierU 
a^ n . n ^^ ^^^ ^f ^^'^ order -| {| w, | + | n, | + ... + | m„ | j in the 

small quantities q^, q2, ...,qH] ci^^i t^^^ eirpansion of ao,o, ...,o begins with 
terms X, (jr, + A, g j + . . . + A.,. g„ . 

It follows from this that when the variables g„ q^, ..., q^ are small 
they are nearly constant, while the vaHables pi, p^, ..,, p„ vary almost 
proportionally to the time. 

6. To the vaiiables of this system of differential equations we 
shall now apply a further transformation, the effect of which will be 
the removal of one of the periodic terms in If; the aim being to 
still further accentuate the feature already noted, namely, that the 
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non-periodic part of H is mncli more important than the periodic 
part.* 

Let then one of the periodic terms in H he selected — say 

«n,.«8 «^co«(»*iPi4-^*,;)j+...+«h1>h). 

Write H = «o.o o + «H,. 7„ n^ cos (wi^, + n5^5+ ... +n„2>H) +E, 

so that B denotes the i^st of the periodic terms of H. When we 
wish to pnt in evidence the fact that a,,^ ^^ „ is a function of its 

arguments, we shall write it «,^ ,^ „ (g,, 7,, ..., q^). 

Now apply to the variables the transformation fi-om g„ 53, .•., ^nJ 
Pii "yPn to q\^ q^^ •••> 7«; />ii "•,Phi definedjj)y the equations 

/^» = ^ -, ^ '/'^ = V. C'* = 1' 2, ..., «), 

whei-e TF = q{ p^ + gj jt>j 4- . . . + 7'. p,. +/ (7?, 721 • • . gin 0) 



and 



^ = w, />, -h »i, 7?5+ . . . + 7i„p„. 



We shall suppose that / is a function, as yet undetermined, of the 
alignments indicated. The transformation is seen at once from its 
form to be canonical ; so the Hamiltonian form of the differential 
equations will not be affected by it, and the problem is expressed by 

the system , / '^n^x 1 * ^tt 

d<i,_dH dp,_ OH /,. _i 9 ,A 



w 



here 



and and R are supposed to bo expressed in terms of the new 
variables by means of the equations of transformation 

Pr =Pr'^ 5^,, 7r = ^'' + ^'- -C^ (^ = ^^ 2, ..., ^^ ■ 

Cqr cO 

The function/ is, as yet, undetermined and at our disposal. It will 



♦ The analogy of this with the method of Delauiwiy's lunar theory will be 
noticed. Although the annlypiH Ih different from DelaunayV, the idea in essentially 



the same. 
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be chosen so as to satisfy the condition that shall identically dis- 
appear from the expression 



«o.o.....o (^J+^ig^' •••' '^"■*"'^''^) 



+ «n,.,.„....n„;?i+^i^-. ..- g« + n,.-gcosd; 



he 



a^> 



so that this quantity is a function of g[, ^2, .... q^^ alone. Put it equal 
to ai,o,..^o» where a^,o...,o is a function of (?I, qf^, ..., 9,', as yet unde- 
termined. Then the equation 

8/- .. . .. 3/ 



«0, 0. .... ( ?. + ». V. . -,?» + «» <J 



ao. 



+ ««„», "-(s'+^'ai' •••' ?" + ~»;)|l)«>«*=«o;o.....o. 



determines j^ • 
do 



in tenns of q{, qi, ..., ^'il, ao,o....,o ^^^ cob 6. 

a/ . 



Suppose the solution of this equation for -^- is expressed in the 

form of a series of cosines of multiples of (which can be done, for 
instance, by successive approximation), so that 

^'=c + 2 CaCosA-^, 
cO *-» 

where r^,, c,, c^, ... are known functions of ql, q>^ ..., g,', «i,o,o, ..,o- 

Now aJ,o, ...,o is as yet undeteimined, and is at our disposal. 
Impose the condition that c^ is to be zeix>. This determines frJ,o, ..,0 
as a function of 7I, q'^y ..., g^ ; and, on substituting its value in the 



s/ 



series for ^ , we have 
do 



df 

^ = 1, Ck cos kO. 

do *-» 



w^here now Ci, Cj, c^, ... are known functions of q[, q2, ..., //,'. 

Integrating this equation with respect to B, and for our puq^ose 
taking the constant of integration to be zero, we have 



/ = I i* sin kO, 



:^18 
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The equations defining the transformation now become 



OB 

q^ = g'.-f n,. 2 c* COS kO 

kml 



(r = 1, 2, ..., n). 



we 



Multiply the first set of these equations by ni, w„ ..., n„, respectively, 
and add them ; writing 

have ^ = ^4-2 J fn, ^ +n,?^ + ...+n,^) sin A;^. 

* = i k \ dq\ Cqi OqJ 

Reversing this series, we have 

where (Z„ (i„ ... ai*e known functions of jl, ^2* •••> ^i- Substituting 
this value of in the equations of ti'ansformation, they become 



p. = p[-¥ ^ r^k sin kd' 

k tl 



•n 

q, = qr+'if. 5 gt COS kO 



(r = 1, 2, ..., m), 



where all the quantities ^t, gr* ai^e known functions of gj, gj, ..., q'n' 

Now, before the ti^ansformation, the quantity R consisted of an 
aggregate of terms of the type 

When the values just found for q^, ..., g„, p^, '", Pn ar© substituted 
in this expression, and the series is reduced by replacing powers and 
products of tngonometrical functions of pU Pi, ...,2?i by cosines of 
multiples of jp(, ^2> ---iPn, it is clear that B will consist of an aggreg- 
ate of terms of the type 



iJ = 2a: 



W|, Mt-i, ..., m^^ 



cos (m, pi 4- Wj Pa + . . . + m„ p^), 



where the quantities a are known functions of q\^ q!t, ..., 5I,. 

We see therefore, omitting the accents of the new variables, that. 
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■after the transformation has been effected, tlie dynamical problem is still 
expressed by a system of equations of the fonn 

dor dH dpr dH / 1 o \ 

dt dpr dt dq^ 

where H = a^, ^^ o + ^^m^, »»,. .... m, cos (wii^,+ ... 4-i"„i?«)» 
a«<i where the coefficients a am kiiown functions of q^, q^, ..., q^^. 

7. Let us now review the whole effect of the transformation 
-described in the last article. The differential equations of motion 
have the same general form as before ; but one term, namely, 

%, n,, .... n„ cos Ohi>l+ ... +M„^J, 

has been ti^ansferred from the periodic part of -ff to its non-periodic 
part ; the peiiodic part of H is less important, in comparison with 
the non-periodic part, than it was before the ti'ansformation was 
made. 

8. Having now completed the absorption of this penodic term int*:) 
the non-periodic paH of JT, we proceed to absorb one of the periodic 
terms of the new expansion of H into the non -periodic part, by a 
repetition of the same process. In this way we can continually 
enrich the non-periodic part of H at the expense of the periodic 
part, and ultimately, after a number of applications of the trans- 
formation, the periodic part of H will become so insignificant that it 
may be neglected. Let a„ a^, ..., a„ ; /3„ /3„ ..., /3, be the variables 
at which we arrive as a result of the final transformation. Then 
the equations of motion are 

df^d^/ dt" Sa: (^-^— ^^ 

where H, consisting only of its non-periodic part, is a function of 
•a,, a„ ..., a„ only. We have, therefore. 



f=o, « 



--\l"' 



and so the quantities a^ are constants, while the quantities fi,. are of 
the form o . , / i o \ 

., = - ??; 
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the quantities €^ are arbiti^aiy constants, and the part of /*,. in- 
dependent of CI,, Qa, ..., a„ is — A^. 

9. Having now solved the equations of motion in their final form, 
it remains only to express the original coordinates of the dynamical 
problem in terms of the ultimate coordinates a„ n^ ..., /8„. Re- 
membering that the product of any number of canonical transforma- 
tions is a canonical ti*ansformation, it is easily seen that the variables 
9n 5j» "m 9hj Pv "")Ph used at the end of § 5 can be expressed in 
t^rms of a,, a„ ..., o„, )8i, ..., /8„ by equations of the form 

fjr = ar+ SwyA;,,,,,,,,^, ..., ,„^ COS (miPi-\-...+m^pS) 

(r = l, 2, ...,n), 
or of the form 

9r =/r(ap rtj, -M a») + 2a^^,^, ...,«»^cos(mi^i-h...+m«)8J 

Pr = Pr-^^ hm^, Wj, ... m^ sin (m,/8i + . . . + W^/S^) 

• r 

(r= 1, 2, ...,n), 

where the quantities a and h Rve functions of a„ a,, ..., n„. 

From this it follows that the variables q^, q^y ..., q^^ p^^ ---^Pn oT 
§ 1, iti terms of which the dynamical problem was originally ex- 
pressed, are obtained by the process of this paper in the form of 
trigonometric series, proceeding in sines and cosines of sums of 
multiples of the n angles /3„ i\, ..., /3^. These angles are linear 
functions of the time, of the form /x^f + r,. ; the quantities c, are n 
of the 2u ai'bitrary constants of the solution, while the quantities /a^ 
ai*e of the form 



} 



*i» * » •• 



I 2 N 



The coefficients in the trigonometric series are functions of the 
arbitrary constants o,, Oj, ...,«« only. 

The expansions thus found represent a family of solutions of the 
dynamical problem, the limiting member of the family being 
the position of equilibrium or steady motion which was our starting^ 
point. 

If we were to consider those solutions which differ only slightly 

fi-om this terminal case, we might neglect all powers of a}, a", ..., a*.. 
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:above the first, and then it is easily seen that the q nan ti ties 
/*i» thi fhi •"•> f^n would i*ediice to X„ \j, ..., X„, respectively, and so 
the expansions would become the well-known formnlte which repre- 
sent small oscillations of the dj-naraical system about the position of 
equilibrium or steady motion. 

In practice, the expansions can be carried as far as may be desired 
by including the requisite powei-s of ^i, q^, ..., q^, and so of 
^„ Qj, ..., a„. As a simple example of this, it will be found by this 
method that the dynamical system expressed by the differential 
equations dg _dn dr> dH 



dt 



where 



dv' 



H=w+:-u- 



dt Bq ' 



possesses a family of solutions represented by the expansion (re- 
taining only terms of order less than a') 

, . 3a . /2a\* n 3a 0,3 



where 



/3 = -(/^+i)^ + e, 



and a and e ai^e arbitrary constants. 

This family of solutions is terminated by the equilibrium-solution 

q = l, 

which corresponds to the value zero of a. The small oscillations of 
the system about this equilibrium-position would be derived by 
neglecting all powers of a above a* in the above expansion, which gives 



^^l^^^^yCOH{-kt -{-€), 



where a and e are the arbitrary constants ; a result in accord with 
the customary form. 
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The Chairman moved the adoption of the Treasurer's report, after 
reading the Auditor's report, • and Prof. Alfred Lodge seconded 
the motion, as well as votes of thanks to the Treasurer and the 
Auditor. The votes were earned unanimously. 

Messrs. G. Birtwistle, B.A,, Fellow of Pembroke College, Cam- 
bridge; and Augustus P. Thompson, B.A., Scholar of Pembroke 
College, Cambridge ; and the Rev. J. CuUen, S.J., were elected meni-^ 
bers. 

Mr. R. J. Dallas was admitted into the Society. 

Prof. Love communicated a paper by Mr. J. H. Michell, " On the 
Flexui'e of a Circular Plate.*' Pix>f. Lamb spoke on the subject of 
the paper. 

The following presents were made to the Library : — 

•* Educational Times,'* December, 1901. 

" Indian Engineeringr/' Vol. xxx., Nos. 17-20, Oct. 26-Xov. 16, 1901. 

** Mathematical Gazette," Vol. ii., No. 30, 1901. 

** Kansa8 University Quarterly," Vol. ii., No. 6 ; April, 1901. 

** Supplemento al Periodico di Matematica," Anno v., Fasc. 1, Nov. , 1901 : 
Livomo. 

Frick, J. — "On Liquid Air and iU Application (Liquid Air Wells)," Svo;. 
London, 1901. 

The following exchanges were received : — 

** ProceedingR of the Royal Society," Vol. lxix.. No. 452, 1901. 

** Bulletin of the American Mathematical Society," Series 2, Vol. viu.. No. 2 ; 
New York, 1901. 

** Jomal de Sciencias MathematicaH e Astronomicas," Vol. xrv., No. 5 ; Coimbra,. 
1901. 

'* Bulletin des ScienceK Mathematique«," Tome xxv., Oct., 1901 ; Paris. 

** Annali di Matematic^i, " Serie .'i, Tomo vi., Fasc. 4 : Milano, 1901. 

** Archives Neerlandaises," Serie 2, Tome vi. ; L» Haye, 1901. 

" Atti della Reale Acc«demia dei Lincei — Rondieonti." Sem. 2, Vol. x.,. 
Fasc. 9 ; Roma. 1901. 

** Annales de la Faculte des Sciences do Marseille," Tome xi., Fasc. 1-9 ; Paris, 
1901. 

"Proceeding!* of the Royal Irish Academy," Vol. vi., Nos. 2, 3, Jan., Oct.,. 
1901 ; Dublin. 
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The Flexure of a Circular Plate. By J. H. Michell. 
Received November 24th, 1901. Read December 12tb, 1901. 

1. 'I'he flexare of a thin circular plate, clamped along its edge and 
loaded in any manner, has been discussed by Clebsch in bis Them-ie 
der Elasticitdt.* He obtains expressions in series for the deflectiorh 
due to a concentrated load at any point of the plate and i*emarks on 
the complexity of the result. The process of inversion, descnbed in 
a previous paper,t leads to the solution for an eccentric load by the 
inversion of that for a central load, and thus reduces the former to 
the simplicity of the latter. Mathematically, the problem is nothing 
more than the expression of " Green's function " for the differential 

equation V w = within a circular boundarj'. The solution of the 
similar problem of the two-dimensional flow of viscous liquid within 
a circular boundary is merely noted. RayleighJ has already treated 
this problem in another manner. 

2. The deflection w of the portions of a plate§ free from load 

satisfies the differential equation V*(jU = 0, and the conditions at the 
clamped edge are w = 0, dwjdn = 0, hi being an element of normal 
to the edge. Inverting with respect to the origin of the polar 
coordinates (r, ^), we obtain a solution w = wji^ in the inverse plane. 

satisfying W = in that plane and also, clearly, satisfying the con- 
ditions vf = 0, dw/dn = for a clamped edge, along the inverse of 
the clamped edge in the original plane. 

In the neighbourhood of a concentrated load TF, w takes the fomi 
kWt^ logri + ?r„ where r^ is the distance from the point of application 
( ' of the load, k depends on the stiffness of the plate, and to^ is regular. 
This need not be formally proved, as it follows from the known solu- 
tion quoted below. Let 0' be the inverse of G with respect to 0, antl 
let p, pi be the distances from 0, 0' respectively of the inverse of the 
point at distances r, r^ from 0, C respectively. 



• St. Venant's edition, § 76. 

t ** The Inversion of Plane Stress," Proe, Land, Math. Soc.^ Vol. xxxiv., p. 134. 

X Phil, Mag., Vol. xxxvi., 1893, p. 364. 

\ The plate is supposed isotropic in its plane. 
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Taking unit radius of inversion and writing OG = c, we have 

Pi P 
and therefore the inverse of the form KWr\ log r^ is 

K Wc'p^ log pi— or ic Wc^p^ log Pi + «c TFcVJ log — . 

Thus there is a concentrated load Wc^ at the point 0\ The fact that 
•0 is also a singular point is immaterial, as we shall suppose it outside 
the plate. 

3. The relation hetwcen the deflections w, w' at corresponding 
points P, P' may be written wjOP ^^wjOP', Remembering the 
smallness of w^ w\ this shows that the deflected position of the point 
P' is the inverse of that of P. or that the strained form of one plate 
is the geometrical inverse of that of the other. Now it is known that 
the lines of curvature of a surface invert into lines of curvature. 
Hence the lines of curvature or flexure of the two strained plates 
cori'espond. The quantitative relations between the stresses in the 
two plates are readily obtained. The couples on a polar element of 
a plate can be written 

jf, -(;v'<«-c(i-.r)?'^, 

and, as in the previous paper, these make the couples on the polar 
element at the correspondinj^ point in the inverse solution 



K[ = c{rV\v + 4.(w-r^'*'y 
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Xi = r% + 20(l + cr)(fi^-r|^), 



n'=- r'H, 



It follows that the resultant couple across a line- element 8s' of the 
inverse plate is compounded of (a) a couple equal to that across the 
corresponding line-element Ss in the original plate and in the corre- 

sponding direction, (6) a couple of magnitude 20 (l4-<r) (t£j— r— )&' 

with its axis along the element. In particular, it follows again that 
the lines of principal flexure in the two plates correspond. 

4. The deflection of a clamped circular plate of radius a due to a 
central load W is* 






Invert with i^espect to the point outside the plate as in § 2. If a 
is the I'adius of the new plate, C its centre, and O'C = h, then 
a/c = h/a ; and therefore 



Hence, changing the notation to a more convenient, the deflection w, 
due to a load W on a clamped circular plat« of radius a at a point 
distant h from the centre, is given by 



w 



=.,..ji(^^^-.)-..i^i. 



where r is the distance from the load and / that from the inverse 
point. 

If the radius of the circle is made infinite, we obtain the solution 
for the deflection of an infinite plate clamped along an infinite straight 
boundary, due to a concentrated load. The solution is 



w 



= "'^'^ [^ (^i -'^) -^-s t] ' 



• See e.ff., St. Venant'e Clehseh, p. 777. 
VOL. XXXIV. — NO. 778. Q 
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where the toverse point is now the image of the load io the boaudary. 
With my hrother'a asaistance I liave drawn the accompanying figares 
showing the contour lines (Fig. I.) foracircalar plate loaded at a point 
bisecting a radins (indicated by a crasN), (Fig. II.) for an infinite plate 
loaded at a point Bimilarly indicated. Fig. I. (a) cibows the deflection 
along the diameter of the cii-cle on which the load ia, Fig, I. (&) the 
deflection along the perpendicular diameter (inner curve), and the 
profile of the plate viewed from a distant point on the former diameter 
(outer cnrre). 
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It should perhaps be mentioned that I have vei-ified the series of 
Clebech as given in Todhunter and Pearaon's HixUn-y, Vol. ii., 
§1381, except tor the terms '"o/'ti'+r, log t + r„ which I make 

r;/46'-r„log(>-r,. 

5. As I have not been iihle to find any statement of the form of 
Green'R function for VV = 0, implied in the solation of the last 
section, it may be as well to put down the integrals which give the 
value of to within a circle, when the values of w and dwjdn are given 
over the cii-cum fere nee.* 



Taking » - 4 ( 

ve readily deduce V k' = 



ra fere nee. 



-r'log^' 



11 the problem without the use uf the 
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Hence at the point 



w = 






tr 



(29 



where ^ is the inclination of Sr to the outwai'd normal Sn. 

It may be remarked that the Green's function for the equation 
VV = within a sphere is 

w = r r H — . r^ 



a 



2a/t 



/ 1 



where p is the distance from the centre of the sphere, and the rest of 
the notation is the same as befoi^. 

There is a correspondingly simple formula for the stream function 
ij/ for the slow motion of viscous liquid due to a source at the point 
within a circular bound aiy together with an equal sink at the 
centre C. It is 

hr 

where $, 0', ^ are the polar angles at 0, 0\ G respectively. The 
stream function for the slow motion due to a line vortex at in a 
circular cylinder is, with the same notation, 

, 1 hr , J J. 1 /cos^' - h \ 
ar h \ r ^ or / 



Thursday, January 9th, 1902. 
Dr. HOBSON, F.tt.S., President, in the Chair. 

Fourteen members and a visitor present. 
The Rev. J. Cullen was admitted into the Society. 
Major MacMahon, Vice-President, liaving taken the Chair, [the 
President communicated a paper '* On Non-uniform Convergence, 
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and the Integration of Series." Remarks upon the subject were 
made by Messrs. Larmor, Love, S. Roberts, Whittaker, and the 
Chairman. 

The following papers were taken as read : — 
On the Integrals of the Differential Equation 

du , dv ^ 

where / (a?) ^ ax* + 46aj' -f 6(^ + 4dx + e, 

considered geometrically : Prof. W. S. Bumside. 

On the Fundamental Theorem of Differential Equations : Mr. 
W. H. Young. 

The following presents were made to the Library : — 

" Educational Times," January, 1902. 

•'Indian Engineering," Vol. xxx., Nos. 21-24, Nov. 23-Doc. 14, 1901. 

Dickson, L. E.— *» Theory of Linear Groups in an Arbitrary Field," 4to ; 1901. 

The following exchanges were received : — 

"Proceedings of the Royal Society," Vol. lix.. No. 453 ; 1901. 

•* Beiblatter zu den Annalen der Physik und Chemie," Bd. xxv.. Heft 12 
Leipzig, 1901. 

'^Bendiconti del Circolo Matematico di Palermo," Tomo xv., Fasc. 6, 6 
1901. 

'* Bulletin of the American Mathematical Society," Series 2, Vol. vm.. No. 3 
New York, 1901. 

<< Bulletin des Sciences Mathcmatiques," Tome xxv., Nov., 1901 ; Paris. 

"Bendiconto dell'Accademia delle Scienze Fisiche e Matematiche," Vol. vn., 
Fasc. 8-11, Aug.-Nov., 1901 ; Napoli. 

** Arohives N^erlandaises," Serie 2, Tome iv., Liv. 4, 5 ; La Haye, 1901. 

"Atti della Keale Accademia dei Lincei — Kendiconti," Sem. 2, Vol. x., 
Fasc. 11; Roma, 1901. 

** Proceedings of the Physical Society," Vol. xvii., Pt. 7 ; Dec., 1901. 

•* Tokyo Siigaku-Butsurigaku Kwai Kiji," Maki 8, Dai 6 ; 1901. 

"Periodico di Matematica," Anno xvi., Fasc. 3 ; Livorno, 1901. 

"Supplemento al Periodico di Matematica," Anno v., Fasc. 2; Livorno^ 
1901. 
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On the Integrals of the Differential Eijuation 

= 0, 



dn . dv 

/Too /f(f) 



where f (^r) = o^k* -|- 46a:' + 6r.r' + ^^i^ + e, 

considered Geometrically, By W. Snow Bubnsidb. Received 

January 1st, 1902. Communicated January 9tli, 1902. 

If the coordinates of a point on a conic be expressed as quadric 
functions of a single variable <^, viz., 

kx = ao</>'-|-2?>o</» + <'o 

/.•y = a,^' + 26,<^-fc, i, (1) 

Afi: = cr, <^^ -h 26, <^ + r, 
the equation of the chord joining two points w, v on the conic is 

X I (a, 6,) nv -f- (oj o,) **- —' -h (6, c,) j 
2/ I (0^60) m' + CojCo) — 2 - + (6,0 j 

+ .^ J (a, 60 uv-^{a,c,) '*-J^' +(6,c,) j = 0, 

a:id, if this chord touch any conic, we obtain an equation 2 = 
([uadric in the variables uv and ?t + r, w^hence we may write 2 in the 
following forms : — 

2 = 7y,t'* + 2Lir + L2 = My-\-2M^n f 3f„ 

where L^, Lj, L^ are quadric functions of n, and 3/^, M,, M, are 
^juadric functions of r. 

Now, differentiating the equation 2 = 0, 

r/2 , , (i2 , n. 

— an + - dv = (J, 

\vhich, in virtue of the equation 2 = 0, may be written in the form 



+ 



^M'-M J/j rfw+ •yV.-LJj^ dv = 0. 
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Again, since S is symmetrical in n and r, we obtain an equation of 
the form , , 



s/F{u) s/F{v) 
We have thus aiTived at a differential equation of the same type as 



du 



+ 



ilv 



= 0, 



the integral of the former being 5 = 0. Wo now proceed to show 
that, if the two conies are properly selected, F{u) becomes identical 
with/(w), no reductions being required. 
The conies which serve our purpose are 

U=(u?-{- cy^ + 62;* 4- 2dyz + 2czx -h ^bxij, 

F= ?/— 4za*, 

and we proceed to find the condition that the chord u^ v of F should 
touch TJ—pV. 

Let the tangential equation of [/— /jFbe written in the form 

2 = 2o-2p*+p»2, = 0; 

then 2o = (ce-d*) \»+ (oe-r) i^^^ac-h") v^ 

+ 2 (6c-a^)/ii' + 2 (6cZ— c*) vX-|-2 (c(i-6e) X/x, 

2<E» = eX' + ^^j^^-haf-— 46/iF + 2ci'X-4^ZA^, 

2, = 4 (ra-/3^), 

where, M \x-\'\Ly-\-vz be the chord joining the points u and t? on F, 

A = 1, jtA = ^— , v = ftr, the cooixiinates of a point on F, being 

given by the equations ^j __ j/_ _ 

the simplest form of equations (1). 

Differentiating 2 and supposing ^ variable, we have now 



\d% = s/W-UU^ du -f v/jC/; - L,L, (Zy + v/4>»-2o2j (?p, 

since 2 is a quadric function of each of the variables n, r, p considered 
separately. 

We proceed to reduce the la«t equation to the form 



d% = iVA {p)f {v) du + tv'A (/)) / («) cZr + y/ (w)/ (t* ) ^P, 
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where i* = — 1, 

the (iiscriminant of the conic U—pV. 

In order to calculate L\—LqL^, let the tangential form of CT— pFbe 



X = l, ^ = - 



?* -f V 



K = MV, 



Since 

whence 

A{L,L,-L\) = {BG-F') v'-^4{FG-GH)v^ 

•^2{{HF-BQ)-^2(AC''G^)]v* 
'{-4>{HG-AF)v-{-AB-H^, 

every term of which is, from the theory of determinants, divisible by 

A(p) = V-^P+«^» 
the discriminant of U—pV; whence, reducing, since 

HF-BG = A(p)(c + 2p), 

AC-G^ = A(pXc-p), 

4(LoL,-Lj) = A (p)(at'* + 46t;»+6crH4(it' + e) = A (p)f(v). 

Similarly, 4 (M^M^-Ml) = A (p) / (m). 

It remains now only to reduce the coefficient of dp in c?S. And, since> 
from the theory of a system of two conies, it is, when equated to 
zero, the tangential equation of the points of intersection of the 
conies U and V, viz., the points a, /3, y, ^, when 

f(x) = (aj-a)(ir-/3)(a:-y)(ir-^); 

4 

so wo have 4 (*' — 5o 2i) = if II ( Aa;^ + f^yr + »'^r) • 

By comparing the coefficients of y* on both sides of this equation. 



Again, \^ -{-fx^+v = l.a'-2!i±^'a + My = (a-M)(a-r) ; 



^r 



therefore, finally, 4 (<E»3— So^,) = / (w) /(r). 
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Now, substituting these values for the coefficients of du, dvj dp in d% 
and changing the sign of jO = — p\ we have 



which is a particular integral of the differential equation 



du 



- + 



dv 



dp' 



y/ (m) /f (t.) ^4p"-i,.'-j 



= 



(A) 



and the general integral of 



du 



dv 



= 0, 



y/ (tt) // (f) 

when p' is an arbitrary constant. 

When A (p^) = 0, the above investigation requires to be modified ; 
for in this case 

is a perfect square of the form 

where a?,, y,, «j are the coordinates of one of the vertices of the 
common self-conjugate tnangle of the conies U and F, and, if this 
point be the intersection of the common chords {ft, y) and (a, B), 



X, 



Vi - 



fty (a + 5)-aa 03-t-y) 2 (fiy-aS) /3 + y-a-a" 

then becomes 

(p + y— a — ^) wr — 03y— a5)(w + tO+/5y (a+a)— a3 (/3-f y) = 0. 

In this way, coiTesponding to the three root« of A (p) = 0, we obtain 
three particular integrals of the equation 

/f (tt) v// (f) 

which can be easily verified directly, and when w = v these integrals 
become the three quadratic factors of the sextic covariant of /(w). 
- When the chord {uv) becomes a tangent to F it is interesting to 
ascertain how the previous results are modified. Therefore making 
M = v in the equation 

5 = So+2p'«l»+p''2i = 0, 
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2o becomes the Hessian of / («),^ 2^ becomes /(u), and 2i vanishes ; 

whence xr/ \ 

Hiu) 

" = -?("«)• 

Again, the diffei'ential equation (A) becomes 

9 __ ^^ dp' 

which is the general elliptic differential reduced to Weiersti'ass's 
canonical form by Hermite's substitution. 

A very complete discussion of this subject will be found in chap. v. 
of Greenhill's. ^ZZip^ic Fitnc^iaw*, from the analytic side, and I offer 
this geometrical view of the matter only in order to show how it 
depends on the conti^vanants of the conies U and V. 



On the Fundamental Theorem of Differential Equations. By 
W. H. Young. Received and communicated January 
9th, 1902. 

The fundamental theorem of the modem theory of differential 
equations is Cauchy's existence theorem, dealing with the existence 
and uniqueness of a set of integrals satisfying given initial conditions, 
and the holomoi-phic chainicter of the solution. This theorem has 
been stated in very precise language, and proved in various ways, by 
Picard and Painleve, but some doubt has been expressed as to 
whether their proofs are rigorous. It has been suggested, in fact, 
that it has not been conclusively demonstrated that the holomorphic 
solution is uuique even in the simplest case which can arise. 

In the following note* it is proposed to 'give a brief account of the 
theorem in question, and to examine an example which has been put 
forward as typical of a large class of cases where the theorem fails. 



* The note ia subHtAntially what I wrote in January, 1899, but did not publieh, 
as I expected Painleve or Picard to take the matter up. The fonner has now done 
so, but his treatment is too general to appeal to Englihh readers. Indeed he does 
little more than repeat at length his pre^dous definitions. 
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Taking the case of a single differential equation of the first order 
and first degree, Canchy's theorem may be thus stated : — 

Oiven a differential equation 

and a pair of values a, b for which the function f is holomorphic* there 
exists one, and only one, integral of the equation which approaches the 
value b xohenx approaches the value a, and this integral is holorrwrphic. 

We add as gloss : When we say that " y approaches the value b 
when X approaches the value a," we mean that, if we consider small 
circles of radii € and a ix)und the points b of the y plane and a of 
the X plane, and make x move up towai*ds a along any path which, 
from and after a certain fixed point, enters and i-emains in the circle 
of radius or, then y moves alonga certain curve which from and after a 
certain fixed point (to be determined) enters and remains in the circle 
of radius e ; and this is to be true however small tr and e are taken, 
pix>vided only they are fixed. Such curves may be called " cui'ves of 
approach " to the point in question. The student of pi'ecise theory 
of functions will recognise that this is, in fact, only a gloss and not a 
hypothesis, since in treating of the value of a function at a point, or 
the behaviour of a function in the neighbourhood of a point, we are 
working in the small {im Kleinen), and the geometry we can apply 
is only differential geometry. If we did not work in the small, we 
should find ourselves constantly hampered by quit« unnecessary com- 
plications. For instance, starting from a point on a Riemann's 
surface, and considering such a commonplace function as an Abelian 
function with three or more periods having a given value at that 
point, the value at a neighbouring point is determinate, because we 
are working " in the small.'' But, if we allow the moving point to 
wander about at will on the Riemann's surface between the initial 
and final point, the Abelian function can, by a proper choice of path, 
be made to have a value at the final point as near as wc please to any 
given value whatever. Thus the student who refused to work " in 
the small '' would be tempted to say that such a function had an 
essential singularity or *' point of indeterminateness " at every point 
of the Riemann's sui-face ! The uselessness of such a mode of ex- 
pression is self-evident. 



♦ By ** holomorphic at a point f '* we mean that the function is developable in a 
Aeries of positive integral powers of {-p—c) in the neighbourhood of that i)oint. 
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Notice that there are virtually three independent statements in the 
theorem : — 

(i.) That a solution exists, satisfying the given conditions, which is 
holomorphic at the point x = a. 

(ii.) That this solution is the only one which is holomorphic at the 
point. 

(iii.) That there is no non-holomorphic solution satisfying the con- 
ditions. 

The first two statements are due to Cauchy ; proofs of the third have 
been given by Picard and Painleve. 

We confine our attention to (iii.)» referring to any of the many 
treatises on analysis for an account of (i.) and (ii.). 

Picard's elegant proof is given in his Traite cT Analyse, and is of 
this nature : He assumes the truth of (i.) and (ii.) for partial differ- 
ential equations and deduces the truth of (iii.) for our case. 

Painleve has given more than one pi-oof . His first proof is given 
on pp. 19, 20 of his Stockholm lectures. It is somewhat concisely 
stated, and its force may therefore be easily missed. It requires a 
knowledge of the domain in which the Cauchy integral is proved to 
be holomorphic. 

Suppose /(a% y) holomorphic for 

I x—a I < r and | y—h \ < p, (2) 

and let M be the modulus of its upper limit in this region ; then it is 
known that Cauchy's integral is holomorphic within a circle centre a 
and radius X, where 

X = r(l-e-"^^0- (2') 





It at once follows that this is a Cauchy integral which has the value 
y^ when x = x^, and y^ being ayiy points within the circles (dotted 
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in figure) centres a and h and radii ^ and ^, and is holomorphic 
within a circle of radius ^X and centre x^. Call these dotted circles 
C, and r,. 

We can now give the substance of Painleve's proof. 

Let X be a path of approach* to the point aj = a. 

Is it possible that for every such path, or for any one such path, a 
solution y= <p («) exists satisfying the given conditions, and non- 
holomorphic at the point a? = a ? 

In vii'tue of the hypothesis with regard to L on p. 235, we can evi- 
dently find a point -ff of L so near a that — 

(1) Its distance from a is <^X, and a fortiori < Jr. 

(2) The corresponding point y is within I\. 

(3) These statements ai-e true for all points on L between a and 

this point II. 

Assume : 

(4) That among all these points one at least exists for which 

(ic) is holomorphic. 
(I.e., assume that the portion of L between II and a is not singular 
for ^.) 

Call this point Xq and denote the coiTesponding y point by t/o. 
Then <^ is the Cauchy integral con*esponding to these values ; for it 
is holomorphic at a* = x^. 

Now, since / (ir, y) is holomorphic for 

I ^-^ \<¥^ I 2/-2/0 1 < iP, 

it follows that the Cauchy integral corresponding to the pair of 
values (aJo, ^q) is holomorphic at all points of the circle whose radius 
is \\ and centre x^. But, by (1), p. 237, this circle includes the point a. 
Hence ^ is holomorphic at the point a. Hence it is the Cauchy 
integral at the point a, and the hypothesis that it could be non- 
holomorphic there will not hold. 

The only doubt then that can exist is : — 

Is there perhaps a function of x which satisfies the differential equation 
and which is fwn-holomorphic at all points of an arc of a curve of 
approach to a including its extremity (or asymptotic point) a, and which 
tends towards h as x moves on the curve towards a ? 

If this be the case, then a solution exists which has the value h for 



• The path L may have the point a as asymptotic point, and its length may in- 
crease indefinitely as x tend^ to a. 
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one, at any rate, of its values at a, and which is not the Cauchy 
integral. 

Are there any functions of a single complex variable which ai-e 
non-developable at all points of a certain curve lying in the region of 
existence of the function, and which none the less have a differential 
coefficient at each of these points ? 

We defer for a subsequent paper the discussion of this question. 
It will be seen shortly that it is not necessary to answer it for the 
purpose in hand if we make use of Painleve's second method of treat- 
ment of the problem. 

Let (xq, t/o) be any pair of values in the domain in which /(«, y) is 
holomorphic, and let the corresponding Cauchy integral be 

y = <p(x, 2/0, a-o). (A) 

Let {x, y) be any pair of values of (a*, y) satisfjdng equation (A), and 
therefore lying in the region of existence of ^, and in the domain in 
which / is holomorphic. Then, by the uniqueness of the Cauchy 
holomorphic solution, we get the same Cauchy integral (A) if we 
start with (^, y) instead of with {x^^ y^), i.e., 

y =z^{x, 2/, x\ 

is identical with (A). But (A) is satisfied by a; = ajp, y = y^ ; therefore 

or, since y, x were any pair, 2/0 = ^ (^o' V^ *) (A') 

is another way of writing (A). 

Now give Xq a definite numerical value a, and write 

« = (a, y, x), (B} 

where y of course no longer satisfies (A). Then t* is a function of x 
and y which assumes the value 6, when 

a; = a and y = 6. 

Change the dependent variable in our fundamental equation from 
y U> u. We know that (B) is algebraically equivalent to 

y = <l>(x, w, a). (B') 

Hence our fundamental equation (1) becomes 

— {<p (jr, n, a)] + -^ - [^ {x, «, a)] =/ [^ (ar, v, a), x]. 



IX 



dx du 
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But, since (A) satisfies (1), we have identically 

5 ^ (aJ, 2/01 «o) =/ {<l> («> yo» «o) «} 

OX 

for all values of a*, yo» ^^^^ ^'o » ^^^ therefore 

*> 

"-9 (a;, u, a) =f (^ (aj, u, a), a?}. 

Hence — - <^ (a:, t*, a) = ; 

ax du 

and therefore, since ^ certainly contains t*, we have 

as the new form of our equation (1). 

Moreover, since when x =: a, y :=h we have u = 6, it follows that 
our initial conditions are 

u = 6, when x^= a^ (2*) 

or, more strictly, that, as x approaches a, m has to approach h in the 
usual way. 

The obvious solution of equation (1') subject to condition (2') is 

t* = 6 ; 

whence, by (B'), y =^{pc, b, a) ; 

in other words, we are led by virtue of the uniqueness of the holo- 
morphic solution back to equation (A). 

Has the equation (1') another solution ? 

In other words — 

Can a function S be found and an arc Q {having x^ for its limiting 
point) such that at all points of a certain domain in which Q lies the 
function 8 ha^ a differential coefficient which is zero, but which along the 
arc Q is not developable ? 

This is, of course, impossible ; for it is known that no function 
exists which has its differential coefficient zero at all points of a 
domain, except a constant. 

For any point P of the domain can be joined to a fixed point A of 
the domain by means of a continuous line, consisting of a finite 
number of straight lines Ipng entirely within the domain. Since 
along each of these straight lines the differential coefficient is zero, 
we know, by the Mengenlehre^ that the function is constant, and has 
therefore the same value at P as at A. 

Thus the theorem (iii.) is completely proved. 
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We now proceed to di->ciis*> in s^jme detail the trpical example to 

which we referred in our opening? remark*. 
O^iiisider the differential equation* 

? = ^'^*— . (1) 

and let \l^ f»eek for an integral, other than the tHvial one y = 0, 
which i»atii»fies the condition of appxx>aching the ralne as r 
apprrjacheft the value c. According to Canchj's theorem no such 
integral ezif»tf<. It has been eontended^t however, that a non- 
holoniorjihic integral exists which mav be constructed aa follows. 

Take the complete integral of (1). 

z=iy-^a^-'\ (2) 

where a if» a con&taut of integration, and, writing 

-1 = -X + 2j^i, (3) 

y 

where L \h any particular chosen logarithm of — , let us give to a; a 

c 

HerieK of integral values each numerically greater than the pre- 
ceding ; ultimately y and z—c may in this way both be made as 
Hmall as we please, and therefore it is asserted the non-holomorphic 
integral (2; satisfies the condition required (and this for all values of 
the arbitiary constant). 

To examine the question completely, let all the quantities involyed 
lie c^jnsidei-ed as complex. We have three planes : an x-plane, a y- 
plane, and a r-plane. The or-plane is connected with each of the 
otlier planes by an analytical transformation. The transformoHon of 
ihc x-jdaiuf into tlie y -plane is a simple inversion^ given by the equa- 
tion (3), the amtrfi of inversion in the y -plane being the origin^ and in 



• Hw FoFHyth, Theonj of Different ial Equations, Part 2, Vol. n., p. 81, where the 
iHliuttiou iu qucHtion Ih diticUHtied. The notation adopted is only slightly diffetent. 

Wo huvo written z iot ° ~ ■ z, y for )8y, a for ---, c for — ^— c, and, for obvious 

n^iwmH, X. for /:. \Vc have omitted ForHyth's first differential equation, which is 
cuuuocioil witli the other by the substitatiou 

A Hli^hi ovorni^lit witli respect to the constant A is amended. 
t Fortjytli, loe. cU. 
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the X'plane the point -- .-. Using polar coordinates referred to the 

centres of inversion r, 6 in the a;-plane, and p, f in the y-plane, the 
equation (3) is equivalent to the two equations 

1 



rp = 



27r 



^ = -2-^ 



(3') 



Cori'esponding then to the interior of a small circle, centre the origin 
and radius ly, in the y-plane, we have the exterior of a large circle, 

centime and radius , in the ar- plane. 

Zttl Ztttj 

Corresponding to that part of any curve of approach to the oHgin 
in the y-plano which lies inside the small circle in the t/'plane, we 
have a portion of a curve exterior to the large circle in the a;-plane and 
going off to infinity. 

Again, from equations (2) and (3), we have 

z= y + ce^""^, (4) 

where // = -.. (3) 

L — 2.vni 

» 

These equations define a transformation of the a'-plane into the z-plane, 
and of the ::-plane into the* a'-plane. 

We have then to consider whether it is possible to find correspond- 
ing sets of values of z and y, the one set forming a curve of approach 
to the point c in the z-plane, and the other a curve of approach to the 
point in the t/-plane. If so, then, by definition, quantities e and tj 
can be found, such that, if we di*aw a circle centre c and radius c in the 
z-plane, and a circle with centre and radius rj in the y-plane, both 
curves, on entering these circles, approach and never recede from the 
respective centres. 

Assume the possibility of the point at issue, and inquire as to the 
region or regions of the a;-plane to which the a;-point is confined when 
the z-point has entered its circle of radius e. By hypothesis the 
y-point must then have entered the corresponding circle radius ij. 

Let us introduce an auxiliary point z* given by 

/ = ce^^, (5) 

so that z = y + «'. (5') 

This shows us that (the y- and 2;-planes being taken for the moment 
VOL. XXXIV. — NO. 779. R 
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as coinciding) the straight line z'z is equal and parallel to the radius 
vector of y, and hence that z' must lie within a circle centre c and 
radius c + t;. 



Z-Plame. 




Writing then -v = a*, -\- *>•, 

and considering the length of the nulius vector of ;:', we have 

c I — €— ly < mod of y ^ I c I 4-€+i|, 



or \c\—€^rj^\c\e-'^^' <|c|4-€ + i|. 

This shows that 

I. x^ iniist he a small quantity lying between the limits — A^ and X^, 
where Xj and X, are determinate small real positive quantities, viz., 

— 2irX^ = real logarithm of 1 — , ~ , 

I 



27rX2 = real logarithm of 1+ — 7 , 



and evidently tend toward^f zero when cithtr or both of the small quantities 

€ nnd rj ff-nd towards zero. 

Considoriiig, on the other hand, the vectorial angle of z\ we see 
that (.since -' must lie between tlie tangents from the origin to the 
(tirc'lo of radius c + iy) : 

II. 'l,i\Tr must differ from an integral multiple of 2ir by a quantity 

less in absolute magnitude than the small angle — call it 2wo' — whose 

. ^ . € + »; 
sine IS - — r- . 

hi 
From I. and II. it follows that the point x must always, when 
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the z-point has entered the cti-cle of radins t, and the y-point the 
etiiTeBpondiiig circle of nidiuB ij, lie in oue or other of certain small 
parallelograms of the *-plane, the breadth of each parallelogram 
lietng' So-, and the height (A^H-\), and each parallelogram containing 
one (and of course only oue) integral point of the real axis. 

Further, as tlie x-point, and therefore also the (/-point, moves 
along its curve of appi'oach, both points enter circles of smaller and 
smaller radii. In other words, in the above investigation, we may 
diminish t and r/. It follows therefore, in accordance with 1. and II., 
that the .j'-point remains in its parallelogram and moves towai'ds the 
integral j)oint belonging to it. 

Bat, as remarked on p. 241 in connexion with equation (3'), 
the ^-point must move in such a way as to remain outside the lai^ 

fii«le in the .r-plaiie whose centre is -r—., and whose radins is - — ■ , 

and therefore constantly increases as i) decreases. The figure shows 
that this is inconsistent with the point remaining inside its parallelo- 




'uly shown by a rediirlio iid nbsiirdum 

e of approach to c, the j-point 

ve of approach to its oi'igin. 

igcoiiiiiituiaxly, we could make 

1 to parallelogi'am. The points 



It has thus been conclusive 
that, as the ;-point mi 
cannot move along a coiTesponding c 

If we could make the ;-point move 
the j:-point jump from parallelogni 
of the parallelograms suitable for this purpose i 
integral points of the real axis ; for all the other points come to lie 
outside the parallelogiiims as i and t/ diminish. If we make .r jump 
along these integi-al puiiits, : and y eacli jump along' the points of an 
abzdhlbare Memje having the desired goals as points of condensation. 
K 2 
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Butoiii- invcstigution Hhowsthat, if we attempt to draw any curve of 
appi-oach tlin)u^h one of these Mengen, the corresponding curve will 
pass thi-oujrh the other ^^e^^fJe, but between each pair of points it 
will recede to a finite distance fi-om the gDal and come back again ; so 
that it is not a ** curve of appi'oach." 

It is of intei'est to take a paHicular curve of approach in the one 
plane, and see what happens to the cui*ve cori'esponding to it in the 
other plane, and why it is not a curve oi appi*oach. The simplest 
case is obtained if we consider a curve of approach in the y-plane and 
inquire how the r-point must move. 

Let us move along the real axis in the ;r-plane, and therefore in 
the y-plane move along the cii-cle (Fig. 2) 

?/;+!/!- if' =0, 
- f'l 



w 



her 



and /y, is the I'eal part of !j. 

The point z will simultaneously describe the spiral 

1 
L-2.r7rr 

wlieiv r is now a real parameter. 

This spiral lies entirely outside or inside the circle 



z = re-"^' + 



Z = Cil 



'inri 



01 



1 . 



• < + ^=IM', 



according as , is jK)sitive or negative. 

Fig. 3 shows the spii'al for x |)Ositive. For x negative we have 
to reflect the curve in the real axis. The dotted circle is the 
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circle to which the whorls of the spiral approximate. The dotted 
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semicircle cuts out the positive integi'al points. The negative integral 
points would be cut out by the lower semicircle of the same circle 
whose equation is 






L, • 



Non-uniform Convergence, and the Integration of Series. By 
B. W. HoBSON, Sc.D., F.R.S. Read and received January 
9th, 1902. 

If the terms of an infinite series are functions of a real variable 
which are all continuous in a given interval taken as the field of the 
variable, and the series converges at every point of the interval, it is 
well known that the convergence of the series must be non-uniform 
in the neighbourhood of any point at which the sum of the series 
is discontinuous, but that non-uniformity of convergence in the 
neighbourhood of a point does not necessarily imply discontinuity of 
the sum at that point. In the case in which the sum of the series is 
continuous throughout the whole intei'val, the most genei*al possible 
distiibution of points of non-uniform convergence of the series has 
been obtained by Osgood.* Ho has shown that the points at which 
the measure of non-uniform convergencef exceeds an arbitrarily fixed 
positive number form a closed aggregate, non-dense in the given 
interval, and that the points at which tlie convergence is uniform 
form an every whei*e dense aggregate. 

In a very remarkable memoir,J Baire has proved that the sum 
of a series such as lias been described is at most a point- wise 
discontinuous function, i.e., in any sub-intorval points can be 
found at which the function is continuous. The distribution 
of points of non-uniform convergence, which is of fundamental 
importance in the question of the integration of the series, was, 
however, not considered by Baire. In the present paper, it is shown 
by a method on the lines of that of Baire, that the most general dis- 



♦ See his paper, **Non-umfomi Convergence and the Integration of Series,'* 
Amcr. Jour, of Math. ^ Vol. xix., 1897. 

t This term will be explained in the course of the paper. 

I ** Sur les fonctions de variables reelles,'* Aunali di Alath.^ Vol. in., 1899. 
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tribution of points of non-uniform convergence is the same as in the 
special case considered by Osgood, in which the sum of the series is 
everywhere continuous in the interval of convergence. For the sake 
of completeness, a simplified form of proof of Baire's result has been 
incorporated in the paper. 

Osgood has proved (/or. cit.) that, in case the sum is everywhere 
continuous, it is a sufficient condition that the integral of the sum 
may be represented by the sum of the integrals of the terms of the 
series, that there should be no points in the interval of integration 
at which the measure of non-uniform convergence is indefinitely 
great. When the sum of the series is a point-wise discontinaouB 
function, it is not certain that the sum is integrable ; it was first 
pointed out by H. J. S. Smith* that a point-wise discontinuous func- 
tion is not necessarily integrable. It is here shown that, provided the 
sum of the series is integinible, the integi*al is the sum of the integrals 
of the terms of the series, if a condition corresponding to that of 
Osgood, is satisfied, viz., that the measure of non-uniform convergence 
is everywhere less than some fixed finite number. As a matter of 
convenience, the expression " non-uniformly convergent at a point " is 
thix)ughout used instead of the moi*e accurate expression '^ non- 
uniformly convergent in the neighbourhood of a point." 

1. Suppose «i (x) + Wj (a?) + . . . + tt„ (ic) + . . . 

is a series which converges for all values of the real variable a?, which 
lie in the interval (a, b) ; each of the functions ?t„ («) is supposed to 
be continuous at every point of the given interval. 
The sum-function «« i^) is defined by 

Sn (x) = M, (a;) +«j (x) + ... +t«n («), 

and L„„,^„ (x) is denoted by s (x) ; the difference s (a*)— «« (jc) may 
be denoted by i^„ (aj), which is called the I'emainder function. 

The functions *„ (a;), JB„ {x) may be I'egarded as functions of the two 
variables ;?•, n, and are at present only defined for positive integral 
values of n ; if we take y instead of n as variable, where 

1 

y 

the functions s„ (a;), R„ (.r) may be written as s (a?, y), R (x, y). In 

• rroc. Loiid, Math, Soc.^ Vol. vi. 
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order to define' 5 (x, y), B (x, ?/)» ^or values of y which do not corre- 
spond to positive integral values of n, we may suppose that for a 
value y which lies between the values t/„ and y„,+u which correspond 
to the consecutive integral values m, w-|-l, of w, the functions are 
defined by 



s (x, y)= ^-y- s(x,y„,,)+ V-'-^^JL , (a;, y^), 

2/w + l 2/»M Vm^l ym 



in 



B (x, y)= y y- B (x, y„,.) + -y--*->- y- B (x, y J ; 

y»»*\ 2/»»» Vm^i ym 

thus the functions are linear functions of y between the values y 
and y„,^i. 

Further, we assume that 



E(ar, 0) = 0, 5 (a;, 0) = 5 (a?) ; 

the functions s {x, y)^ R (a*, y) are now defined for all points in the 
rectangle bounded by the four straight lines a? = a, a; = 6, y = 0, 

y = l. 

The functions s (a?, y), B (a*, y) thus defined may be called the 
transformed sum -function and the transformed remainder-function, 
respectively, for the given senes. Both functions are continuous 
with respect to y at every point in the rectangle ; that this is the 
case for points on the boundary y = follows from the condition of 
convergency of the series, that for a constant x the limits of «„ {x) 
and Bn {x), as n is indefinitely increased, are s {x) and zero respect- 
ively, and thus that 



and 



Ly-o«(«, y) = s(x) = 8(x, 0) 
L,.oE(a;, y)=0 = E(a^, 0). 



The function 8 (x, y) is also continuous with regard to x for all 
values of y in the rectangle, except on the boundary y = ; its 
nature on this boundary is here to be investigated. It will be 
observed that the function R (x, y) does not fall under the general 
class of functions considered by Baire, which are everywhere con- 
tinuous with regard to y, and with respect to x along a series of lines 
parallel to the a;-axis cutting the y-axis in an everywhere dense 
aggregate of points ; it may be discontinuous with respect to a; at 
points lying on all lines parallel to the a;-axi8. 
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2. Through a point P (jc, 0) on the boundary y ^ 0, draw a line 
pai-allel to the axis of y, and of any length p, (PPi) ; the fluctuation 

y 



jrH 



M' 



T 

Pi 



p, p 
Fio. 1. 



6 



a; 



of the function $ (a*, y) in this straight line has a value whose limit is 
zero when p is indefinitely diminished ; let <r be any positive number ; 
then there is an upper limit of those values of p which are such that 
the fluctuation of s (x, y) in the line p is ^ <r ; we denote this upper 
limit by A, (x) ; thus, if p i A, (a*), the fluctuation in p is ^ a, and, if 
p > A^ (x), the fluctuation is > a. 

It will now be shown that, corresponding to any arbitrarily small 
fixed number c, an interval 2S can be found on the j;-axis, with P as 
its middle point, such that for all points P' within this interval the 
value of A^ (P') is less* than A, («)+«. 

Let Pl\ = A„ (x), and let P,!?, = c ; then in Pp^ the fluctuation of 
the function tf (a*, y) is greater than <r, say <r + ic ; if a number iCi<jc be 
taken, two points A/, N, neither of which coincides with P, can be 
found, such that | 8 (M)—s(l,) \ > <r + ic,. Since 8 (x, y) is continuous 
with regard to x, at both M and N, straight lines of equal lengths 2d 
can be di-awn through these points parallel to the a^-axis, such that 
in each of them the fluctuation of s{x, y) is less than JiCj, and such 
that il/, N ai-e their middle points. 

Let 1^ be any point on the .r-axis whose distance from P is less 
than h ; di-aw P'Af' A" to meet the pai-allels through M and N in IT, IT, 
We then have i /irx / x- i 

|.(A")-*-(A')l<K 



it follows I'hat 



s{M')-.{M)\ <\k,- 



\s{M)-h{N')\ > cr. 



* This ])ropcrfy i» named by Baire "somi -continuity of the function X»(«) " ; 
semi-uontinuouh function is not n(K?eH8arily continuouH. 
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Thus the value of X (P') must be less than the length P'A^', since the 
fluctuation of s {x, y) in P'JV" is greater than o- ; thus for any point P' 
in the interval 2B with P as its middle point, we have 

X(F) <X(P)+€. 

Since R {x, y) = « (^Jj) — « (^c? y)» 

and 8 (ic) is constant with regard to y, it is clear that the function 
A, (ii') for B {x, y) is identical with the same function for s (ar, tj). 

3. In any sub-interval of the a?-axis which contains the point x (P), 
the essentially positive function X, (x) has a lower limit for all its 
values in the sub-interval ; the limiting value of this lower limit as 
the sub-interval containing P is indefinitely diminished may be 
called the minimum of X, (.r) at P ; this minimum may be either 



«, 



7t 



n 



H' 



■Y 



■X 



%■ 



H. 



171' p Tit 

Fig. 2. 



H. 



2 I 



positive or zero — let us suppose that it has a positive value at P, 
and choose any positive number a less than this minimum. It is 
possible to find a neighbourhood pp' of P, such that for all points of 
j?p' the value of X^ (x) is greater than a ; draw a rectangle on jyp' as 
base and of height a = PPi- 

Since s (x, y) is continuous at P„ with respect to a;, a neighbour- 
hood Qi Qj can be found for P, such that the fluctuation of s (x, y) in 
Q, Q, is less than an arbitrarily assigned number c,. Complete the 
rectangle QiN^N^Q^. Let X, Y be any two points in the smaller of 
the two i-ectangles qp\ Qi^^y and di*aw the sti'aight lines mXn, 
mfXti ; we have 

1 s (X)-s(Y) I < I « (X)-s («) I + I « (Y)-s in) \ + \s {n)-s (»') | 

< 2a+«, 

since the fluctnations in mn and m'n neither exceed o-. 

It thus appears that on the supposition that the minimum of X, (x) 
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at P is positive, an ai-ea QiX^ or qp\ whichever is the smaller, can be 
found such that the fluctuation of « ( j*, y) considered as a function in 
the two-dimensional continuum (;r, y) is in that area <, ic + c. 

The above reasoning applies however small c may be ; thus we see 
that, if the saltus of s (a*, y) at the point P with reference to the 
continuum (ar, ?/) is >2o-, then the minimum of X,(x) at P must be 
zeix). Hy the saltus at P is meant the limit of the fluctuation in an 
area containing P when that area is indefinitely diminished. 

To prove the corresponding theorem for B (ar, y), we have, since 

i2('K) = 0, U(vi) =0, 

I It (X)-R (Y) \ <\ It (X)-R (m) \ + |E(r)-E(m')| <2tr 

for all points X, Y in the rectangle qpp'q' ; it follows that, if the 
saltus of R (a*, y) at P is greater than 2tr, the function X, (x) has its 
minimum at P equal to zero. 

4. It will now be shown that in every sub-intei'val, however small, 
which forms part of the interval (a, h), there exist points at which 
the minimum of A, (x) is positive. Suppose, if possible, that at every 
point of the sub-intei'val (oj, jJ^) the minimum of X, (a?) is zero ; then, 
if €, be any assigned number, a point Pj can be found in (a„ 0i) 
at which X^ (P) < ^c, ; in virtue of what has been shown in § 3, a 
neighbourhood (oj, /3j) of Pj can be found such that at every point in 
itA,(ar)<X.(P,) + H<*,. 

Now consider a convergent sequence of decreasing numbers 

€„ €2 €„, ... which has its limit zero; by continuing the above 

ivasoning, a series of sub-intervals (a,, (i^), (a,, ^j), ..., (a„, /3^), ..., 
each one enclosing the next, can be found, such that in any one sub- 
interval («„, /3„) at every point X, (a^) < €„. It is well known that in 
such a series of sab-intervals there is at least one point P which is 
in the interior of all the sub-intervals ; at this point P, X, (P) < c„, 
however great n may be ; hence X^ (P) is zero ; but X, (a?) is positive 
for every value of a^ ; it therefore follows that it is impossible that at 
every point of a sub-interval (oj, /3,) the minimum of X, (a?) should 
be zero. 

It has thus been shown that in every sub-interval belonging to 
(a, h) there exists one point, and therefore also an indefinitely great 
number of points, at which the minimum of X^ (x) is positive. 

The points of (a, h) at which the minimum of X, (a?) is zero form 
a closed aggi'egate ; for let P be a limiting point of this aggregate ; 
then in any arbiti'arily small sub-interval containing P there are an 
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indefinitely great number of points of the aggregate ; hence in this 
sub-interval there are points at which A^ (a?) is as small as we please, 
and therefore the minimum of X, (x) at P is zero, or P is itself a 
point belonging to the aggregate ; thus every limiting point of the 
aggregate of points at which the minimum of \„ (x) is zero belongs 
to the aggregate, or the aggregate is a closed one. The aggregate is 
throughout the interval (a, b) non-dense, for, if it were dense in any 
sub-interval, since it is also closed, it would contain all the points of 
the sub-interval, and this has been shown not to be the case. 

We see therefore that in any sub-interval (a, /3) of (a, 6), a sub- 
interval (a,, /3,) can be found at every point of which the minimum 
of X, (x) is positive. 

5. If we combine the results of the last two articles, we see that in 
every sub-interval of (a, b), a sub-interval (qj, /3,) can be found such 
that at every point in it the fluctuations of the two functions 
* (^» y)» I^ (^j y) with reference to the continuum (a?, y) are less 
than 2ir. 

If we take a convergent sequence of decreasing values of <r, 
<r„ o-j, ..., <r,„ ... whose limit is zero, we see that in (a, ft) a series of 
sub-intervals («!, /^i)? («i» ftt)^ •••» («mW^)» •• can be found, each 
enclosing the next one and such that at every point of (a„, ft„) the 
fluctuations of the functions s (x, y), R (x, y) are each less than 2<r„ ; 
it follows that there is in (a, ft) at least one point at which the 
fluctuations are both zero, or at which the functions are con- 
tinuous. 

We have thus obtained the result that in every sub-interval of 
(o, b) there exist points at which the functions s(xj y), R (aj, y) are 
continuous with reference to the continuum («, y). 

We may state the result in the form that the points on the a;-axis 
at which either of the two functions is continuous with reference to 
(x, y) form an everywhere dense aggregate. 

It has been shown by Baire that the function s (x, y) is such that 
in any area contained in the rectangle bounded by a; = a, a; = 6, 
y = 0, y = 1, there are points at which the function is continuous 
with respect to (a?, y)y or, in other words, s (x, y) is a point-wise dis- 
continuous function ; of this result we have, however, no need ; for 
our purpose it is sufficient to consider the nature of the function 
along the a;-axis. It will be observed that R (a?, y) may be dis- 
continuous with respect to x at points lying on every line parallel 
to the ai-axis, except on that axis itself. 
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(). At a point (.r, 0) of the interval (n, 6), at which s (x, y) is dis- 
continuous with i-egard to (ir, y), the function s (j, 0) ov s {x) may or 
may not be discontinuous with respect to x ; but, since the points of 
discontinuity of s {x) must be included in those of * (a;, y), we have 
Bailee's i^esult that $ {x), the sum of the convergent series 2 u («), in 
which u (j?) is continuous in the interval (a, 6), is at most a point- 
wise discontinuous function, that is to say, the points of continuity of 
s {x) form an everywhere dense aggregate in (o, 6). 

We pass on to the consideration of the function R (a;, y) ; this 
function is zero for all values of x in the interval (a, ft), when y = 0, 
but it has in general points of discontinuity with i-espect to (aj, y) on 
the bonndp.ry y = 0. 

Let P be a point in the interval (a, 6) on 
the ^-axis ; draw a semicii*cle qp(i of radius /», 
with P as centre. The upper limit of 
I U (.r, y) I in this semicircle Avill have a 
value p (p) which is a function of p, and 
which when p is indefinitely diminished has 
a limiting value fip. If Pp is zeix), then P is a point of continuity of 
li (^, y), but, if /^p has any value different from zero, P is a point of 
discontinuity of R {x, y). 

It is easily seen that a point P of discontinuity of R (ar, y) is a 
point in whose neighbourhood, or, as may be conveniently expressed, 
at which, the convei-gence of the series is 5 ^ 

non-uniform. At a point of uniform 
convei-gence of the series, in a sufficiently 
small neighbourhood X3/, corresponding 
to an arbitnirily small prescribed positive 
number c, a value m of n can be found such that, if n ^ w, then 
I 7^„ {x) I < €, for all values of x in MS ; thus a rectangle MNSR can 
be found such that for all points in it | P (a*, y) | < €; within this 
i-ectangle semicircles with centime P can be described in whicb 
I R (.r, //) I < c, and thus J^ would be a point of continuity of the 
ti*ansformed remainder function. 

We have thus obtained the following theoi*em : — 

If v^ (.r) + «o (.r) -f ... + 1(,^ (x) + ... be a series which converges for 
all values of x in an intei'A'al (a, ft), and each temi m„ (a?) is continuous 
throughout the interval, those points in whose neighbourhood tbe 
series converges uniformly form an aggi'egate which is everywhere 
dense thix)ughout the interval ((?, ft). 
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7. The number /5,, which has been defined as the limit, when p = 0, 
of the upper limit of | B (a*, y) \ in the semicircle of radius p, and 
centre at the point a?, has a positive value (which, however, may be 
indefinitely gi^eat) different from zero at every point x of non-uniform 
convergence ; it may be called the measure of the non-uniform con- 
vergence at P.* If, in Fig. 3, we divided the semicircle into two 
quadrants by means of the radius Pp, we may consider separately the 
upper limits of | B («, y) \ in the quadrants Ppq, Ppq' ; when p is in- 
definitely diminished, these upper limits have as limiting values two 
numbers /3j^, /3j, which may be called the measures of non-uniform 
convergence at «, on the right and left respectively. 

These numbers /3/, fi~ are equivalent to Osgood's iudicest of a 

point (h*, h'), which he defines differently. 

If i3^ = 0, /3j > 0, the point x may be said to be one of uniform 
convergence on the right. If /3/ > 0, i^j = 0, the point x may be 
said to be a point of non-uniform convergence on the left. At a 
point of uniform convergence, /3 * = /3; = ; />^ is the greater of the 
two numbers fi* , /3; . 

The number /3^ is the saltus of the function | B (x, y) \ at the point 
{Xj 0), and this cannot exceed the saltus of B (x, y) ; now it has been 
shown that the points at which the saltus of B (x, y) is greater than 
the arbitrarily assigned number 2<r are points at which the minimum 
of the function X^ (x) is zero ; it has further been shown that these 
points at which \„ (x) has a zero minimum form a non-dense closed 
aggregate. It thus appears that those points at which the measure 
of non- uniform convergence of the series is greater than an arbitrarily 
assigned positive number form a non-dense closed aggregate. 

That there may be points at which the minimum of X, (aj) is zero 
is in close connexion with the fact which formed the starting point 
of Osgood's investigation, that the approximation curves whose 
ordinates represent the function «„ (x) have, in the neighbourhood of 
points of non-uniform convergence, peaks which remain of finite 
height, or become of indefinitely great height, as n is indefinitely 
increased. 



* This term Orad der ungleichmassigm Convergenz is employed by Schoenflies 
(Bericht ub»r die Mengenlehre^ p. 226), who uses Osgood's definition. The function 
fig considered as a function of x ia called by Schoenflies the convergency f onctioa 
{Canverffefu/unetion) . 

t Loe, eii,f American Jourttaly p. 166. 
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8. We pix)ceed now to show that, on the snppoKition that s (x) is 
iutegi'able through any interval (.r^^ u*,) contained in the interval of 
convergence of the series, it is a sufficient condition that 

pi 

I s (x) djR 

is the sum of the series 

pi pi fj^i 

I tt, (or) (le-\- Uj (a-) (ZiC -h ... + I «« W dx-\- ... ; 

J -To J ■Tq J J^ 

that in tlio interval (a'^, a,) the measui»e of non-uniform convergence 

of the series , . . . / \ . 

u^ (j;) + «j W + ... + w« (J?) + ... 

is everv where less than some fixed finite number. Since 

i?.(.r) = 8„ 0) + E„(j!), 

pi pi pi 

we have I s (jc) dx = I s„ (a) dx + I i?« (j?) dx ; 

hence what we have to show is that, under the conditions stated, a 
I) amber m can be found cori'esponding to a given number c as small 
as we please, such that, if n >^ m, 



i: 



7(*„ (.c) dx I < €. 



This is equivalent to showing that, cori*esponding to a given c, a value 
of y can be found, say y^„ such that 






y)dx 



<«, 



if y has, in the integrand, any fixed value which is <. y^. 

Take a fixed positive number A ; then it has been shown in Art. 7 
th:it the aggregate (r of points in the .r-axis at which the saltus of 
I li (x, y) I is greater than ^l form a closed non-dense aggregate. 
Xow it is well known that such an aggregate G, in the most general 
case, consists of the end points of an enumerable aggregate of sub- 
intervals of the given interval (.iy, j*,), together witli the limiting 
points of these end points, and that these sub-intervals are such that 
no two of them have a common point, except such end points as may 
be common to two adjacent su})-Intervals. These sub-intervals we 
may su])])ose to be of lengths ^,,^2, ^3, ..., where 0^>.Or^i; ©very 
point of the interval (.r^, j\) which is not in the interior of one of 
these sub-intervals ^ is a point of the aggiTgate O. If lidenote the 
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content of the agp^regate G, then I— I, where I = x^—Xq, is the limit 
of the sum O^-^O^-ttij^-^ ... ; if we take only the first fx of the sub- 
intervals 0, the points of G all lie in the complementaiy sab-intervals 
of I (including the ends), and fi*om the theory of the content a value 
of fi can be found so great that the sum of the complementaiy sub- 
intervals in which the points of G lie is <I-\-€^^ where c, is a fixed 
arbitrarily small number ; for such a value of /x we have 

Oi-\-Oi-^...'\-0^>l—I-€,, and <l—L 

Inside each of the sub-intervals 6^, 0^, ..., 6^^ we may take a com- 
pletely enclosed sub-interval 0\ such that, if Cj be a fixed arbitrarily 
small number, 

1 1 

then the sum of the fji sub-intervals 6' lies between Z— J— Cj — c.^ and 

Now, imagine the whole interval I to be divided into fji-\-s sub- 
intervals, fji of which are the above 0[, O'j^^ ..., ^^, and the other 8 of 
which are f,, t^^ ..., ^„ thus 

1 1 

all the points of G lie in the sub-intervals t. 

l^irst consider J Tt (x, y) dx taken through the sub-intervals 0' ; upon ^ 
Or as base a rectangle of height yr can be di'awn such that the value 
of I R (x, y) I at any point in the rectangle is <^ A-\-7}^ where 77 is a 
prescribed number as small as we please. For suppose this not to be 
the case ; then there are points of the a;-axis in 0'^ such that the 
fluctuation of \It{x, y) \ in areas containing them is >-4, however 
small y may be taken, and this is contrary to the hypothesis that at 
every point of 0[ the saltus of | It (.r, y) | is <" ^ ; hence yr can be found 
corin3sponding to a given r;. Let y be the gi*eatest of the /x numbers 
y„ ^j, ..., y^\ then, if y <" y, for every value of x in any of the 6' in- 
tervals, we have \R {x, y)\ ^A-\-r) -^ hence the numerical value of 
J JB (a;, y) dx taken through all the & intervals is 

< (.4 + v) i 0\ or is < (Z-/-e,)(^ + T7), 

provided y"^ y, and y, rj are so related that they converge to zero 
together. 

Next, consider the s intervals fj, L, ..., f„ which contain all the 
points of G. For any point x oi G there is a value of y such that., 



■9-^ 
1-j'j 
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for ft htA M smaller values of y. [ ^ « jr, y) | < ir. where o- is a pre- 
^rri 'r*:«i p»>'itive r* am her which we will take to be <*1 : this follows 
fr^tTii tKf.- fafrt that JC'jt. >j} is ci:>ntinnoas with respect to y at the 
ff'^irit (^. 0;. 

Take a fixe^l value y^ of y. and let O^ be the aggregate of those 
[K/inr-, \j^]oTLinns to (? which ai-e snch that | 1? (jr, y) [ < o-, when 
y ^ V; : Jt- V: i- diminished, <r^ takes in ct.»ntiDnally more points of O z 
t'nrjs fr i* the limit of G^ as y^ conversres to zero. 

If /, denotes the content of the ajrsregate (r,., the points of (7,^ mav 

Ije all included in a finite numl>er of sab-inter\-als Tj. r. r^ whose 

sum 5r is < /^ -{-S, wheit? o is an arbitrarily chosen positive nomber, 

the c^im|ilenientary inter\'als whose sum in 2 ^ — 5 r containing onlv 

points of G which do not l>elonjr to G^ . 

Since tliere ai-e, by liyjKithesis. no points in G at which the upper 
limit of tlie fluctuation of lti.r, y) in (jr, y) is not finite, and this 
ufiper limit i?» evervwherx* le^s than some fixed tinite number, there is 
a finite iipj^er limit of \Ii ix, y)\ for all values of x which are in the 
intervals / hut not in tlie intei'^'als r; let B be this upper limit; then 
the value of /t (x, y) dx, taken thi-oueli those parts of the intervals t 
which are not in r, is numerically not greater than B (2/ — 2r) or is 
less than B C/+€, -t-c, — /^ ) ; it will l)e observed that B cannot increase 
as y is diminished. 

It now remains to consider the integral taken through the in- 
tervals r. Since, by hypothesis, R (j*, y), which is equal to 
8(x) — 8(x,y), is integitible in the interval (jr^, a*i), these intervals 
may be divided into a finite system of sub-intervals, such that the 
snm of tliose in which the fluctuation of R (jr, y) is greater than or 
er^ual to an arbiti'arily assigned number is as small as we please. It 
follows that the intervals r can be further sub-divided in such a way 
that 's: ' . 's: " 

where the / are inter\'als in which the fluctuation of R («, y), for y 
fixed, is >^ a, and the r" are intervals in which this fluctuation is <a, 
where a is an arbitraiily chosen number, and that this can be so done 
that St' is as small as we please. We shall choose a so small that 
a-^a- < A. The integral J R (x, y) dx taken through the intervals r 
is numerically not gi<eater than B%r \ we have therefore to consider 
the integral taken through the intervals r'', in each of which the 
fluctuation is less than a. 

Of the intervals r" some contain points of 0^^ and others may not. 
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Let K be the sum of the latter ; then through them the integral is 
numerically not greater than kB. For any interval of /' which con- 
tains a point of O^^ the value of | B (x, y) \ at every point is less 
than <r+a, y having any value <'yj ; hence the numerical valae of 
jB(Xyy)dx taken through these intervals is less than (<r+a) 2r" 
or A1,t'\ 

Summing up, we see that, if y is equal to or less than the 

B (x, y) dx 

1» ICBS tUttU " -^ 

If we suppose A^ y^ y to have fixed values, the number c, can be 
chosen to be as small as we please ; hence, if ^o be the smaller of the 

B (ar, y) dx for 

Sr' is as small as we please to make it ; hence the integral is less than 

(^-Hi7)G-J-H2r)-fB(I-J,. + + BK 

or than (^4-»?)(2Z— I) -f B (/— J^,-f €i) + ^«- 

It will be proved below that I is the limit, when y^ converges to zero, 
of the content I,j^ ; assuming this for the present, y^ can be chosen so 
small that I — ly^ < X, where X is an arbitrarily chosen positive 
number, we have also ic<X ; thus the absolute value of the integral is 
less than ^^^^^ 2l-\-B {2\-^€,). 

Let € = p-\-q + r'\'Sy 

where p, q, r, 8 are all positive ; choose A < ^; then choose y so that 
V "^ Kji then choose y, so that 2/?X < r ; and, lastly, take the number 
of 6 intervals such that Be, <s. A value y^ has thus been found of 

B (Xy y) dx\ < e, provided y < y^. 

9. It only remains for us to prove the theorem which we have 
assumed in § 8, that the limit of J^,, asyj converges to zero, is J. The 
proof here given is substantially identical with the proof given by 
Osgood (loc. cit.)y to whom the theorem is due, and who pointed out 

VOL. XiiXIV. — NO. 780. 8 
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that the truth of the theorem essentially depends npon the aggregate 
G being a closed one. 

As y^ diminishes, Jy^ can never diminish, and it can clearly not be 
greater than the positive number I ; hence, by a well-known theorem, 
Jy^ has a limit which is ^ I. The aggregate O^^ can be enclosed in a 
finite number of snb-intervals, whose sum S^^'*^ is less than iy,-f 5^,, 
where ^y, is an arbitrarily chosen positive number. Next take a 
value yj of y, < y^ ; corresponding to y, we have an aggregate O^ 
whose content J^, is not less than I,^, Those points of O^^ which are 
not in the intervals ^^*''^ can be enclosed in a finite number of further 
intervals ^^*"\ of which the extremities are not points of O, and so that 

where h^^ is an arbitrarily chosen positive number. If we apply this 
process to the aggregates 0^^, O^^, ..., O^ , ..., corresponding to a 

sequence yj, yj, ..., y«, ... of values of y, which converges to zero, we 

have a finite number of intervals which enclose the points of Op , and 
whose extremities are not points of O^ such that 

if ^y,, Ty,, ... be taken to be a decreasing sequence of numbers whose 
sum converges to a given arbitrarily chosen number h. 

As n increases indefinitely, the number of intervals r cannot increase 
indefinitely ; for, if it did so, the extremities of these intervals mnst 
have one or more limiting points x\ and it would be possible, out of 
the intervals whose extremities have x' as limiting point, to choose 
an aggregate of points of O which would have x^ as limiting point ; 
hence, as (7 is a closed aggregate, a/ would itself be a point of (7, and 
this is impossible, as x' is not in any of the intervals. Thus, as n in- 
creases, the number of intervals ^ reaches a maximum number N 
which is never exceeded. These N intervals contain in their interior 
all the points of G ; hence all the points of are enclosed within If 
intervals, whose sum is < L^.© 7^4-5 ; if now L Jy were less than J, we 
could choose B so that the sum of these intervals was less than J, and 
it is impossible that all the points of an aggregate G can be enclosed 
in a finite number of sub-intervals whose sum is less than the con- 
tent of G ; thus we have proved that Ly.o^y = J. 

The theorem has now been fully established that the int^ral of 
the sum of a convergent series of which every term fs a continnouB 
function is equivalent to the sum of the integrals of the separate 
terms, provided the sum of the series is integrable throughont the 
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ioterval, and provided further the measure of non-uniform con- 
vergence at every point of the interval is less than some fixed 
number. 

If the measure of non-uniform convergence is at no point of the 
interval of integration indefinitely great, then this measure is for 
-every point of the interval less than some fixed finite number. For, 
«ince those points at which the measure of non-uniform convergence 
is greater than a fixed number form a closed aggregate, if for any 
siequence of points this measure continually increased and had no 
finite upper limit, for a limiting point of the sequence the measure 
would be indefinitely great, which is contrary to hypothesis. 



Networlcs. Bij Samuel Roberts. Read and received 

January 9th, 1902. 

1. This paper treats of certain networks, (1) with triangular 
meshes, (2) with polygonal meshes. These will, for shortness, be 
called respectively triangular and polygonal networks. They are, 
of course, intimately connected with the problem of colouring maps 
with four colours only. 

The doubts and difficulties which have arisen with regard to the 
^lemonstration of the general theorems involving the solution of the 
problem in question show the expediency of discussing limited and 
<]efined cases, and passing to more general results step by step. 
The subject, in fact, is larger and moi*e intricate than the simplicity 
of the empirical solution would lead one to expect. 

2. Consider a piece of triangular network the sides of whose 
meshes are rectilinear, as represented concretely in Fig. 1. The 
outer contour is supposed to be continuous, and consists of not less 
than three sides. The connectors (/'.e., the sides of the meshes) do 
not meet except at knots. These are variously multiple, and the 
number of connectors meeting in a knot is the weight of the knot. 
Any two knots are joined by one connector only : this is implied by 
the triangular and rectilinear character of the meshes. The case of 

8 2 
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networks united by a single knot is excluded for a reason which will 
presently appear. 




Fig. 1. 



3. When the outer contour is made up of more than three sides 
the network is said to be incomplete ; when the contour consists of 
three sides the network is considered as complete. 

Generally it is desirable to add another knot to an incomplete net- 
work, so as to make it complete by joining the added knot to the 
knots of contour b}' connectoi's. These may be made rectilinear by 
suitable adjustment, as in Fig. 2, which gives the completion of 
Ficr. 1. 



4. Incomplete networks united by a single knot were excluded, 
because in the complete diagram the added knot would be joined to the 
knot of junction by two connectors, both of which could not be recti- 
linear. As a matter of practical convenience it is plain that in draw- 
ing diagi-ams the actual straightness of the connectoi-s is immaterial, 
if they can be made straight by adjustment and do not deceive the eye. 
Unessential alterations may be made in the dimensions and dii*ec- 
tions of the connectore, and the arrangement of the knots. 
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In normal networks, knots of less weight than three are not 
^admitted. Networks united by a single bond are at present excluded, 
although the completed diagram would be triangular. Sach forms 
imply multiple connectors. 

5. Some general and important numerical theorems are readily 
obtained by regarding a complete triangular network as the projec- 
tion on a plane of a polyhedron with triangular faces only. For, if 
S, E, F are respectively the numbers of the solid angles, the edges, 
and the faces of such a polyhedron, Euler's formula gives 

S-E-{-F=2. 

Now let 8 J e, /, and ic be the numbers of the knots, the connectors, the 
plane triangles (including the base), and the weight of the plane 
system; then ^ ^ 2e = 3/; 

and, if we take n-\-2 knots to form the network, 

8 = n + 2, e = 3n, / = 2n, to = 6n. 

6. In numerous concrete cases, of which Fig. 2 affords a simple 
example, two separated branched forms or trees can be determined, 




Fig. 2. 



passing through all the knots, not returning on themselves, so as to 
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form loops, and such that 
by a Kimple connector. 



tree Ave joined 
connected by 2n bondR, 




Flfi. 3. 

i.e., simple connectors which do not intersect except at knots, or at 
all erents can be modified so as not to do so. In the ^neral ca«e of 
n + 2 knots, the number of branches taken together is n 

Let p be the number of branches on one tree, and denote by 
a,, a,, ..., (Tp,, the knots thereon. The cbaractei's of the trees which 
can be constructeil fi-om the p branches are indicated l>y the prodnct 

(o,+'ij+...+o^,,)'-' ((z„ a «,.,) (Cayley. "Theorem on Trees,"" 

Quart. Joiir., Vol. xsiii., p, 376). 

The arguments in the expansion show the several characters of 
possible trees not depending on the lengths or directions of the 
branches, the multiplicity of the knots lieing indicated by the power* 
of their symbols, in each term. The sum of the indices is 2p. 

The gi-ofis weifjht of the knots oE the tree {i.e., taking accoant of 
the weight due to the '2ii simple connectors) iK 2(ii+j>). If there- 
fore we deduct two fiom the weight of each, we get 
2(«+^)-2(p+l) = Z(,,-l), 
showing the weight (less two) due to the '2ii simple connectors. 

Let q be the number of bmnches on the second ti«e ; the net 
weight is still 2 (n — I), due to the simple connectors. 



7. For two given trees, it is pla 
Tariously arranged and will produci 



1 the 2ii simple connectors can b» 
diffei'ent complete diagrams. 
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If now we suppose p and q to vary integrally, and so that 

and take up all possible positions of the simple counectoi's as well as 
of the branches, we arrive implicitly at least at the totality of com- 
plete, normal, triangular networks of the order 11 — 2, which, as wo 
may say, are subject to solution by trees, i.e., have an open solution. 
We must at present exclude the uses of j^ or q = 0, because 
multiple connectors are then introduced. The case is, however, con- 
sidered in § 16. 



8. To fix the ideas, it is useful to dwell on a concrete example of a 
complete normal triangular network, such as Fig. 2, where the 
branches are represented by thickened lines. It is, however, easy to 
draw a more complicated diagram. We observe that the correlative 
ti'ees are so far dependent on one another that for a given network 
(me determines the other ; for the branches of the two together pass 
through all the knots. 

We see also that, if we give a zero value to any branch, thus 
causing two simple connectors on each side of the branch to coalesce, 
we lose practically two connectors and one branch, while the reduced 
figure of w+I knots has a solution consisting of 
the tree from which one branch has been removed 
and the cori*elative tree unchanged. The weight 
of the new knot is less by two than the weight 
of the component knots, and the weight of the 
knots on the con^elative tree is also reduced by 
two. 

Thus the whole figure is made up of quadri- 
lateral elements such as Fig. 4 represents, 
simple connectors forming the sides and offici- 
ating twice as boundaries. In the general case 
of n + 2 knots there are p such elements making 
up the one tree and q such making up the cor- 
relative tree, and p-^-qzzz n. The 2n triangles are 
thus accounted for. 




Fig. 4. 



. 9. In order to pass from a diagram of n-fl to one of w-h2 knots, 
retaining a tree solution of the lower form, we have to work with 
one branch and two simple connectors. The only admissible way of 
adding two new triangles, while preserving continuity of solution 
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and increasing the order by unity, is to divide and open out a simple 
connector on each side of a knot so as to separate the knot into two 
components ; the net weight of the two components will be two more 
than that of the original knot ; the original simple connectors and 
the additional ones will intersect at knots on the correlative tree. 
Thus one or the other of the trees of the lower form receives an 
addition of one branch, and the net weight of each tree is increased 
by two. This process is, of course, applicable to all the tree solutions 
of a complete triangular network of n -h 1 knots. 

So far we have considered the totality of complete normal tri- 
angular networks soluble by a correlative pair of trees the sum of 
whose branches is n in number. But for the purpose of induction 
something more is required. We make, then, here the postulate that 
the totality of networks in question is really the totality of all such 
networks of the ordern-f 2 which are normal, as not having multiple 
connectors. 

10. In considering tree solutions, it is convenient to say that 
knots on the same tree are congruent, and knots on different trees 
are incongruent. 

Let us take now an arbitrary, complete, normal triangular net- 
work of 71-1-3 knots, 271 -{-2 meshes, Sn-\-S connectors, <fcc. Extract 
from the graph a fragment such as Fig. 5, bearing in mind that the 
network may be referred to any mesh as base. Fig. 5 consists of a 




mesh ABC with three otliers eacli having a common side with ABC, 
viz., AFB, mK\ CEA, Unite the knots A and B in {AB). If the 
reduced form of n -h 2 knots (whicli by tlie postulate is susceptible of 
a tree solution in one or more ways) possesses such a solution, in 
which F, C are congruent with one anotlier, but incongruent with 
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i^AB), Yfe can open out again the united knot and thus get a tree 
solution, the tree through F and G being unchanged except that the 
net weight of the knots thereon is increased by two, and one branch 
is added to the correlative tree. But we may suppose that no solu- 
tion of the reduced form satisfies the condition ; then AB must be a 
simple connector and -4, B incongruent. 

It is important to remark that, if ^B is a branch, we cannot com- 
patibly suppose that BC is also a branch. In fact the tree to which 
AB is a branch passes through A and B, but not through G and F ; 
whereas the second tree passes through B and G, but not through A 
and D. Hence the supposition that AB and BG may be branches 
refers only to two different solutions. 

But we may suppose that AB is not a branch, the condition failing, 
and that BG does satisfy the condition, viz., that when BG = the 
second reduced form has a tree solution making the united point 
{BG) incongruent with A and D, so that a tree solution of the higher 
form is obtained by opening out again (BO). 

But we may again suppose that the condition fails, in which case 
BG also is a simple connector, and A is congruent with G. Then EA 
«,nd EG are simple connectors. 

But by the postulate the reduced form when -4(7 = has a tree 
solution. If this makes the united point (AC) incongruent with B 
and E, there is a tree solution of the higher form ; but, if it be that 
there is no such solution, AG is a simple connector, and A is incon- 
gruent with G. In that case our original suppositions that AB, BG 
are simple connectors fail. Both suppositions, however, cannot fail, 
for then AB, BG would be branches of the same tree, which we have 
seen cannot be. Therefore one only fails, and either -45 or BG is a 
branch, giving a solution of the higher form. 

The argument may be put in different forms, but they amount to 
very much the same thing. Take the form in Fig. 4. Assume that 
the four sides of the quadrilateral are simple connectors. This is 
possibly a compatible form when the diagonal is a branch. If so, 
contract the diagonal to zero ; the united point is incongruent with 
the opposite vertices, and there is a solution of the reduced form 
which may be extended to give a solution of the higher form. But 
it may be that the supposed simple connectors are incompatible. In 
that case, there must be a break in consequence of the reduced form, 
when one of the sides is made zero, fulfilling the condition of a 
branch. There will, in fact, be two such breaks to make the form 
<;ompatible. We may have two opposite side branches, or two 
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adjacent sides. Cases are known in which a particular bond cannot 
be a branch at all, and also in which two intersecting connectors 
(with a third intervening between them) cannot be branches at all. 
The intervening bond may sometimes be either a simple connector 
or a branch. 

The whole matter depends on the congruity or otherwise of two 
apices of a tnangle, and this applies to any decompositions of a tri- 
angular graph, so that each tHangle has an apex incongment to the 
other two, but in this case we may have decompositions into odd 
polygons, &c., not giving a solution in our present sense. 

Of course a bond may be a bi^anoh springing from a knot and not 
continued. Since our jfiven gi^aph is supposed to be an arbitrary 
complete normal triangular network, we are now justified in stating 
that any such form normal and of an order greater than three is 
soluble by trees. 

11. When a tree solution of a normal complete triangular network 
is found, we can draw a continnous line cutting all the simple con- 
nectors, but not the trees. Hence, if we suppose the tree branches 
coloured green, we may colour alternate simple connectors blue, and 
the rest red. In tliis way, the meshes of the form become coloured 
each side differently, only three coloui's being employed. 

12. A normal complete triangular network can be derived from a 
corresponding polygonal network by an ob\nous process. The meshes 
of the latter fonn are subject only to the condition that no two poly- 
gons have more than one common side. The converse is also true. 
To fix the ideas the diagram of Fig. 3 is derived from that of Fig. 2. 
It is, in fact, a kind of reciprocal form in which a polygonal mesh of 
/x sides corresponds to a knot of weight /x in Fig. 2, and a mesh of 
Fig. 2 corresponds to a triple knot of Fig. 3. In the general case the 
w-l-2 knots of the triangular network correspond to the w+2 polygons 
of the new form, the outer contour being reckoned in ; the 2» tri- 
angles of one form correspond to the 2n knots of the other. The 
branches of a tree solution of the triangular form indicate the con- 
nectors of the polygonal form which must be cut away in order to 
obtain a closed polygon of 2u sides, thus giving a solution of the 
form. 

We now see the inward meaning of the separate trees of the 
solution of the triangular fonn ; for it will be seen that the polygon 
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of 2n sides is equally determined whether we clear of obstructing^ 
connectors the outside or the inside of the continuous contour. 

Further, we can evidently colour the three sides meeting in 
each tnple knot with thi'ee different colours, three colours only 
being used. This is, of course, a particular case of the late Prof. 
Tait\s theorem. From it we conclude that the polygons can be 
coloured so that no two adjacent polygons shall be of the same 
colour, four colours only being employed. This is usually shown as 
follows. 

Let A, B, C represent the three colours distinguishing the con- 
nectors meetinff in a triple knot, and let a, h, c, d be the four colours 
at our disposal, and suppose A is equivalent to ah and cd, B to ac 
and bd, and C to ad and he. The alternative values are sufficient 
for the end in view, and it is hardly necessary to enter into 
details.* 

This conclusion covers the case of a block of countries, no two 
having more than one frontier in common with a neighbour, and no 
country extending from sea to sea. If more bonds than three meet 
in a knot, we may draw a small circle about the knot, colour the 
diagi»am and then contract the circle to zero radius. For geographical 
language applicable to the subject see Lucas, Recreations Mathe- 
viatiques, t. iv. 

13. It would appear that Tait's theorem has been enunciated in 
too general terms. Prof. Petersen, of Copenhagen, using a special 
terminology of his own, states it thus : " Un graphe du troisieme 
degre, qui n'a pas de feuilles, pent ^tre decompose, en trois du 
premier degre." Here /ewi'ZZe means a part of the (/ropAe which is 
joined to the rest by one bond only, and degre is the number (the 
same throughout) of the bonds meeting in each knot. The Professor^ 
later in the same communication, gives an example in which the 
theorem does not hold (Jj Intermediaire des Mathematiciens, Vol. v., 
p. 226). It will be sufficient to give his diagram, Fig. 6, which 
speaks for itself. The connectors necessarily cross and cannot be 
unravelled ; if we attempt to derive a triangular network, we fail, 
and are involved in a maze of multiple lines. 



♦ LucaA, Recreations Mathemat\que$, t. iv., p. 193. Prooess also given by Tait 
and others, I believe. 
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14. Bat I am not sure that the late Pix)f. Tait was responsible for 
such an unguarded statement of his theorem. For, I find in his 
address on Listing's Topologie (Phil. Mag.y Vol. xvii., pp. 30 et seq.) the 
following words : — " But, if 2n points in a plane be joined by 3n lines 
no two of which intei'sect, so that every point is a terminal of three 
different lines, the figure requires n separate pen strokes. It has been 
shown that in this case (unless the points be divided into two groups, 
between which thei'e is but one connecting line) the 3w lines may be 
divided into three gix)ups of 7i each, such that one of each group 
ends at each of the 2n points." 

The condition that no two of the lines " intersect " seems to mean 
" cross," since three intersect at each point. 

Be this as it may, Prof. Petersen's example sufficiently shows 
that the theorem in question is not absolutely genei-al. Nevertheless, 
the unsafe extension was natural, since we can in many ways cause 
the bonds to cross, without affecting the truth of the theorem in 
particular cases.* 



* If we take several even polyvrons and complete the irraph of the third degree 
by connectoFH, these may be coloured the same, and may therefore be arranged in 
all poHsible ways. 
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15. In the present state of the literature of the subject, it was 
convenient to limit the research considerably. It has been found 
that the open solution by means of trees is possible in normal tri- 
angular networks. We are thus enabled to colour the three sides of 
the meshes severally with thi-ee different colours, three colours only 
being used. In such dases, the sets of connectors of one colour do 
not often give three open solutions, but also looped solutions made 
up of closed circuits, partial trees, and knots of even weight. The 
number of open solutions may be 3, 2, or 1, and there may be two 
looped solutions or one such solution. As a matter of fact, the 
meshes may sometimes be coloured with three colours in such a way 
that all three sets of connectors may give loops, or even knots. 

The gi'eat variety of forms which looped solutions assume presents 
a wide field of investigation, but little worked. I can only here 
make a few remarks which are near the surface of the subject. 
Such a solution consists of two correlative sets of elements, the 
defining bonds of which are branches, the elements only connected 
by simple connectors. The sum of the weights of the knots of each 
element is even ; so also is the number of proper sides of a loop ; 
isolated knots are even ; there may be trees separate or attached to 
the sides of loops, and these may have sides in common or be united 
by knots. 

Thus let 2/^1, 2^j, ... be the gi^oss weight of the knots on the 
elements of one of the correlative systems ; and let p^, p^, ... be the 
numbers of branches on the respective elements ; then we have 

22/1-22^ = 2w, 

and for the other member of the system, if 2ri, 2r^, ... and q^, q^^ ... 
are the corresponding numbers, we have 

22r-225 = 2«, 

l,p-\-2q = n. 

Under these conditions, the looped solution enables us to colour the- 
sides of each mesh differently, three colours only being used. A few 
figures easily drawn will make the matter clearer than description, 
always inadequate. A simple example is Fig. 2. Here we find one 
open solution and two looped solutions. The one, it is easy to see, 
consists of three gix)ups, two of them giving 

18 + 4 = 22, 

and the remaining group giving also 22. In this n = 11. The other 
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looped solution has four groups, of which three give 

10-f8 + 4 = 22, 

and the remaining gi*oup gives 22. 

I must pass to a subject more relevant to the purpose of this 
paper. An important difference between open solutions and looped 
(mes is worth stating, namely, that giving a zero value to a branch 
foi'ming a boundaiy of a loop will not give a solution of the lower 
form, because the resulting loop will be odd. 

16. We passed over previously the case in which one tree of an 
open solution degenerates into a knot, and the correlative tree has 
n branches. We ai'e then introduced to multiple connectoi-s. Fig. 7 




Pig. 7. 



j^ives an example of the coiTesponding complete form, while Fig. 8 
shows the correlative polygonal network. Generally a multiple 
l>ond on a complete tnangular network corresponds to common sides 
•of equal multiplicity in the associated polygonal network. Our dis- 
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cussioa is limited to triangnlar systems and associated polygonal 




-ones. Therefore each pair of connectors must contain a sab-form 
Trhich completes the meshes. 

Fig. 9 represents a simple case, and Fig. 10 gives the associated 




polygonal network. The contonr, of coarse, corresponds to the knot 
-of weight 11. The thickened lines gire an open solntion. The 



272 



Mr. Samuel Roberts on Netuoorht, 



[Jan. 9, 



polygonal figure is also given in Fig. 11, the contour corresponding^ 
to a knot of weight 5. 




Fig. 10. 




Fio. 11. 



17. It is plain that in the colouring process the multiple connectoi's 
will be of one colour. In fact, when we have coloured a complete 
triangular network, we can add a bond joining any two of the apices 
of the base so as to leave the whole fomi bounded by two bonds, 
which must evidently receive the same colour. The same thing 
follows from the consideration that in the polygonal form associated 
with the triangular one we must remove all or none of the common 
sides of two adjacent meslies. 

A little consideration will convince us that, if we substitute in a 
complete network with multiple connectors simple connectors and 
find an open or a looped solution, we can get a solution of the un- 
modified form by replacing the multiple connectors and their enclosed 
forms and harmonizing the colours. 
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It IB easy to find triangnlar networks with multiple connectorB 
not susceptible of open aolutinns : sach a case is represented by 
Fig. 12, and the correlative polygonal network is given by Fig. 13. 




vyr,. xxxiv.^KO, 781. 
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We are now in a position to colour maps where adjacent countries 
have separated frontiers. Islands, enclaves, <&c., present no difficulty. 
More details as to sundry corollaries deduced in anticipation of 
demonstration of theorems to which they belong will be found in the 
American Journal of Mathematics and elsewhere. 



Thursday, February ISth, 1902. 
Dr. HOBSON, F.K.S., President, in the Chair. 

Thirteen members present. 

Pi-of. Lamb read a paper /* On Boussitiesq's Problem." Messrs. 
Love, Hargreaves, Cunningham, Macdonald, and the President, took 
pai*t in the ensuing discussion. 

Mr. A. Young read a second paper " On Quantitative Substitutional 
Analysis.'' 

Prof. Love explained a new pi'oof of a well-known theorem con- 
eeming zonal harmonics. 

The following papera were communicated by the President : — 
(i.) On the Density of Linear Sets of Points, (ii.) On Closed 

Sets of Points defined as the Limit of a Sequence of Sets of 

Points : Mr. W. H. Young. 
On Plane Culncs : Prof. A. C. Dixon. 
On the Wave Surface of a Dynamical Medium, uEolotropic in 

all respects ; Prof. Bromwicli. 
Elementary Proof of a Theorem for Functions of several 

Variables : Dr. H. F. Baker. 

The following presents were made to the Library : — 

•* Educational Times,'' February, 1902. 

"Indian Engineering,'' Vol. xxx., Nos. 25, 26; Vol. xxxi., Nos. 1-3; 
Dec. 21-Jan. 18, 1901-1902. 

•* Supplement© al Periodico di Matematiea,** Anno v., Fasc. 3 ; Livomo, 1902. 

Societe des NaturaliHtes do Varsovie : — ** Proems- Verbal,'* 1900; '* Comptes 
Rendus,'* 1899-1900. 

" Revista Trimestral de Matem&ticas," Ano 1, N(im. 4 ; Zaragoza, 1901. 
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** Annala of Mathematics,** Series 2, Vol. in., No. 2 ; 1902. 

Dini, U. — * * Sopra una Classe di Equazioni a derivate parziali di second* Ordine," 
4to; Roma, 1901. 

*' Nautical Almanac Appendix,** 1902. 

*' Report of the Superintendent of the United States Naval Observatory," ending 
June 30, 1901, 8vo ; Washingt<m, 1901. 

* * Wiirttemberg-Mitteilungen, * * January, 1902. 

Dickson, Prof. L. E. — 

'* The Configurations of the 27 Lines on a Cubic Surface, and the 28 Bitang^nts 

to a Quartic Curve,** pamphlet, Svo ; New York, 1901. 
** The Groups of Steiner in Problems of Contact,*' pamphlet, large Svo ; New 

York, X902. 
'* Representation of Linear Groups as Transitive Substitution Groups,'* 4to 

pamphlet. 

The following exchanges were received : — 

" Proceedings of the Royal Society,** Vol. lxix., Nos. 454, 455 ; 1902. 

** Beibliitter zu den Annaleu der Physik imd Chemie," Bd. xxvi., Hefte 1,2; 
Leipzig, 1902. 

** Bulletin de la Societe Mathematique de France," Tome zxix., Fasc. 4 ; 
Paris, 1901. 

'* Transactions of the American Mathematical Society," Vol. in.. No. 1 ; 
New York, 1902. 

'* Bulletin of the American Mathematical Society," Series 2, Vol. vni.. No. 4 ; 
New York, 1902. 

" Monatshefte fiir Mathematik und Physik," Jahrgang xiu., Vierteljahrschrift 
1,2; Wien, 1902. 

" Bulletin des Sciences Mathematiques," Tome xxv., Dec, ; Paris, 1901. 

'*Rendicouto delFAncademia delle Scienze Fisiche e Matematiche," Serie 3, 
Vol. vn., Fasc. 12; Napoli, 1901. 

^* Journal fiir die reine und angewandte Mathematik," Bd. oxxiv.. Heft 2 ; 
Berlin, 1901. 

♦' Annali di Matematica," Serie 3, Tomo vn., Fasc. 1 ; Milano, 1902. 

"Atti della Reale Accademia dei Lincei — Rendiconti," Vol. x., Fasc. 12: 
Vol. XI., Fasc. 1, 2 ; Roma, 1901-1902. 

''Revue Semestrielle des Publications Mathematiques," Tome x., Pte. 1; 
1902. 

Journal of the Institute of Actuaries," Vol. xxxvi., Pt. 4 ; 1902. 

Nieuw Archiev voor Wiskunde,** Reeks 2, Deel v., St. 3 ; Amsterdam, 1901. 

" Sitzun^sberichte der Kunigl. Preuss. Akademie der Wissenschaften zu Berlin,** 
Nos. 39-53 ; 1901. 

*' Wiadom68ci Matematyczne,** Tom v., Zeszyt 4-6 ; Warsaw, 1901. 

*' Proceedings of the Cambridge Philosophical Society,** Vol. xi., Pt. 4 ; 1902. 

*' Nachrichten von der Kiinigl. G^wellschaft der Wissenschaften zu Gottingen," 
Math.-Phys. Klasse, Heft 2 ; 1901. 

'' Jahrbuch iiber die Fortschritte der Mathematik," Bd. xxx., Jahrgang 1899, 
Heft 3; Berlin, 1901. 

T 2 



1 1 
< t 



276 Prof. Horace Lamb on Boussinesq's Problem. [Feb. 13, 

During the year 1901 the following presents to the Library have 
been sent, in the first instance, to Prof. Love, to be indexed for the 
** International Catalogue of Scientific Literature ** : — 

'* Memoirs and Proceedings of the Manchester Literary and Philosophical 
Society,** Vol. xlv., Parts 1-4 ; Vol. xlvi., Part 1. 

** I'roceedings of the Edinburgh Mathematical Society,** Vol. xix. 

'' Transactions of the Institution of Naval Architects — ^Memoirs of the Spring 
and Summer Meetings of 1901.** 

**Transactious of the Institution of Engineers and Shipbuilders in Scotland,** 
Vol. XLiv., Parts 1-3. 

I 

*' Journal of the Institute of Actuaries,** Vol. xxxv.. Part 6; Vol xxxvi.^ 
Parts 2, 3. v 

** Transactions of the Insurance and Actuarial Society of Glasgow," Ser. 5, 
No8. 1-6. 

Copies of the following were also sent especially for the purpose of 

the Cataloo^ue : — 

** The Mathematical Gazette,** Vol. u.. No. 1 and Nos. 26-30. 

*• The Educational Times,** Vol. liv., Nos. 477-488. 

** Journal of the Royal Statistical Society,** Vol. lxiv.. Parts 1-3. 



On Boussinesq's Problem, By Horace Lamb. 
Read and received February 13th, 1902. 

The particular problem here refeiTed to is that of finding the dis- 
])laccments produced in a semi-infinite isotropic solid by pressures 
applied normally to the plane boundary. This was first solved by 
Houssinesq,* independent investigations have been given by Hertzf 
and ('erriiti,J and quite recently a very ingenious solution has been 
])ublisl]od by Prof. Micholl in the Society's FroceeJings.^ It may 
appear that there is hardly room for further discussion of the sub- 



* In the Comptcit Kenduft^ Vols. Lxxxvi.-Lxxxvm. (1878-9) ; see also his book 
Applicationa den rotendcls^ kv., Paris, 1885. 

f Crciie, Vol. xcii. (1881) ; reprinted in Werke^ Leipzigr» 189.'), Vol. i., p. 155. 

X Jt' Accad. dti JAucn, Mtun.Jis. mut,, t. xin. (1882). An account of Boussinesq's 
and Cerruti's investijrations, whicJi include also the effect of tungontlal stresses on 
the surface, is given in Love's Elasticittjy Vol. i., p. 248. 

\ Vol. XXXI., p. 183 (1899). 
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ject, but the following method is perhaps worth notice, as being 
perfectly simple and straightforward, and requiring only the know- 
ledge of one or two integral properties of Bessel's functions. It is 
suggested by H. Weber's method of treating vai*ioQs potential 
problems.* 

The solid is supposed to be bounded by the plane 2? = 0, and to 
extend to infinity on the side for which z>0. We aim first at finding 
the effect of a distnbution of surface pressure which is symmetrical 
about the origin, but otherwise arbitrary. 

In a usual notation, the Cartesian equations to be satisfied in the 
interior of the solid are 



fjL dx fi dy ^ dz 

du , dv dw __ A 
dx dy dz 



*■• (1) 



Since there is symmetry about Oz^ we introduce cylindrical coordi- 
nates, and write 

•I '^ . 

X -=■ m cos w, y =i m sin w, u ^ q cos w, v =z q sin w. 

The equation V^^ = 0, which is implied in (1), then takes the form 



this is satisfied by 



dia^ m dxa dz^ 
= Ac""*J^(mnr), 



where wi is supposed positive in order to secure finiteness for z 
To find the coiTesponding values of q and w we have 

(Pw , 1 dio , d*w X + M J .„,s 7- / X 
+ + =^ Ame V. (mm) 



(3) 



= 00. 



dm' 



fET dm dz 



dm m dm tsr" dz^ fi 

If we assume that, as regards dependence on or, 

w oc J^ (mm), q oc J^ {mm). 



y • 



(4) 



* See Gray and Mathews, Beasel Funetiont, or H. Weber, Part. Diff^-Gleichungen d, 
math, Physik, Brunswick, 1900-01. The second volume of the latter work haft 
just appeared ; it contains yet another solution of Boussinesq's pn)blem, p. 188. 
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we have 



\ — vi'w = Ame'^ 

dr ft 



dsr fjL 

where the factors involving or are omitted. Hence we obtain 

«, = (- ^p^Az+ ^) e--'J, (mm) 

\ ifi ml 

3 = (-^+-i?^^+ 5) e-V. {mm) 



(5) 



(6) 



Since 



dw 



atff m az 



(7) 



the constants A, B, G are not independent, being connected by the 
relation \ . q 

Subject to this condition, the formulae (6) constitute a typical solu- 
tion of our equations (1), in the case of symmetry. The correspond- 
ing values of the surface stresses are 



dw 



p,, = X6 + 2/x ^•; = ^fi(A-\-2B) J, (vinr) 



(9) 



where ;: has been put = after the differentiations. Hence (6) will 
give the displacements produced by prescribed surface stresses of the 
types 



pro\'ided 



Pzz = BJq (mw), p^„ = Q/, (wur), 
P 



^ + 22?=- 



2n u 



(10) 
(11) 



Hence, and from (8), we find 



6 = ^ ^e-"'J^(mv), 



tv 



r P-a., J_f_ A + 2/X 
L 2u m ( 2 



rP + 



Q 



2/n " ' m ( 2/ii(\+jtt) ■ 2(\ + u) 

P 



-< { ] ^--Jo («iw) 






(12) 
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Since the hypothesis of a symmetrical tangential surface traction does 
not lead to anything very interesting, we now put Q = 0. On the 
other hand, we may generalize the above solution by putting 
P = ^ (m) dm, and integrating from to oo . Hence, corresponding 
to the surface stresses 



Jo 



/q (miir) <^ (m) dm, p^^ = 0, 



(13) 



we have 







to 



__ j_r 

2/xJ, 






e'^^Vo (mw) ^ (m) Jm 



^"'"^•^o (w) ^ (w) '^'^^ 



.-7^,)£'-^-<-'*<»>'^ 



jje"*"/, (wtir) ^ (in.) rfm 



■'2-(x':Hl)f>-'^'<'"->*<-^1^^ 



. (W) 



To make (13) represent any arbitrary (symmetrical) distribution 
of normal traction, we have only to determine ^ (m) suitably. This 
is effected by means of the formula 



Jq (inw) nithn | /(X) Jq (in\) \d\, 



(15) 



viz., iif(m) be the given surface value of p„, we must write 

<^ (m) = m [ /(A) /o (wjA) Ac/A. (16) 

Jo 

Thus, to find the effect of a concentrated normal pressure at the 
origin, we may suppose that /(w) vanishes for all but infinitesimal 
values of tsr, when it becomes infinite in such a manner that 



f 

Jo 



/ (w) 2'jrmdm = — 1 ; 



this makes 



m 



<l>im) = -^^. 



The evaluation of the integrals in (14) then follows at once from 
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the known theorem 



£ 



/"""•'•^'"")'^"' = V(J-i^j = 7' 



(17) 



where r denotes distance from the origin. Differentiating thifl with 
respect to z and to- respectively, we infer 









vr 



e ' *"' J, (mm) mdm = — r- . 



(18) 



(19) 



Again, integrating (19) with respect to z, and determining the additive 
constant so as to make the result vanish for js = go , we have 



e""" J, (mm) dm = —r : . 

'^ ^ r{r-\-z) 



Substituting in (14), we find 

1 



e = - 



27r(\ + /i) r^ 



1 z" , X-h2/i 



9 = 



1 . ztD- 1 



47r/i r* 4ir(X-ff«) »'(^-f2?), 



(20) 



(21) 



which are the known results for this case.* For the component 
stresses at any point we deduce 






3 -»- 



27r V 



__ __ 3 zflr' 



27r 7^ 27r(\-|-/i) r(r+;8) 



(22) 



These formulae have been discussed by Boussinesq and others ; but 
one or two simple results relating to the case of incompressibility 
(X = 00 ) may be noted. In the first plaoe the differential equation 



♦ See, for example, Love, Elasticity ^ Vol. i., p. 270. 
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of the " isostatic " lines in a meridian plane, viz., 

, \^^ii) 

dz am 

reduces to {ta dm -\' z dz){zdm^m dz) = 0; (24) 

so that the curves in question consist of concentric circles and radial 
straight lines.* Again, the values of q and w can be expressed in 
terms of a displacement-function j/r, viz., we have 

3= A #, ^„ = _A#, (25) 

m dz m am 

where \lf = ; (26) 

4»r^ r 

the equation of the lines of displacement is therefore 

w* = ar. 

These curves start from the boundary at right angles, and then curve 
outwards ; they have inflexions at distances fa from the origin, and 
ultimately became parabolic. When the substance is not incom- 
pressible the lines of displacement are inclined towards the axis at 
the surface, making an angle tan"* (XH-2ft)/^ with it. 

Boussinesq has also investigated the case where a perfectly rigid 
circular cylinder of finite radius (a) presses normally (as e.^., by its 
own gravity when the surface is horizontal) against the surface. 
The conditions to be satisfied are then 

w = const, for z = 0, w < a, 

and p„ = for z = 0, m > a. 

The function <f> (m) which occurs in (13) and (14) must therefore 
satisfy the conditions 



1 

f; 



Jo (wiar) <^ (7W,) cim = [m > a"], (27) 



J^ (mm) ^ (m) - = const, [w < a]. (28) 



It is known that 



f* 1 

X {mm) sin ma dm = -—^ — —^ , or 0, 
Jo ^/(a— bT) 



(29) 



* Compare the sketch gfiven by Hertz, JTerke, VoL i., p. 185. 



'2^- 



l*r<'f. Ilnrnco Laml) "n B" !'■<■< i "' ■</i\^ PruhJoii. [Yt^h. l'>. 



and 



r* r / \ sin ma , , • .1 i* 

,L(mxsT) - am — -kir, or sin — -, 

Jo ^'^ 



-1 JL 



(30) 



the first or second value being taken, in each case, according as 
m^a. The conditions (27), (28) are therefore satisfied by 

^ (7)i) = C sin ma, 

which gives an aggregate normal pressure 

W = - 'iTraC. 
The surface displacements are accordingly, in terms of TT, 



«'o = 



_ \+2 



+•/*) « Jo 



^ , X sm ma j 
Jq (mm) dm 

m, 



whence 



4a-fi(X + fi) 

1 W r ^ . .si 

4»r(A-fyw.) a J,, 

\4-2/i Tr 



si n ma 
m 



(2m 



(31) 



tro = 



9o = - 



8/i. (X i- fi) a 



4ir(X-|-/i)f/ 



tB* 



[«<a], (32) 



and 



X + 2/X TT' 2 . ., a 

= - -— -r ^— r sm - - 

8/i (X4-/1) a TT tir 



5^0 = 



ir 



- [m>a]* 



a 



47r(\-|-/i)a to" 



(33) 



In this problem the pressure on the surface of contact increases 
from the centre to the circumference (where it is infinite) according 
to the law given by C29). The effect of a pressure distributed 
uniformhj over a circular area of i*adius a is obtained by making 
f (X) = — 1 fix)m to a, and = from a to 00, in (1^)). If IF be the 
total pressure, we find for the surface displacements 



X -h 2ii ^"^ [* T f \ T / \ dm 
47r^ (X+/tA) a Jo m 

47r (A -f fi) a J ^ m 



(34) 



* The evaluation of the socond integral in (31) is effected by mnltiplTing both 
sides of (29) by -or d-m and integ^ting with respect to w. 
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The definite integrals can be evaluated in the form of infinite series 
by means of the formula3 

r e— J. {mm) m"dm = ^'^P, ( ^ ), (35) 

I" «-« /, (mm) wTdm = ^^^=^ P'. ( M tir, (36) 

Jo r \ r f 

where P„ is the symbol of the ordinary zonal harmonic. These 
identities follow easily fi*om (17).* We thus find 



Wc. = 



_ X+2m W 



4t/i (X-hfi) 



^(i--M,i;). 



for tir < a, and 



ttv 






for «r > a.f 



(37) 



(38) 



X [The foregoing analysis can be adapted to the study of the 
deformations of an infinite 'plate pi*oduced by normal forces applied 
to its boundaries ; the results, however, do not appear to admit of 
easy reduction. 

The most interesting case is that of pure flexure, where the middle 
sui-face is unextended. We assume therefore 



6 = il sinh mz J^ {'mm) , 
the origin being taken in the middle surface. We find 

w = ( — -^zsinh 7»c+ cosh mz] Jq (mm) 

(7 = ( "^^ Az cosh mz-^ ' sinh?/i;r) /. (mm) 

\ 2m m / 



(39) 



(40) 



* [They are known results ; see Hobson, Froc. Lond. Math. Soc.j Vol. xxv., 
pp. 72, 73.] 

t The method of this paper is, of course, not restricted to the case of symmetry 
about the axis of z : and it would doubtless be possible to work out in a similar 
manner the effect of a concentrated tangential surface traction. It can hardly be 
claimed, however, that the method is specially appropriate to this case. 

X [Added March 15, 1902, in accoi*dance with a suggestion made by Prof. Love 
at the meeting when the paper was read.] 
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with the condition 



B + G = ^-^A. 
lit. 



(41) 



If h denote the half -thickness, we have, at the surfaces z=^ :kh, 



p,, = d= ^-P. .To (viv), p,^ = 0, 



(42) 



provided 



— f sinh mh H — ^^^ mh cosh mh ) -4 + 2B sinh mh = -JP 

7^ ^ (cosh mh -f 2m/i sinh mh) — {B^C) cosh mA = 
2/i 



- (43) 



These equations, combined with (41), give -4, P, C In particular, 
for the deflection m^q of the middle surface we find 



1^0 = 



- — - cosh mh 4- sinh 7«/i _ 
_ X-f/i P 



sinh 2mh—2mh 2m ® 



(M) 



This can be generalized as before by writing 

P ^ ffi (m) dm, 

and integrating with respect to m between the limits and oo ; and, 
if the total normal force per unit area (supposed divided equally 
between the two faces) be denoted by/(w), the value of ^ (m) is as 
in (16) ; whence 






cosh mh -\- sinh mh 



sinh 2m.h — 2m,h 



Jo(mw)dmr f(\)Jo(mX)\d\. (45) 



As a particular case we may suppose the plate to be horizontal, 
and to be supported along the circumference of a circle (r=^a), whilst 
a load W is applied at the origin. We find 

A + 2a* 



r* \ ~ cosh mh + sinh mh 
'^ = h[ -^i-2m,i:i2^- {^-M^)}M^n.)dm. (46)] 



w.. = 
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Oil the Density of Linear Sets of Points. By W. H. Yodno. 
Received January 25th, 1902. Communicated February 
13th, 1902. 

In one of T. Broden's valuable memoirs on the real functions of a 
real variable there is a small erix>r, to which it is perhaps worth 
while to call attention, as the point involved is one possessing some 
interest in itself. The mistake in question will be found on p. 23 of 
the memoir entitled " Beitrage zui' Theorie der stetigen Funktionen 
einer reellen Variabeln," Grelle^ cxviii. It consists in the tacit 
assumption that, if each point of a linear set of points is a limiting 
point on both sides, then the set will be dense everywhere (Jiherall 
dicht, iiberall condensirt). A set of points of which e\erj point is a 
limiting point has been called " dense in itself " ; and it is known 
that the terms " dense in itself " and " everywhere dense " are not 
simply different terms for characterizing the same type of sets of 
points.* It will be noted, however, that in the case considered by 
T. Bix)den each point of the set is not merely a limiting point of the 
set, but a limiting point on both sides. Each point therefore 
possesses the property that its distance from, so to speak^ the " next " 
point on either side is a quantity as small as we please. The con- 
clusion that such a set of points must be distributed over the whole 
segment of the continuum in which we are operating would seem 
inevitable to a pei^on unfamiliar with the theory of sets, and even 
Broden, who has sho\\Ti himself a master of subtle points of analysis, 
including this veiy class of questions, has fallen inadvertently into 
this error. 

Take, however, any set which is perfectf and nowhere dense. Omit 
those of its points which are end points of the intervals of its com- 
plenientaiy set of intervals, and we at once get a set of points which 
is dense in Itself in Broden's manner and yet nowhere dense. 

This set has the potencyj of the continuum, whereas the sets of 
points with which Broden is concerned are countable. We need, 
howevei*, merely select ivom. our set a countable set which is every- 



• Cf. Cantor, Math. Ann.^ Vol. xxi., p. 575. 
t Dense in itself and closed. Cantor, loe. cit. 
X Mdchtigkeit, 
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where dense with respect to it, and we shall have a set of points 
which is at once countable, deiise in itself on both sides of every one of its 
points, and yet nowliere dense. 

Suppose, for definiteness, we take the set of numbers obtained by 
taking all the proper fractions expressed in the binary scale 
(terminating and non-terminating), and interpreting them in the 
ternary scale. This set is perfect and nowhere dense,* and those 
points of it which are limits on one side only ai^e the terminating 
fractions, and those obtained from them by placing the circulating 
dot over the final 1. If, therefore, we take all the terminating frac- 
tions of the ternary scale, and after expressing them in the binary 
scale interpret them in the ternary scale, we shall get a countable 
set contained in our perfect set, and everywhere dense with respect 
to it. Hence each number of our countable set will be a limit on 
both sides for numbers of that set, and yet the set will be nowhere 
dense. 

This example is sufficient to prove the existence of sets having the 
pi-operty under discussion, and the general method indicated above is 
at least theoretically sufficient for the construction of unlimited 
examples. As, however, it is not at once obvious that we could in 
this case so arrange the construction that the set ultimately ob- 



* This is the perfect set of numbers dense nowhere in the segment (0, 1) which 
irt got from H. J. S. Smith's ternary set by derivation {Proe, Lond. Math, Soe., 
Vol. VI., 187-'), p. 148). I take this opportunity of calling attention to two points 
in the account in Schoenflies' '*Bericht ueber die Mengenlehre," p. 101 et seg. 
{J ahreshericht der deutschen Mathematiker-vereiuigunff ^ Vol. viii.), which are liable to 
give a false impression. The first is that H. J. S. Smith's set is not itself perfect, 
as Schoenflies' introductory remarks would lead one to suppose, the geometrical 
mode in which it is constructed introducing of necessity isolated points, even if you 
choose to explicitly include in the set its limiting points, so as to (uose it, as Voltora 
subsequently did in a similar example ; this Smith does not apparently do ; so that 
his «ot, as he constructed it is, like his other examples, countable. This oversight 
renders the account in Schoenflies unnecessarily obscure, commencing as it does 
with the words ** In the interests of history [«i«r] I give here that example of a 
pt'trfect set of nimibers dense nowhere which was constructed by H. J. S. Smith." 
The interest of the student becomes aroused from more than merely historical 
motives when he realizes that H. J. S. Smith's ternary derived set is to all intents 
and purposes the same as Cantor's ternary set of nimibers introduced by Schoenflies 
on the following page with the words * * the first example of a perfect set dense no- 
where which was conaciomhj constructed was given by Cantor " ; the former set 
consists in fact of all the ternary fractions involving the figures and 1 only, and 
the latter set of those involving only and 2. This arithmetical connexion being 
entirely ignored, this section of the Berichi seems wanting in unity of purpose as 
well as in perspective. Schoenflies' subsequent remarks about the generalizaticn of 
Cantor's set, when any other base number is adopted, would have their proper place 
in connexion with Smith's work, who, eight years before Cantor introduced the 
ideas and the definition of a perfect set, actually adopted a general base wi ^ 3, and 
whose numbers are the m-ary fractions which do not involve the figure (m^ 1). 
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tained satisfied Broden's special requirements,* I propose to give an 
example built up in Broden's manner. 

Take the segment (0, 1) of the r/-axis, and 
divide it at the point t/i into two parts, the lower 
%, and the upper s^, so that the ratio 

where j^ = 1 — |. 

Xext divide each of the two segments so obtained 
in precisely the same way, Jj taking the place of 

and so on, j^ being defined by the equation 

The new points of division at the end of the 
second stage we denote by 2/01 and y^^, y^^ lying 
in s^^ and t/n in ^j, ; the new points at the end of 
the third stage by y^i, ^um Vim ynv and so on. 
Moreover, the intervals themselves at the end of 
the second stage will be denoted by Sf^^i, «(,„, if,oi, 
^i„, and 2/001 will 1^® in 5„o„ and so for the others. 
The general law of division and notation is now 
obvious. t The points of division are called by 
Broden primary points. Then we assert that the 
net of pnmary points is of the type required. 

From the method of formation of the s's it is evident that the 
suffix of the maximum segment at the end of the (2m — l)-th stage 
is (01)'", and at the end of the 2ni-th stage is (01)"* 1. Also, whether 
n be even or odd, the length of the maximum segment at the end 
of the >t-th stage is 

(•-i.)('-ji>)('-o.)-('-?^.). 



• Loe. eii., p. 22, lines 4, 9. 

t The indices of the new points of division introduced at the n-th division are 
«ueh that, prefixing to each a dot, they are all the binary fractions involving 
n binary places ; the last figure is therefore always & I ; ef. Broden, loe. eit., 
bottom of p. 22. 
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1 4 
which is always greater than - - , but continaallj approaches this 

valae as n increases. Since each of these maximum segments lies 
within the preceding one, they form a sequence^ and determine a 
definite interval within all of them, free of primary points, and of 

length . The ends of this interval are, however, never reached 

TT 

by the primary points ; they ai-e, in fact, limiting points of the primary 
set, but not included in it. 

Again, starting with any one of the segments left after any 
number, say «, of stages, we can show in a precisely similar way, by 
considering the maximum segment in it obtained at each subsequent 
stage, that it contains within it a definite interval, free of primary 

whose length is, however, no longer of its own length ) . 

• 

Thus we have shown that between every two primary points there 
is an interval free of primary points, possessing the pivperty that its 
end points are also not primary points. Moreover, every primary 
point is approached on both sid^s by primary points. 

Hence it follows that any given segment of the segment (0, 1) is 
either entirely free of primary points or contains an interval entirely 
free of primary points ; so that the set of primary points is dense no- 
where. 

It is evident that the free intervals are the complementary intervals 
of a perfect set of points having the primary points as a countable 
set among those points of the perfect set which are limiting points 
on both sides. 

We have pui'posely taken a definite numerical example, but we 
might equally well wnte 

x. = (-)"-' (i- A), 

\ pn / 

where p is any integer, obtaining in this way a countable set of 
examples of the type desired, namely, of sets of points nowhere dense 
and yet consisting entirely of points which avQ limiting points on 
both sides and are capable of construction in Broden's special 
manner. It will be remarked that our example belongs to the 
class indicated a pi^iori at the commencement of this paper ; each set 
consists of a suitable selection fi*om among the points which are limits 
on both sides of a ceitain perfect set nowhere dense. It is easy to see 
that eveiy example of such a set is theoretically obtainable in this 
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way. For, first, it cannot be closed, as it would then be perfect and 
nowhere dense, and would therefore involve limiting points on one 
side only. Next, adding those limiting points of the set not already 
included, we necessarily get a perfect set nowhere dense, which 
proves the assertion. 

We cannot then obtain the condition that a set of points should be 
eveiy where dense by expressing the fact that the distance of every 
point from its neighbouring points on either side should be inde- 
finitely small, unless the set of points obtained is known a priori to be 
closed. 

In the case of open sets of points, such as those with which Broden 
is concerned, constructed by means of binary interpolation in a 
manner similar to that used in my example, we must express the 
condition that the length of the maximum segment at the end of the 
n-th stage in the process of division tends towards the limit zero as n 
is indefinitely inci*eased.* 

Comparing the notation here used with that employed by Broden 
(p. 22), we find that 



Jn^i — 



V, 



n. 



l\ + «*H 



The maximum segment at the (n-f l)-th stage being now evidently 

it follows that the necessary and sufficient condition that the primary set 
should be dense everywhere is 



1+ 



n 

N>0 



2 



= 0. 



This condition must be substituted for those given by Broden at the 
bottom of p. 23.t 

It will be noticed that Broden's remarks at the bottom of p. 23 
and top of p. 24 down to (46) are still valid, the pi*oper condition 



* This is equally easily appUed when the binary interpolation is the most general 
poftsible. 



\ «,. / \ r„ / 



00 . 



It must be added that this error does not impair the validity of the examples in the 
subsequent part of the paper. 
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being still satisfied ; (46) must, however, be I'eplaced bjr the condition 
that when 

(45) lim "^ = or lim -*"" = 0, 



N-« t\ 



u. 



the senes 



(46a) I h- 1^7"-- II 



most diverge. 

In the example given in this paper 



n H" =ni±^ = - - -, n ^-^ 

*, 1 2 4«(L'm)* 1 2 



and n 



«, _ TT 1+./, 



= n 



2 



i'4W t>-.4*...(2m-2)*\^ 4V\^ 4«.8V"*\^ 4«(2w-l)V' 



Hence < H -^ < ( M 

for all values of r after r = 7 ; so that 



r-l 



similarly 



n ''- = ; 

>•„ 



n i" = 0. 



*. 



Thus both Broden's conditions are satisfied, although, as we saw, the 



tt. 



set is nowhere dense. Indeed in our case — ^ is alternately greater 



t\ 



and less than any assignable quantity, so that no finite (>Oand 



u 



< X ) limit of — ^ is possible, while, on the other hand, the condition 



V 



(46a) is not satisfied, the series being convergent, since 



1 + 



n 





l> — M« 

2 



2^/2 
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On Plmie Oubias. Bij A. C. Dixon. Received January 29th, 1902. 

Communicated February 13th, 1902. 

This note contains some further developments of the theory of 
corresponding points on a cubic, as given in Salmon's Higher Flaw 
Curves, and of the closely connected theory of three conies. 

1. The theory of corresponding points on a plane cubic may very 
well be introduced by a discussion of the problem to inscribe a com- 
plete quadrilateral in the curve, that is to find four straight lines 
whose six points of intersection lie on the curve. 

Let us distinguish the points on the curve by their elliptic ai'gu- 
ments, taking a point of inflexion as zei*o. so that three points 
n, r, w are collinear if w-f v + it> = 0. The change from this notation 
to the language of the theory of residuation is quite easy. 

Let u, r, tv, u\ v\ w be the six vertices of a complete quadrilateral, 
.so that nvw, nvto, iivw\ n'v'w' are collinear triads of points. Then 

u-\-v -^w = 0, 

U -fv'-f M7 = 0, 

n -f r + w = 0, 
u -\-v '\-w' = 0. 



Hence 
And 



2h = 2u\ 
n ^u=v —v^ w' —10 = a half- period, say «. 



Thus when one vertex is given the opposite vertex has thi-ee 
possible positions, there being three half-periods, and there are three 
^ei-ies of inscribed complete quadrilaterals. Each series is doubly 
infinite, since two vertices, not opposite, may be arbitrarily chosen. 
In each series the choice of one vertex, w, determines the opposite 
vertex, u\ uniquely ; the relation between these points is reciprocal, 
And they may be called " corresponding points." Since 2n = 2//, the 
tangents at corresponding points meet on the curve. 

By supposing v = n, or otherwise, we find that — m— u', the i*esidual 
point of tt, u\ corresponds to — 2tt, the point of intersection of the 
tangents at w, n\ 

u 2 
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Now let Ml, rj, tTj, uj, v\, w[ be the vertices of another quadrilatei-al 
of the same system. Then 

?t + t; + i£? = «.», «, + r, + w, = «, 

?e + r + XV + f<| + t'l + «', = 0, 

and the six points n, t% «(;, m,, t'l, w^ lie on a conic. 

Hence the six lines vw, ivu, uv, t\u'i, w,?fi, Mit\ tonch a conic. So 
do the six lines viv, wn^ xii\ v\w[^ io\u^^ ii^v[ in the same way. These 
conies have five tangents in common, and are therefore the saine ; 
similarly uvw touches the same conic. Hence the sides of any two 
(|uadrilaterals of the same system touch one conic 8. 

Again, let any tangent to S cut the cubic in ttj, rj, lOj, and let 
/*„ r^, tTj be the corresponding points. Then t*,, r,, a*,, uj, ?;2, w^ ai'e 
the vertices of a complete quadrilateral of the system, and the eight 
lines u'vw, uv'w^ nvtc\ uv'w\ UiV^tc^^ ^ji'Jw',, M,f,fr2, u^v'twi touch one 
conic, which must again be S. Thus we have a singly infinite series 
of quadrilaterals of the system, all circumscribed to S. The same 
argument would prove the existence of such a series circumscribed 
to any conic touching the four lines uvw, uv'w, uvic, u'v'w' ov touching 
the four sides of any other quadrilateral of the system. Hence the 
conic S is one of an infinite system, and it is uniquely defined when 
it is made to touch two arbitraiy straight lines, since each of these 
may be taken as the side of a quadrilateral of the system, so that 
thus eight tangents are given. The tangential equation to S is there- 
fore of the form Xf/'+/AF+rTF= 0, [7, F, W being definite ex- 
pressions and X, fi, V arbitrary coefficients. 

If two of the quadrilaterals circumscribed to S have a pair of 
opposite vertices in common, the conic S must reduce to this pair of 
points. The cubic is therefoi-e the locus of the pairs of points in- 
cluded in the system of conies XZ7+/iF-f yTF = 0, and the two points 
of any pair are corresponding points on the cubic. 

Conversely, if any three conies are given, the tangential equations 
being [7 = 0, F = 0, TF = 0, the locus of the pairs of points included 
in the system XC/'+'/xF-f i'TF=: is a cubic. For, if any straight 
line a be taken, the conies of the system which touch it touch alsa 
three other lines /3, y, ^, and the only points ia which a can meet the 
locus are its intersections with /3, y, 8. The four lines a, /3, y, S form 
an inscribed complete quadrilateral, as in the above theory. 

Reciprocally, if f ^ = 0, F = 0, TF = are ordinary equations, the 
envelope of the pairs of straight lines included in the system 
xr^'-f /iF-h^'TFss is a curve of the third class. 
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2. It is known also that the intersections of these pairs of lines lie 
on a cubic, the Jacobian of the three conies, and the points of this 
cubic may be taken as *' conjugate " in pairs in such a way that the 
polars with respect to 17 = 0, F = 0, TF = of either of the con- 
jugates meet in the other. 

Let A\ By 0' be any three coUinear points of the Jacobian ; A, J?, 
their respective conjugates ; and take U =0, F = 0, TT = to be the 
three pairs of lines which cut in A\ jB', C respectively. Then A lies 
on the polar of A' with respect to V, that is on the line through R 
harmonically conjugate to RA* with respect to the lines F. C lies on 
the polar of C with respect to F. Hence A, Cj R are collinear; so 
in like manner are J5, 0, A' and A, B, C\ and the six points thus 
form a complete quadrilateral inscribed in the Jacobian, so that 
A, A*] Bj R ; Gy C/ are pairs of corresponding points belonging to 
one system. 

The four lines F = 0, IF = form a quadrilateral whose third 
diagonal is B'C. From the above harmonic relations it follows that 
the other two diagonals meet in A. These form a conic of the system 
which we may without loss of generality take to be F — TF = 0, since 
it passes through the intersections of F = 0, TF = 0. In like manner 
we may take TF— t/" = to be a pair of straight lines ; th^ will 
meet in B^ and, if A*, k' are so chosen that 

tr+A;F= 0, F- W-^k' (TF- tT) = 

break up into pairs of lines, the lines of each pair will meet in C. 

Hence 

A;'(l7+AjF)+{F-TF+/fc'(TF-l7)} =0 

or F(l + /c;k')-TF(l-/0 =0 

will also break up into a pair of lines meeting in C But this is 
impossible in general, unless G coincides with R^ C ov A^ which is 
not true, and therefore the last equation must be an identity. Thus 
/r' = 1, A* = — 1 and U— F = represents a pair of lines meeting 
in G, 

The whole figure may be somewhat simplified by projecting A'RC 
to infinity. Then [7 = 0, F=0, TF=0 are pairs of parallel lines, 

**^ Q,QiB,B, and Q^Q^B^B^, 

B^B^P^P^ and B^B^P.P^, 
P*P,Q,Qi and P^PiQtQy 
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The lines F— Tr=0, IT- tr=: 0, tr-F= are the pairs of diagonals 
of the parallelograms P^P^P^P^y QiQrQiQ4y BiB^B^R^, and the 
following sets of lines are concurrent : — 

P1P4, QiQ,. P.Pii 
PiP,. QiQ,. RiBt; 
P^P*. QfQv PiR,\ 

Now let the conic XtT-h/iiiF+vW = be ^^ associated " with the 
point whose coordinates are (X, /i, v). Take ABO as triangle of 
reference, and let the system of coordinates be so chosen that the 
equation aj-f-y+z = represents A'B'C. Then the conies associated 
with Ay J5, C, A\ B\ G' are pairs of lines meeting in A\ Ry (T^ 
A, B, C respectively. 

Since the lines U form a harmonic pencil with a!i-y+z = and 
X = 0, we may put 

similarly, we have F =2> (« + y + 2?)* — ry* ; 

the coefficients p are all the same since V — IF, IF— U, [7— F break 
up into lines. 

Then the conic associated with any point in the plane is the polar 
(!onic of that point with respect to the cubic 

which is the locus of a point that lies on its associated conic. 

This cubic might have been taken as the foundation of the whole 
construction, and, if A, B" are made to approach and ultimately 
coincide, we have the figure discussed in Salmon's Higher Plane 
Curves, p. 153. 

It may be noticed that the polar conic of A'B'G* with i*espect to 
this last cubic must pass through A, B, C, since it is the locus of 
points whose polar conies touch ARC. The polar lines of A\ R, (J 
touch the Hessian at A, B, C, and, since they are by definition tan- 
gents to the polar conic of A'RG\ it follows that this conic touches 
the Hessian at -4, B, C. 

The twelve lines [7 = 0, F = 0, W = 0, F- TF = 0, TF- 17 = 0, 

/7— F = all touch the Cayleyan. A rule is given (Salmon, Art. 181) 

for ff Tiding the points of contact •, they may be found from our figure 
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directly as follows. With the notation that was used above, the 
points Q„ Qs,Qs) Q4 *re common to the polar conies of all points on AG^ 
and R^yU^^B^yR^ to those of all points on AB. Let any line through 
any point X meet AG in Yand AB va Z. Then the polar conies of 
X, Y, Z have four common points, and therefore meet any line, say 
QiQiRiRif in pairs of points in involution ; that is, the polar conic of 
X meets Q^Q^RiRi in points in involution with the pairs Q,, Qj and 
R^y R^. Here X may be any point ; let it be taken on the Hessian 
near to A. Then its polar conic consists of two lines, one consecutive 
to Q^R^j and the other to QiRi. In the limit these meet Q^R^ in its 
point of contact with the Cayleyan and in A\ Hence the point of 
contact is conjugate to A' in the involution to which the pairs Q,, Qj 
and i?„ B, belong. The foci of this involution are points on the 
Hessian, and so this agrees with the construction given in Salmon. 

3. In the above work we have met with three doubly infinite series 
of conies related to the cubic, namely, the polar conies of lines, all of 
which have triple contact with the Hessian, the polar conies of points, 
and the conies which ai*e inscribed in complete quadrilaterals in- 
scribed in the curve. The general equation of a conic of the last 
series may be found as follows. Let the given cubic be the Hessian 

this is to be taken so that the relations between two corresponding 
points (a*,, y„ zj, (a;,, y„ z^) of our system are 

The tangential equation to these two points is 

(f» n. {) being written for current tangential coordinates. This 
equation may be written 

in virtue of the above conditions, and thus for any conic of the 
system the equation is 
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since the system includes an infinity of such pairs of corresponding 
l)oint8. The left-hand side of this equation is the first emanant of 
the contra variant 7n ( ^'-1-77' -|-^)—3f>y{, which may be expressed in 
Salmon's notation as 4*SQ— STP, after multiplication by (1-f 8m')-. 



Elementary Proof of a Theorem for Functions of several Variables^ 
By K, F. Baker. Received and read February 13th, 1902. 

We ai-e in the habit of assuming that, if an ordinary power senes 
in any number of variables does not vanish for zero values of the 
vanables, the inverse of the series can be expanded in a converging 
senes. 

In the following note it is proved that the new series has at least 
the same range of convergence as the original, provided no zero of 
the original is contained in this range. A trivial particular case 
is the convergence of the expansion for (l+a')" when \x\ < 1, 
n being a positive integer. 

Incidentally a volume^ of ellipsoidal shape, is found about a point, 
at which a function of several variables does not vanish, within 
which no zeix) of the function exists. 

It is pointed out in conclusion that the theorem that every equa- 
tion has a root is a corollary from the general I'esults. 

1. Suppose that the ordinary power series 

/(*, y)= 1 a^,kxy 

hmO,kmO 

converges for \x\ < B, \y\ < S ; let /• < R, s< S, and suppose that 
for I J! I = r, I y I = « the derived series 



/,(x, y)= 5 2 •^'"'"'^'-.'^)(A'-.rr(y- 



Mi.o N-u till n! 



yy 



all converge uniformly for | X— a- 1 = 2>, | T— y | = E; let the valueH 
of all l/i (X, Y)\ for every set of values 



1902.] Theorem for Functlona of several Variables, 



297 



be < n ; then for every | j? | = ?•, | ?/ 1 = ^, by a known theorem, 



/: (x. y) 

ml n\ 



n 

1)'"E** ' 



and herein we may take for l^'"'"' (a;, y) \ the npper limit of the 
absolutely greatest values arising for every | j! | = r, | y | = «. 



hi 



Now /"""^ (0^,1/)= 2 2 a,,,- 

A = »« *-M (/t — m): (k-n)\ 



^"* j;*--y*-" 



converges uniformly for every | j? | = ?•, | y | = « ; thus we can infer, 
by a known theoi^em, 



«*.* 7r 



hlkl 



< — 



nw! n! 



(/i-m)! (fc— n)!==i)'~^V-V-"* 



We have, however, if D, < J), E^ < E, r^ < r, «, < f , 



.„i«(u«.)'(i.fy 



A k 



h k 



= l«A,*h'l*I 2 2 



/t! 



ifc! 



DjfA^ 



m.o H-om!(A— m)! n! (^— n)! r"*«" 

of which the right side, in consequence of a previously proved in- 
equality, is 

^"(;')"(';)*i.A(-5)"(5')"- 



that is 






E^E 



^ Vr' U/ (1-D,/D)(1-EJE)' 
Hence 2 2 | a„ | r*,J (l + ^-)' ( 1+ -^•)' 

Jk-O k-0 \ r / \ 8 1 

. '"C-S)''!'-!')"'!'-';)"'!'-^:)"' 

"This shows that the series 



/(«»y) = 22 aA.4a^y 

*-0 A-O 
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converges for | aj | = r, ^1+ -ij, i y | = «, (l+ — »j, 

quantities of which the upper limits are r+D and s-^-E, 

Thus, if /(«, y) be an ordinary power series with a given bicircular 
i-egion of convergence | a; | < JK, | y | < S, and if lower limits, D, E, 
(jther than zei-o, can be assigned for the radii of convergence of 
derived series /, (X, Y) about every interior point, then the given 
series / {x, y) converges in fact within a bicircular region | a* | < i^-f 2>, 
\y\ < S-\-E, of which the radii are greater respectively by i), E 
than those originally known. 

This is merely an extension of the proof and theorem* given for one 
variable by Harkness and Morley, Theory of Analytic Functions^ 1898, 
]). 178; it is now clear that the theorem holds for any number of 
variables. The proof we have given assumes not only that the 
derived series |/, (X, Y) \ has a finite upper limit [T, for all 

for every assigned a;, y for which | ar | = r, | y | = «, but that these 
quantities [Tj arising for all | a? | = ?*, | y | = ^ have a finite upper 
limit n. 



2. Now let 



X • 



h^.k 






(Ji 



onverge for | a; | <^ r, | y | <" « ; and suppose a^^O, Put 

7 tf 



and so obtain 



f('^^y) =«i«f (^ w), 






where 

converges for | / | <" 1, | ?i | <^ 1. 

Then the expansion, which we desire to examine, 



• For one variable, Pincherle, ** Saggio di una introduzione alia teoria delle 
funzioni analitiche seoondo i principii del Prof. C. Weiewtraas," BaitagHnVn 
Oiomnf^, Vol, xvm., 1880, p. 352. 
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i-equires 






M all M s Xr 



where the Kummation 22', in the last line written, excludes the com- 
bination 7n = A, n = /.*. 

Suppose we can find i*eal positive quantities /3a,a such that 

(1) j8,,i5'|6*..|; 

(2) the series 



• » 



1-2 2 p,,,eH* 



converges for an assignable region | ^ | < some definite quantity, 
I f* I < some definite quantity ; 
(3) we have an equality 



m ce 



(l-22/?»,»«*«*)-' = l+ 2 2 ff».»<*«* 

A - 1 ft . 1 

holding for an assignable region | ^ | < some definite quantity, 
1 7^ I < some definite quantity. 

Then we have equations cotresponding to those before written, 
namely, 

-"10 = /3io, -Hoi = Poll 

7f 20 = ff Io/5lO + /5jO» -ffll = -^10 /3oi + i?Ol /3io -h ^u, Ho2 = ^01 ^01 + /5oi, 



u 

m all N aft 



••) 



which show that the coefficients H^^^ are necesaarily real and 
positive, and 

ffio = /^i^ "> I 6io I > I 5,0 I , Hoi = /3oi "> I ^01 I "> I Boi I , 

H«, = -ffioi3io+A«) > I ^10^101 + I 6«| ^1 J?» I , 
and so on ; thus in general 
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of which we give a foiinal proof by induction ; namely, in consequence 



and assuming 



I ■''m, h I = -"iw. n 



• . . . . . • 

for every m from to h, and every n from to fr, except only the one 
combination m = h, n •= k^ it follows fix)m 



«»,.! = 



h k 



2 S 5»,.m6a.,«, 4 .„ 



h k 



that 



«M • U li > 



A i 



IM«0 M*0 



which establishes | B^^^ \ "< ir,„.„ for the exceptional case m = /t, 
n =. A; ; and therefore the general truth of the specified inequality. 
. It follows therefore from .the assumed existence of quantities /S*^ * 
satisfying the three conditions (1), (2), (3) that the series 

converges within the limits of convergence of the series 

Such a set fi^^j^ can, however, be found as follows. Let M be a posi- 
tive real quantity greater than (or equal to) the modulus of 9 (^, n) 

for 1^1 = 1, I M I = 1 ; and take 



X « 



1—2 2 /9^*-^ti*=l— Jlf (^ + n + ^*-i-<M + u*+...), 

A. I *=1 

namely, every flh,k= M. Then it follows from a known theorem that 



K,k\^M<l3,^,. 
And [l—3f(/ + u + ^ + ^n + ttH. ..)]■' 

= [1-^(037)^) -1)] 

1 



-1 



1_ 



^-rf^(^-'>"'<i-">- 



= iTMl^ + A(i^M^^-'>-^<^-">-1-' 
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now, when |f| = p<l, |w|=o-<l, the sam of the moduli of the 
terms of the expansion of (1 — /) * (1 — m)"* is convergent, being equal 
to (1— p)'* (1— <r)"^; and the sum of the moduli of the terms of the 
series just written down is 



1 



pi'ovided 



l + 3/-3^(l-p)-'(l-o-) 



-1 



Under this condition, with |/| = p< l,|u|=<r<l, it is thei^efore 
legitimate to arrange the expansion of 

as a power series in t and n. Thus we can conclude that for 



i'i<- wi<-. (i-|:-|)(i-K-|)>i^r 



we have 



--L - 1(1+ I I B.,*v)= 1 [1+ I S /A.*(^)*(^)*l, 

where Af is not less than the modulus of / (a;, y)la^ for | j* | = r, 

Let ii > modulus of / (ar, y) for | a* | £, r, | y | £ ^* ; we may then 
take M = Kl\ a^^ \ , and have therefore the expansion which we shall 

write T 1 . , 

(A) 



1 1 X X 

^ =-L+ 2 5 C».,A* 



fi^->y) "-at I"'*-! 



for |;r|<r, 1 y | < *, (l-H)(l-|^|) 



> r 



K 



The conditions 



p<l, cr<l, (l-p)(l-<r)> 



3/ 
3f+l 



(1) 



i-equire 1— p > --/ -i* ^^^ therefore p< n--^, and thei'efore also 

3i-}-l Ai + i 

<T < ,-ir— T ; putting 



Af+1 



/3f+l 
3f 



(I-p)y-V.^ = Ao> 



(i--)V^ 



3f4-l 
M 



= Hv^ 



or 



^=^-'"Vm+i' ""^^'''-VlZ^i' 



(2) 
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we have 



V3m<^<N/";W«:,<-<\/"^--^'.>'<^) 



Conversely, if X^, /*o be any two real positive quantities satisfying (3), 
the conditions (1) are satisfied in the most general way by values p, tr 

given by (2) ; which involve in particular p < \^-: i •» < \^ -r • 
And the series above given holds for 



"*' <'"[^-'V^+K|]' '^' < ' [^-'^\/^+f^|]- 



8. It is an incidental consequence that for | « | <. rp, | y | ^ so-, 
where p, cr are determined by (1), or by (2) and (3), there is no 
pair of values x, y for which / (05, y) is zero ; a result which may be 
proved directly. Assume now that for all j a^ | ^ r, | y | i '^^ the 
modulus of /(a», y) remains greater than a definite real positive 
quantity P ; we proceed to show that then the region of convergence 
of the series i 



a, 



+22(7,,, or*/ 



(A) 



00 



extends, in fact, to within unassignable nearness of | a? | = r, | y | = x. 

Take a^, y, so that | «, | = r, < r, | yj | = *, < i^ are circles not 
l3ring without the circles of convergence of the last written seines (A) ; 
then for | a*— a*, | < r— r„ | y—yx \ < «— «, we can write 

f{x,y)=f (X., y,) + I 2 ^'' ;^;-i^i) {x-x,y (y-y,)*- 



A-1 km\ 



h\ kl 



Applying to this the i-esult previously obtained, it follows, /(x„ y,) 
not being zero, that for 

|a--ar, I < r-r,, \y-yi\ < s-s,, 



and 



('- ' r:^') (>- '^:t') > 



K 



^+I/C*i.yi)l 



\\V 



have 



X X 



/(•»•' y) /(•'i. yi) »-'»•' 



+ 2 2D,,.(;r-.-.)'(y-y,)'. 



(B) 
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This will therefoi'e, a fortiori, be true for 

{x—Xy I < r—r^, \y-yi\ < «— «i, 

V r--r, J\ s-8, I K^-F' 

for the quantity on the right of the last inequality is greater than 
Zy[ir+|/(d;„ y,) |1, and therefore, as remarked above, true for 

where X, fi ai-e quantities which we may take fixed satisfying only 
the inequalities 

The series (B), being equal to the senes (A) previously obtained 
for all points x, y lying within the region of convergence of (B) for 
which I iT I < r„ I y I < «„ is necessarily the derived series of (A). 

It follows therefore from an extension theorem pi-oved here (§1) 
that the region of convergence of the series (A) extends beyond the 
limits I a* I < '*!, I y I < *n and is at least as great as given by 



I <,,+(,_,,) [i-x^^AJ. 



Denoting these by | j; | < r„ | y | < s„ and putting 

we may similarly prove that the region of convergence is at least as 
great as given by 

and so on. And as at each step we extend the radius of convergence 
associated with x by the same fraction, e„ of its deficiency from r, and 
the radius of convergence associated with y by the same fi-action, «j, 
of its deficiency from s, it follows that the radii can be extended to 
be within any assignable nearness respectively of r and a. 
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We have thof? the theorem : If 

be couvergent for | jr | <" r. | y | <" #. and for this range be in absolute 
value everywhere < the real positive X. and if \, /<, be any real 
po8itive quantities such that, when 



-^ = l«-l = i/(0,0;i. 



V^^'^^V^X^- \/l^A^^^\l 



ikVa 



Kf^ > 1. 



then the function / (jr, y) does not vanish for any values ^r. y within 
the i*ange 

kl<'-ri-A.Y^J. y <'[!-'•. v'^ij' 

and for this range we have a convergent expansion of the form 

fix, y) a^ 4 = 1 *-i 

If further r, * be such that for all values |ip|^r. |y|<^>*the 
function \f (x, y) \ is assignedly greater than scero, this expansion is 
cx>nvergent and valid for | j* | < r, \y\ < s. 

When we apply the same i*easoning to the function of n variables 

jissumed to converge for |ar| ^'r,, ..., |ar»|<'r„ and such that for 
these values \fixi, ...,a?,)| < Jl, we can prove directly from the 



theorem 



or verify indirectly as in the preceding, that thei'e is no set of values 
J*, ;r„ for which/ (^,, ..., x^) vanishes lying within the range 



i.,i<.,...,i..i<., (1-1:;') (i-'t')>Ff. 

where -/4 = | a© ... o I • 

l^et f , — - J be denoted by «, and put 

1 I ^' I \ 1 I •**« I 1 

r, r„ 
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then from 1- '^ < 1 follows that \, < «-\ and from l—i-SJ > „- 

follows A, > w"**, and so for the others ; while clearly X, ... X^ > 1. 
Conversely, if A,, ..., A^ be any real quantities such that, for 



Uf 



H-\ 



<\<ut'\ ..., w**'* <X„ < w-\ A,A,...X,>1, 



K 



any set of values such that 

l«il < n(l— ^iw), ..., |«,.|^r-(l— X,«) 
is such that 

U|<r„ ..., |;r.|<r., (l-^), .-, (^-^) > k:^^' 

and there is no set of values in this range for which f(x^, ..., x^) 
vanishes. And if E* be the least possible value of fj+ ... + f^ subject 
to <'^, < 1, ..., 0<'^n< 1, and (1 — ^,), ..., (1— f«) = w", which has 
a different form according to the magnitude of w, there is no point 
for which /(aj,, ...,««) vanishes in the region given by 



.r, 



''i 



+ ...+ 



< li\ 



r 



For instance, when n = 2, if u = f'H- »/* and cr = ^4- 1|, 



ut 



or 



^ = (1-0(1-.,) = 1-cr + i (a«-u) =1=^ -h ^^-/^' 

tt = l-.2u,* + (l-cr)». 



= 1, 



Thus, if upon (1— ^(1 — »y) = w' there be points for which ^+i| 
namely, if the equation 

have the real roots ^ = ^ ± ^ (1 — 4w*)*, 

that is, if « < i, then u = ^+»/' has 1— 2w' for its least value. 

If, however, w > J, then (1 — o-)* is least when f = j| = 1— w, and 
then (^+7)* has 2 (1— w)' for its least value. 

Thus there are no points for which/ (a-p a*,) vanishes within 



r* 



2 



where i^* = 1— 2w* when « "< i and ii* = 2 (1— w)' when «>i. 
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As «' = K/(K-\-P), and K is any real positive quantity > |/(ic, y) \ 
for I a; I ^ r, | y | < », we can choose w as nearly unity as we please, 
and so always take i2* = 2(l— w)'; but this gives a less extended 
region than 22* = 1— 2ui* when the latter exists. For the greatest 
value of 2 (1 — <o)' when w > ^ is < ^, while the least value of 1 — 2«* 
when « ^ ^ is |. 

4. A very simple example of what pi*ecede3 is a proof, which may 
be remarked though it is not new, that the equation 

is satisfied by a finite value of x. It is supposed that riy ^ 0. 
For, if F(j') :jfc for | a; | ^ r, we can put 



F{x) 



a. 



for I ;r I < r. And then for | a* | = r, < r, if ff > | ^ (a;) | for | jr | = r„ 

Let, then, e be an assigned real positive quantity, and let r be the 
greatest value of | a? | for which | F (.r) | ^T € for every | a* | <" r ; so 
that, for \x \ <" r, 



then 






wherein r, is arbitrarily little less than r. 

This shows that, with the given fixed c, r cannot be indefinitely 
great, since otherwise all the coefficients C„ Cj, ... would be inde- 
finitely small, that is, zero, and F (x) would be a constant. 
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Note on the Wave Surface of a Dynamical Medium, JEolotropic 
in all respects. By T. J. I' A. Bkomwich. Communicated 
February 13th, 1902. Received, in revised form, March 
18th, 1902. 

In a paper communicated to the London Mathematical Society 
(Proceedings^ Vol. xxxii., 1900, p. 311), Mr. H. M. Macdonald has 
obtained an expression for the energy-function of a continuous 
medium transmitting transverse waves ; the function being supposed 
a quadratic function of the three rotations as well as of the six 
ordinary strains, while the inertia is supposed to be of an isotropic 
character.* 

Shortly after seeing this paper, I met with a note by K. Hensel 
(" Anwendung der Theorie der Modulsysteme auf ein Problem der 
Optik," CrelWs Journal f. d. Math., Bd. cviii., 1891, p. 140) in which 
Kronecker's idea of systems of moduli was used to simplify 
KirchhofP's account of Green's theory of crystalline media. Hensers 
treatment suggested an alternative method of attacking Macdonald 's 
problem, which is given in § 2 below. But HenseFs theory depends 
on a special form of the equations of motion, which was obtained by 
Kirch hoff ; and, naturally, I attempted to construct a corresponding 
set of equations with the more general energy-function. KirchhofE's 
method proved somewhat laborious, and I have simplified it by using 
the symbolical notation due to Aronhold and Clebsch in their theory 
of invai-iants ; this is suggested by a paper of Christoffers (see end 
of § 1, below). 

I have, throughout, supposed the medium to be SDolotropic for 
inertia ; and this makes the pi^oblem solved by me in § 2 to diverge 
from Macdonald's (or, rather, from the extension indicated in the 
closing paragraph of his paper). For I have found the general ex- 
pression for the energy -function on the hypothesis that two of the 
waves transmitted in any direction shall be purely rotational ; while 
Green and Macdonald take the two optical waves to be purely 
transversal. The two hypotheses are the same, so long as the 



* At the end of the paper, one result in stated, without proof, for the case of a 
fi\ediam which i^ eeolo tropic ma regards inertia. 

X 2 
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medium is isotropic for inertia ; bat they differ in the case of iboIo- 
tropic inertia. The rotational hypothesis admits of a simple com- 
parison with the transversal, bj comparing each of them with 
the electromagnetic theory; then the elastic displacement on the 
rotational hypothesis, corresponds to the magnetic (or electric) 
force ; while, if the optical waves are transversal, the analogue of the 
elastic displacement is the magnetic (or electric) induction. 

In § 3 1 have obtained the equation to the general wave-surface, 
on the hypotheses already explained ; this equation does not seem to 
have been found previously, except on the electromagnetic theory, and 
then only by the aid of vector-analysis. 

In conclusion (§4), I have shown that the analogous results on 
the hypothesis of transversality can be obtained from those found in 
§§2, 3 ; the final expression for the potential energy per unit 
volume becomes extremely complicated ; but the equation to the wave 
surface is only slightly changed from that found in § 2. 



1. Equations of Wave Motion in a general Crystalline Medium, 

The medium is supposed to be elastic, but aeolotropic in all respects, 

80 that, if the component displacements at (a;, y, z) are u„ u^^ u^ then 

the kinetic energy per unit volume is T, a general quadratic function 

of the three velocities 

dfii Of*, Ctt, 

dt' dt' dt' 
sav 2T-a, ^^"'V + 2a ^*^ ^ + 

= ^aj^^ (r,. = l,2,3). 

dt ct 

The medium is, however, supposed to be homogeneous, so that the 
cofficients a^, do not vary from point to point. 

Similarly, the potential energy per unit volume is F, a general 
quadratic function of the six strains (e, /, g, a, b, c) and of the three 
rotations (^i, ^i, ^i) ; the coefficients in V being the same at all 
points of the medium. We write, as usual, 

Ox Oy Cz Oy dz 

For the present, however, it will be convenient to use (instead of 
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a, «, «„ (fee.) the nine first differential coefficients* 



3mj 

3a; 



I'i = - 



^4 = 



3aj 



Vm !^ -^ 

Cy oz 



omj, ^ du, Cm, 

oj; oy oz 

Then the equations of motion, by the principle of least Action, are 

3^ ^3«i^ dx ^3r, ' 3y ^ 3r, ^ 82? ^dvj ' 

«(|?:) = i(8j:).l(8r).3(|r). 

3< \d«/ dai^dr/ Oy^CvJ dz^dv,' 



dt 

a /a'f 
dt 



i¥) = HI") * H?h HTi- 

^ou^' ox ^oty oy ^oty oz ^dr,' 



In order to simplify the manipulation of these equations, let us 

suppose that* 

2F = ^Cr,VrV, (n « = 1, 2, ..., 9), 



where 



Cra -^ C, 



'r« 



$n 



and let us introduce the Ai^onhold-Clebsch symbolical notation, writing 

2F=(2c,tv)'=(ct;)«, 

whei'e now the quantities c^ are to be supposed devoid of meaning 
until actually multiplied together, and then 

c^ := Cf^j CfCg ss Cfg ss C,Cr \fj S ss X, ^, ,,,, u). 

It follows at once that 

dr 



dvr 



= c,{cv) (r= 1, 2, ..., 9), 



and so, since the quantities c^, are constants^ we have 

3ic^3t'' dy^dvj dz^dty ^ 3a; 3y 3^' 
with two more similar equations. 



* It will be found uBeful (in U 2, 3) to use Vi, r^, r, in a totally different sense ; 
but this need hardly cause ooniusion, as the two meanings will not ooour in the 
same piece of work. The same remark applies to the quantitieB er$. 
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Thns the three equations of motion Hve now 



«fi 



3'w, 3*1*, 3*?*, 



a'«, ^ a^u,^ a*,*, / a ^ a ^ a\. . 

If the medium is transmitting plane waves, in a direction I, m, n, 
with velocity v, we have 

-^ = -^ = — ?- =/(Zir-f w?y + wz— rf), 



a, Hj 



Thus, if 



and so we can write 

r, = laj\ Vj = 7/2a,/, r, = ^wt,/, 

P, = /r, + wrj + ?ic„ 

Pj = /C4 + WC5 + ?iCV 

Ps = /Cy + wcg + ^ir^, 
(ciO = (P,a, + P,a,+P,a,)/, 

and then the equations of motion yield (after division by /") the 

results 

t'*(«„ri^ + a,ja5 + a,,a,) = Pj (Piai + PjOj + PjO,), 

... t;-(rt,i«, + a„a,-4-aj,a,) = Pj(P,a, + P,a,+P,a,), 

r* (a„ fi i + a„ a, + a„a,) = P, (P,ai4-P2aj4-P,a,). 

But these are equivalent to the thi*ee equations* 

r' l^- =~ (r = 1, 2, 3). 

da,. Oa,. 



we have 



* It is not difficult to see that, by substituting for Ui, ff,, u^ in terms of ai, o*, ot, 
befot-e varying the Action, the expresaion for the Action is {i^A — B), save for 
numerical factors. Thus our three equations can also be found by varying a], a*, aj 
and making the Action stationary when expressed in terms of a|, 04, 03. Un- 
fortunately, this process is not, in general, a valid method of finding the equations 
of motion ; and, in fact, it seems that its correctness in our special case is due to 
the assumptions that Fis quadratic in the Jirst differential coefficients of «|, tf,, w,. 
For the sake of rigfour, we must adopt the longer process g^iven in the text. 
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where A = ]Ea^,a,.a, (r, « = 1, 2, 3), 

But (-Piai + Pj^a + Pjo,) is obtained from (cv) by substituting Za„ ma„ 
na,, &c., in place of r„ r^, r^, <fec. ; and thus B is obtained by making 
the same substitutions in 2V. Now we supposed that 2V was 
expressed in terms of e, /, g ; a,h, c ; n/i, cu,, a>,, and so, to obtain B^ 
we must make the substitutions 

/a,, m«2, na, for e, /, g, respectively ; 

(Tmig-l-twij), (nai-h/a,), (Zaj-f-waj) „ «, ^ ^, v 

(ma:^ — na^), (noi — Zo,), (Za.— moi) „ co^, n;,, w,, „ 

in the original expression for 2V. It is clear that the coefficients 
in B are quadratic functions of I, m, n (the direction-cosines of the 
wave fronts) and not constants of the medium. 

These equations for v* are the generalization of those given by 
Kirchhoff in his account of Green's theory ;* KirchhofP's equations 
can be derived from ours by omitting the rotational terms in 2F 
(i.e., those containing w^jWj, oi,), and taking the medium to be isotropic 
for inertia, so that we can writ« 

A = p(aJ + nj-f-«J). 

The use of the Aronhold-Clebsch notation in the above work was 
suggested by Christoffel's paper "Ueber die Fortpflanzung von 
StOssen durch elastische feste K5rper" {AnnaU di Matem., t. viii., 
Ser. 2, 1877, p. 193; see Love's ElaHticity, Arts. 73-78). But, in 
other respects, the treatment is not the same as Christoffers : for his 
work relates to the propagation of impulses, instead of continuous 
waves, through the medium. 

2. Restriction of the Optical Waves to be Botatioiud, and Deduction of 
a corresponding Expression for the Potential Energy. 

Green, in his original treatment of the problem,t assumed that the 
optical waves were those in which the displacement was in the wave 
front ; or, in the notation used before. 



* *' Ueber die Reflexion und Brechung des Lichtes an der Qrenze krystalliniflcher 
Mittel," Abfrnndlungen der Berl. Akad., 1876, or Genamtnelte AbhandlungeHy p. 352 ; 
the work in reproduced in hi8 lectures on ** Optics** {T'orlewnffett uber inath. Fhytik, 
Bd. n., Optik, Leipzig, 1893, pp. 192-196) » 

t Tran», Camh, Phil, Soc, 1839 ; Mathematical Papers, p. 293. 
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is Green's condition for an optical wave. In the case of a medium, 
such as Green's, which is isotropic for inertia, this condition is 
equivalent to the assumption that the two optical waves are rota- 
tional waves only (and so the direction of vibration in the third or 
non-optical wave is normal to the wave fronts). But in a medium 
which is aeolotropic for inertia this equivalence no longer holds good. 
I shall proceed to investigate the consequences of assuming the 
optical waves to be rotational, and not transverse ; thus we may 
expect to obtain results analogous to those of the electro- magnetic 
theory when the medium is both electrically and magnetically 
ssolotropic ; the analogue of the elastic displacement being the 
magnetic (or electric) force. 

In § 4 I shall show that the results obtained here can be applied 
to investigate the consequences of Green's hypothesis of transvers- 
ality when the medium is aeolotropic for inertia. 

We have seen that the equations of motion may be put in the form 

t;« — ---=0, t;«_- — =0, t;«_----=0. 

Now these equations are of precisely the same type as those which 
occur in the theory of reducing the two quadratic forms ^4, B to sums 
of the same squares ; and, in this analogy, the three quantities 
vj, rj, v* (which are the squares of the velocities of the three principal 

waves) ' will appear as the roots of the determinantal equation of the 
algebraic problem. 

Again, owing to the connexion of A and B with the kinetic and 
potential energies, it follows that both these must be definite* quad- 
ratic forms ; thus, by a theorem of Weierstrass's, the quantities 
vj, vj, vj are real and positive. t Further, three real linear combina- 
tions of a J, C4, ct, can be found (say /)j, /3j, /J3), such that 

and it is to be observed that, in virtue of another theorem of 



* That is, A and B can never be negative and can only vanish if a|, oj, ctg are 
all zero, 

t MomtBhei'icht d. Akad. zu Berlin, 4 Mar., 1858 ; Math. Werke, Bd. i., p. 233. 
The theorem quoted occurs in § 3 of the paper. 
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Weierstrass's, an equality between any two of the qnantities v\ v^, v^ 
will not affect the result.* 

Since the reduced equations of motion in terms of a,, a^, a, merely 
express the fact that (t^A-^B) is stationary, it follows that the equa- 
tions of motion in terms of )3j, />,, /3, must express the same fact, 
and are, accordingly, 

(v'-v\)li, = 0, (v''-v\)fi, = 0, (t.'-rj) /3, = 0. 

Hence the three possible types of plane waves are given by 

(i.) /3, = 0, /3, = 0, v = v,; 
(ii.) /3, = 0, /3, = 0, v = v,; 
(iii.) /3, = 0, /J, = 0, v = v,. 

Now our hypothesis is that two of these three waves shall be pui-ely 
rotational ; take the two to be (i.) and (ii.). It follows that j3, and /5, 
are linear functions of nr,, ttr,, nr, only, where 

so that ZtTj -f wwj + wwj := 0. 

We have then to find /?„ so that -4 may take the form (pJ+i3^-}-/3]|), 
where fii and /J, are of the type just described ; a direct solution of 
this algebraic question is easy,t but seems unnecessary, as we have 
the familiar identity 

AA^-y- = ^Cr^mrV, (r, » = 1, 2, 3), 
where ^4^ = ai|Z' + 2a,jZm+ ..., 



= 4(^1^ 



3^^ dA^ dA\ 
Co, do- / 



/ttj- 



dA. 



9A\ 



3Z 3m 3n ^ 

and c„ is the minor (with proper sign) of a„ in | a„ 1 1 the determ- 
inant of the coefficients of A. 



* This theorem occurs in { 4 of the paper quoted, and assumes that at least one 
of the two forms ^, ^ is d^nite, 

t One method is to substitute in A from the equations 

and then collect all the terms in oj into one square, by ** completing the square.** 
This square is then found to reduce to 7V^o> which proves the uniquenefls of the 
reduction. 
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It follows that we must have* 

for this arrangement satisfies the ix)tational hypothesis ; and it in 
easy to show that no other will satisfy the condition. Hence the 
ex])resRion for B must be 

Further, our hypothesis is to be verified for all directions of pro- 
pagation of the waves ; and so this expression for B is to hold for all 
values of the ratios I : m : n ; and the problem is to deduce the most 
general expression for F, subject to this condition. 

Now B is obtained fi-om 2V by substituting Za, (= e) in place of e, 
ma,-fwaj (= a') in place of a, 7??a;,— na, (= nr,) in place of ai„ and so 
on. Thus 5 is a quadratic function of e\ f, g\ a\ h\ c\ Wp vr^ m^ 
with constant coefficients ; and we have to determine its special form 
in order that it may reduce to the shape given by the last equation, 
as a consequence of the relations amongst these nine quantities. 
Accordingly we must find first all the quadratic relations (with con- 
stant coefficients) between e\ . . . , m^ A straightforward way of doing 
this is to substitute 

and then, if we write A = //w, /u = m/71, 

for brevity, it will be seen that 

a' = 2/i<7' — nr,, e* = \^g -f Xtir,, 

6' = 2kg-\-f!r.,, f = /iY-/xiir„ 

c = 2X.fig' -\- ^trsT^ — Atx,, tir, = — Atff,— /xoTj. 

Eliminating A., /4, we find that the only tndepefident reUilimn* (not 
involving the ratios I \ tii \ n) are 

W' — 4e'gf' = BTj, a —4:fg' = tirj, 2c g' — a'b' = tsr, w^, 

b'm^'\-a'm^'\-2g*xffi = 

(it being understood that g' is not zero, or these would not be inde- 
pendent). 



* Since /33 =» , in each of the rotational waves, it follows that 7 =. in eat.'h 
of thorn. Hence our condition is equivalent to 

O] (^12/ + fJiitn + ''is") + 02 (^21' ■•" ''22'" ■•" 23*0 + «.i (''si' + "»*'* + ''33*') •■ ^» 
which is obviously quite distinct from Green's condition 
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From these four relations we can deduce five other's, and no more,* 
and the five new ones (not, of course, independent of the old ones) 
just uomplete a symmetrical set of nine, and are 

c —4^y' =: or,, 2at'' — l/c* = tDTjUTj,, 2b' f — rti = m^nr^, 
2f' 'or, + c'esTj + h'm^ =■ 0, c'lar, -f ^/'oTs "H ^''®'» = 0. 

It follows that the most general expression for B (on the rotational 
hypothesis) is 

B = r^vVA + ^n («"-4/(7') +2Z,, (2rV-a7>') -h ... 
-f 2L, (2e'i!r, + o'tir.^+6'ors) -h ... 

where y = a^ie -{- a^f -\- a^^g -i- a^a -{- a^^b' -^ a^^c' . 

Hence the most general expression for V is 

V = iXA» + JL,, (a«-4/^) + L,3 (2r^-a?>) + ... 
+ I>i (2ew, + cwj + 6w,) -h . . . 

where A = One + a^f-i-a^g-^a^a-^a^^b-ra^^c, 

and the coefiicients of V must be constants (i.e., independent of the 
quantities Z, m, 7i). Thus r, = LAq, and so the velocity of the third 
(or non-optical) wave is not now independent of the direction of 
propagation, which is the case in a medium which has isotropic 
properties of inertia. 

The expression just found for V reduces to Macdonald's if we 
assume isotropy of inertia ; of course it should do so, for, as stated 
before, if the medium is isotropic for inertia, then the rotational and 
transverse hypotheses are identical. This is, indeed, obvious by 



* That in, no more quadratic relations can be found ; one obviouM cubic relation 
^^ 2/, c\ h' I - 0, 

^, 2/, a' 

which we get by eliminating the ratios -or, : 'm.^ : w-^ from the three equatiouA 
analogous to j^^_ ^ ^^ ^ j,^^ ^ ^ 
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observing that when 

ai, =a^=ia^, a^ = «„ = a^ = 

the condition y = reduces to the form 

3. Determination of the Wave Surface. 

Taking the value for V just found, we see that the corresponding 
expression for B is 

B = V + 2d„ar,iir. (r, » = 1, 2, 3), 

where d^, = L„ + /p„, 

and, as before, the expression for A is 

In order to find the velocities of propagation of the two optical 
waves (t.e., the rotational waves) we make (t^A—B) stationary 
for variations of tr^, tr,, tr,, subject to the conditions 

y = 0. 

Before actually writing down the quadratic which determines the 
two velocities, it will be convenient to introduce some symbols which 
we shall find useful in what follows. We write first 

■^ = I Or. I , 

the determinant of the quadratic form A, 

Next, let us put pr, = r„/A (r, 5 = 1, 2, 3). 

The object of using p„ in place of c„ is that we may have a reciprfKnl 
relation between a„ and p^, ; for now 

a„ = PrJlPr, 1 and Jk = | a„ | = 1/ i^^r. , 

where P„ is the minor of pr$ in the determinant \pr, . It should be 
remarked that A cannot vanish (because ^ is a definite quadratic 
form), and so none of the quantities pr$ can be infinite. 

Suppose next that g„ is a set of quantities derived from d^^ in the 
same way as pr, is derived from Oy, ; so that, with an analogous nota- 

*'°"' qr. = DJ\d„\, d,. = QJ\q. 

A'=lrf„ =1 



r« , » 
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With these symbols we have, putting y = 0, 

whei-e \ = r*A/ilo- 

Now, making {v*A—B) stationary for variations of v^y iir,, or,, subject 

to the condition i . r\ 

/or, + niv^ -f nm^ = U, 

it will be found that the quadi*atic for r* is 

I, m, w, 

This detei'minant will be denoted by F (A), and now the wave surface 
is to be found as the envelope of the plane 

Ix+my+nz = r/, 

V being given as a function of /, m, n, by the equation 

F (A) = 0. 

Several attempts to determine this envelope directly having failed, 1 
have been obliged to make use of some properties of invariants and 
covariants in order to obtain the desired result. 

Darboux* has proved that we have, identically, for all values of X, 

_ F(\)_ _ _L\ ML + ^ 

|Ap„— d^l A— A, A— A, A— A,' 

where A — A,, A — X,, X— A, are the factors of the determinant | kprt—dr, |, 
and L, M, N are certain linear combinations of Z, m^ n not containing 
X. Taking the special cases X = oo , X = 0, it will be found that 

A^ = ai,?-h2ai,Zwi-f- ... = L'-f if' + A'* 
and gii P + 2(;„ Zm + . . . = Ly\ -h JT/X, + iV-/X,, 

where we have used the relations connecting p„ with a^, and d,., 
with g„. 



* Liouville's Journal de Matk,^ t. xix. (2me Ser.), 1874 ({VIII.) ; a reprodaotion 
of this part of Darboux's paper is given in Scott*B Theory of Detertninanit (p. 153 of 
the first edition). It should be observed that S/^rt v.- v«, lldn Vrv. are definite quad- 
ratic forms ; and so an equality amongst A|. Aj* ^3 does not invalidate tibe theorem. 
But for this, if A3 were equal to Aj, there might be a term in 1/(A— A|)> on the right. 
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Suppose now that X, Y, Z are linear functions, of x, y^ z^ such that 

Ix-hmy + nz = LX-^-MY-^NZ; 

then our pi*oblem has been reduced to finding the envelope of 

LX'\'MY'\-NZ = vt, 

where r is given in tenns of L, J/, N hy the equations 

A — A| A — Aj A — Ajj 

This gives a FresneFs wave surface 

A, X A^Y KiZ' ^ 

— r- + • - H ^ = ^ 

lC"~~Aj fc"-^Aj "^"""'^a 

where \ = rX2+ YH Z^) A/^. 

The last equation has now to be expressed in terms of x, y, z. We 
note that, whatever *: may be, we have 

Hence, us Ix -^my-^-nz = LX -h MY+ NZ, 

we deduce the identity, for all values of ic, 



-1 



Kqr, - «,., I 



'^'7.'J1~'*81^ '^Qm—^hv *^7m-"««» ^ 



■^, 










y.i 



Putting *: = 0, this gives 

Thus the equation to the wave surface is 

'^*7ll— ''U' *^"7U~«1J5 *>*7l8 — «18» '^ = 0, 

.r, 7/, z, 
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where, now, k = {pnX' -\-2p^^xy -\- ...) ^jf 

On expanding the determinant, the equation to the wave surface 
may be put in the form 

whei*e 

f = (ajj(yjisH-a557^-2aj5(]rj3)a;H(«i872s + a28gi8---«i2(73s--«T»(/ii)-*^i/+ •• • 
This is the equation to the most general wave surface possible in an 
oeoloti-opic medium which satisfies the rotational condition and has 
two enei;gy functions of the types postulated. 

Since the equation to the surface in terms of X, Y, Z is a Fresnel's 
equation, and since X, Y, Z are linear functions of .r, y, z, it follows 
that the most general wave sui-face (under the hypotheses stated) 
can be derived from a Fresnel's wave surface by applying a homo- 
geneous strain. This theorem is given by Macdonald (at the end of 
his paper), without proof, for the case when Green's condition of 
complete trans versality is satisfied.* 

In order to compare the form of this wave surface with that given 
by Heaviside (Electrical Papers, Vol. ii., pp. 1-23; reprinted fmm 
Phil. Mag., Vol. xtx., Ser. 5, 1885, p. 397), I add a comparison of 
coefficients which will make the dynamical equations of the medium 
harmonize with the electromagnetic equations used by Heaviside. 
We need only write for my a,„ Heaviside's f<,., ; and for ray 9,., his r,„. 
It will follow that his scheme denoted by /x"* has the coefficients p,., 
of my notation ; and his scheme c"^ has the coefficients il„ of the 
work given above. 

Using these facts, it will be seen that the wave surface is identical 
with the expanded form of Heaviside's [see equation (87) on p. 18 in 
the Electrical Papers^. For the completion of the identification, it 
may be added that his determinants m, ?/, are, respectively, A and 
1/A' of my notation. 

4. Application oftJie Results to deduce tlie Consequences of the Transversal 

Hypothesis. 

From the analogy already remarked between the two hypotheses 
(rotational and transverse) and the electi*omagnetic theory, it would 

• ThiH Ih proved, for the electromagnetic theory, by A. McAuIay, PhiL May,^ 
Vol. xu., Ser. 5, 1896, p. 224. 
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be expected that the elastic displacements on the two hypotheses 
would be linearly related.* 

We observe then, that the three equations 



ai'e equivalent to the three 



t^l^ = l^- (r=l,2.3) 






pix)vided that d, fj, f, are three independent linear functions of 
"ii *hy »!• We shall take, in fact, 

ir = i^ = a^iOj + artOj+a^a, (r = 1, 2, 8), 
Oar 

and observe that these three quantities are independent, since the 
deteiminant a^, \ cannot vanish (because il is a definite quadratic 
form). Expressing Oi, a„ a, in terms of d, f„ f„ we have the equations 

ar^Pnd-^Prid'^'Pr^it (r = 1, 2, 8), 

where the quantities /)„ are those defined in § 3. 
Hence, expressing A in terms of f„ f,, f,, we have 

and, of course, B can be similarly expressed. 
In terms of f,, f„ f„ the transverse condition 

Za, + wia,+7Mi, = 
becomes 



oi- 



1 dA , dA , Sa ^ 



But this is of the same form, algebraically, as the condition y = 
found in our discussion of the rotational hypothesis (in § 2) ; in fact, 
we have only to replace a,, by (^ aii^ «« by p„ to make the two condi- 
tions identical, and the same substitutions connect the two expressions 
for A. Thus the final result of § 2 can be altered so as to apply in 



* For the one caoo represents the elastic displncemeat by th« magfnetic fon«, and 
the other by the magnetic induction. 
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the pi-esent case by making the corresponding substitutions. In 
detail, we have to replace 

<^' by Zf, = Z(a„ci,-f a„aj-f a„«3), 

a' by mf,H-n^3 = m (a,, tti + a^jfi J -fflw 08)4- n (a,, ai + Oj, a, -ho^aj), 

nr, by wi^,— t^, = m (a,ici, + a„aj-|-a88a,)— » (a„a^ + aj,a, + a„a,). 

Consequently we have to write (in the expression for Von p. 315)* 

for ^, f/„ y^ +aia ^^ +«!« ^ = h [2a„e + tt„ (c-f wj -f a„ (fe-w,) ]; 

for a, («8i .- 4-as2V "^^^ H"l^i^~+'*«"^+^*» :i" 
^ Oy oy Oy ' ^ Oz vz oz ' 

= i [2«2j(/-f .^) + «2, (?> + w2)4-a„(a— w,)4-a„(c— w,)-|-a„(a+wi)]; 

r / 37f, , 8w. , 3?*.\ / 3m. , 3m- , 3uj,\ 

for w,, (a, «-fa,j--«+a„3-M-(a„ ^ +a„ -*+a,,^?) 
^ Vy cy Oy' ^ Oz Oz Oz ' 

= il_2"M(/— .7)— «^i (^'-H«^i)— Ott ('«— wi) + a,,(c— <ii,)+a„(tt— w,)], 

with corresponding substitutions for the other six symbols ; and, 
finally, the quantity 

^ =;?iie+^,jC-f ... 

is to be replaced by (<^+/+g'). 

When these substitutions are made in the value of F given at the 
end of § 2, the resulting expression will be the most general value of 
V for a medium which satisfies Green's condition of perfect trans- 
veraality and is 8Bolotix)pic as regards inertia. 

As to the resulting wave surface, we have only to put jp,., in place 
of «„ in the final equation given in § 3. This gives 

(a„a'H2a,ja?i/+...)(cina;'-l-2d,3«t/+...)-i5-Ay(i,-^)=0, 
where 

Just as before, this wave surface must be deducible from a Fresners 
surface by applying a homogeneous strain j and this is Macdonald's 
theorem. 



* It may be remarked that is a medium isotropic as regards inertia we have 

and these three quantities reduce to p^, pa, ptfj, as they ought to do. For, in thi» 
ease, the condition of § 2 is equivalent to the tranHversal condition ; and so the final 
expression for V should be unchang^. 
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The Solutions of a System of Linear Congruences. By the 
Kev. J. CuLLEN, S.J. Received March 4th, 1902. Read 
March 13th, 1902. 

The author is indebted to Lt.-Col. Allan Cunningham, R.E., not only for having 
luirefully revised the original draft, but also for many important suggestions 
embodied in the paper. 

1. The object of the present paper is to give a graphical process 
for obtaining solutions satisfying a system of linear congruences 
within a given limit. The process is adapted to the factorization of 
lai'ge composites, or the determination of large primes and other 
problems in the theory of number's, such, for instance, as the repre- 
sentation of high numbers in binary quadratic forms, &c. 

Incidentally some pi*operties of a system of linear congruences are 
given that are believed to be nevr. 

The scope of the paper consists in proving and explaining fom* 
simple rules to be employed in the application of the process, together 
with an example showing its working. 

Y 2 
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a quantity H be such that 




H=a„ o„ a. 


(modP)) 


=A, A, A, ,.., ^. 


(mod«)/ 


= pl, ri, /i. ■ -. P/ 


(mod,') 


^Pl'. pi', pj', ■■. pi' 


(modp") 


= p'i'\p^",p'i", ■■: pi" 


(modp"^ 
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(A> 



' p; ' 



p;" (mod y*') 



where P and Q are prime or composite moduli, but prime to each 
other, p', p", p'", ..., p'" difEerent odd primes, not contained in P or Q ; 
"i. "ii "ii ■■-. "-. ; /^i. /^t. ■1 Ai ■■. /'«. *°<i the fi's least residnes for 
the con-esponding moduli. Our object then is to obtain integral 
solutions or values of H aimnltaneouely satisfyinff these it+2 eon- 
gmences under a given limit of H. 

3. We shall first combine the congruences (A) and give results on 
which the sabseqnent work depends. Now we know that on com- 
bination there arise mil cases with the moduluK PQ, but, as will 
presently appear, we need only solve the n conginiences 
Pk+«, =li„ /3., Ii„ .... li, (mod Q), 
and the m~l congruences 

PA+o,. «„ ...,a. =(9, (mod (i), 
altogether m + n — l instead of um. The result of combining is, of 
course, that we may take H = j^PQ + r, where r has (»i« values less 
than PQ. Hence we may denote any one of these mn values of r by 
r^ „, since it is capable of representing mn values as w ranges from 
1 to m., and c from 1 to n independently. Fui-ther, we may restrict 
r^ , to that case arising out of 

FX.+-„ = fl, (mod^), (1) 

observing that w always refers to the subscript of one of the q's, and 
I.' to that of one of the /3's. It will also be useful to denote the corre- 
sponding value of k by \^ ^. 

We have then H = cePQ+ PA, . + o, (2> 
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since if =a^ (mod P) = /3^ (mod Q) by (1) and (2) ; so we may 

take our solution to be ^, ^ , 

if = .rP(^ + r,,.. (4) 

4. We now proceed to express (4) in another fonn. Let u be an 
integral solution (which is always possible) of 

Qv-Fu = 1. (5) 

Then, multiplying by a^— /5^, we have 



^^* («^-/3J = /3.-a^ (mod Q). 



(6) 



(mod Q). 



Hence, by (2), we see that 

V.^«("*-/^«) (modQ); (7) 

SO that Xj ^ ^ n (oi— /3^) 'v 

Therefore A^, ,^\^--\^ = u (a^-/(5J = X^, , (mod Q) 

or X^^ ^ = X^^ i + Xj^ ^-Ai^ 1 (mod Q) ; (8) 

8o that, on multiplying (8) by P and adding a^, we have 

PK, « + «^ = (P^w, 1 +»w) + (^^1. «+«.)- (^V 1 + aO (mod PQ) 
or, by (3), V« = Vi + ''i.«-'*i.i (modPQ). (9) 

Hence, finally, we may take our solution to be 

ir=a!PQ + ,v.,+r,,,-r,.,. (10) 

On this equation the whole process is based. 

5. If we assign any value to m between 1 and m inclusive, and 
ranges from 1 to ?i, we obtain the n quantities 

together with a multiple of PQ by (10). We shall speak of these 
n quantities as Belonging to the m-th arrangement. The first arrange- 
ment consists simply of r^ i, r^ 2» ^i 8» •••» ^i »» together with the 
multiple of PQ. Hence it is important to observe that the tB'-th 
aiTangement is obtained from the first arrangement by the mere 
addition of the known quantity (r^ i"~^i i)* 
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6. The firvt step then in the applKatk*n at the iMnMew^ whidi ei^^ex 
rue Uj Rale I, u to solre the n congmences 

and the m — 1 congmenoeK 

giriiig the cases Tli, r.^,. r^^ .... r^^. and r^ i, rj^i r. , rwpeetivelT, 

which value* are eacrilj foniid bj applying 3^, [5' and (7). 

We next tabulate the Uasi residues [$) of these quantities for the 
prime moduli p\ />", p*", ...,/>*, and also the lea*t residues (f) of PQ 
for the Kame moduli as follows : — 



JCodulni* 


n.i 


'l,S 


n.j 


a. 


•■ti 


»■».> 


»'«,! 


A? 


; ^ 


•;.. 


•L 


•1.3 


#;.. 




^.. 


#:.. 


f 


■ a' 




•;:. 










c 




•;:. 


«;:. 


// 
•i.. 




r \ 


/'" 


•;:; 




•;:. 






•;:'. 


C 




• 




* 


» 


* 


• 


; 


; 


• 
• 


p' 


•m 


».:.. 


Kn 


1 


•i. 


K^ 


c, 


t* 



It will be useful to speak of this table as the element* table. The 
object of this table will be best understood when considered in con- 
junction with what follows and what has been already stated. 



7. We shall now confine our attention for the moment to the first 
arrangement (tB* = 1) which gives us 

K ranging from I to n inclusive (since these numbei's k form the same 
set, viz., 1, 2, 3, ..., n in each arrangement, we shall speak of them 
as set numbers, and they will be denoted by «:), and we now proceed 
to show bow values of x may be graphically obtained where 

H = xPQ + n. , = />i (mod y), 

|} ranging from 1 to / (cf. § 2). Now, from the elements table, we 

*^^® H = :r^' + «;.. = />i (mody). 



1902.] Solutions of a Syntem of Linear Congruences. 327 



Let 
and 

so that 



i^\,^ = zt' (rood/) 
pd^wt' (modp') ; 



H=t' (x-^z) = wt' (modp') or x = wz. (11) 

It is, however, quite needless in practice to solve these congruences, 
for, if we take a sheet of paper with vertical rules at equal horizontal 
spacing, and write down the least residues t^ of the successive 
multiples of t' for the modulus p' as follows with 

t:=.^f (modpO, 
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we obtain what we will call the p'-line of the hose sheet. Then, since 
every integer less than p' will occur among the f^'s, and if we put a 
dot over t^ = p^ (i.e., / dots since d ranges from 1 to/), we have onlj 
to take a naiTow strip of paper spaced as the base sheet and divided 
into two rows (the upper row called the set row, as it contains the 
set numbers k, and the lower row or arrangement row containing, as 
we shall see presently, the ari-angement numbei-s m). We denote it by 
p\ and we write 1 in the arrangement row to give the initial division 
of the first arrangement. Then, if we place the strip with this 
division at ^^ (= O'l^^) of the^'-line, and write the values of k in the 
divisions of the set-row, under the dotted figures (i.e , C)» we obtain 
the values of x by simply placing the stiip under the base line* so 
that the initial division marked 1 is at the (or any multiple of ^') 
of the base line, and read off the integers in the base line that are 
over the k*s, since, if we compare the preceding figure with the 



♦ The 
integers in 



base I'nie is the top line of the base nhi et, and consists merely of Nuccetisivc 
in each division ; its use is to give the value of x as explained above. 
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following, we see at once that the number over k is w — z, which is 
the reqairecl value for x bj (11). 
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8. In applying the principle just described, it is evident that as we 
placed the initial division of the strip sit'. (= $1 ,), and wrote k under 
each dotted figure, so we first place the initial division at /^ (= ^[.i), 
and write 1 in the set row under each dotted figure ; then it is placed 
at ^^(= ^,2), and 2 is written in the same row under each dotted 
figure and so on till /^ (= ^,») has been dealt with and n written. 

In filling up the divisions in this manner, it is necessaiy that each 
number should always occupy a fixed relative position with respect 
to the other set numbers : e.gr., if n = 9, then we should follow the 
8(!heme 
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SO that 3, for instance, should always occupy the right-hand top 
comer in those divisions in which it is to appear. 



9. In the last paragraph we have shown how the strip for the 
prime p is tf) be drawn up, and in a precisely similar manner strips 
are drawn up for the primes p\p'\ .... p^'\ All the least residues 
{tl) of the successive multiples of PQ are arranged in the base sheet 
as shown in the first figure, § 7, and dots are placed over the /^'s of 
each line that equal the p's of the corresponding congruence of the 
system (B). It should be noticed that the residues t^ i-ecur at 
intervals of p\ i'^ at intervals of p", and so on. Hence the base 
sheet may be of any convenient length so long as the number of 
divisions in it exceeds p'\ the highest pnme. A similar remark 
applies to the strips. 



10. So far we have been dealing only with the first arrangement, 
and the question that now arises is whether the strips already drawn 
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up for this arrangement suit for the other aiTangements. We will 
now show that they do suit. 

Taking the iff-th arrangement and attending to the remark in § 5, 
we have, by (10), 

H=xPQ + r^„ + (r^,-r,,) = p'^ (mod/)- (1^) 
Now. let (r^ i"~'*i. i) — //^' (mod p). 

Then, by definition, y is constant for this ari'angement and inde- 
pendent of to and z. Hence, as in § 7, we have 

(x-\-z-^y)f' = wf' (mod/), 

or .r = w—z—y ; (13) 

but w — ;: is the distance between the initial division and *: in the 
first arrangement, and, by (13), we see that for the lar-th ariunge- 
ment the efEect of adding the quantity (r^ i-~^*i i) is only to shorten 
or lengthen the distance between the initial division of the first 
arrangement and that containing *: by y di^nsions, and further, since 
K stands successively ior the set of numbei's 1, 2, 3, ..., n (cf. § 8), we 
see that all these numbers are affected in the same manner by the 
addition of (r^ i — '"i i) to the first an*angement ; hence we have only 
to find a new initial division for each arrangement. 

11. It is here, then, that we make use of the second portion of the 
elements table, § 6, namely, the residues (6) of 7\i, rgi, ..., r„,, i. For, 
if we were to draw up a slip for the tir-th arrangement for the prime 
p\ we should place its initial division (i.e., the division having m in 
the arrangement row of the strip) at the number /^ (= ft^ i) of the 
base sheet, and write 1 in the set row under each dotted figure ; but 
it is quite clear that, if we take the strip of p' already dra>vn up, the 
same result is obtained by placing the initial division (marked 1 in 
the arrangement IX) w) at /' (= ^' ,) and wnting vr in the aiTange- 
ment row of that division, that is under t'^(= 6'^ j), since 1 of the set 
row is under each dotted figure. In fact, if we refer to the following 
figure, it is clear that the distance (a) between vr and k is equal to 
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the duitance (h) between 1 and k less the distance (r) between 1 and 

m ; bat 

h = IP — r, 

by ril;, and '- = n—i = JA 

since, by § 10. 

therefore a = w—z—y ; 

so that, if the strip of p' be placed with the division containing or at 
the of the base line, the number in the base line over x would be 
(tr — 3— y) which, by (13), is the value of x in 

Thus we obtain our general solutions. 

Hence the new initial divisions for the other an'angements are 
obtained by placing the strip p* so that the division containing 1 in 
the arrangement row is under /. (=f^j,) of the p' line of the base 
sheet, and writing 2, 3, ..., w in the arrangement row of the strip 
under the divisions (of the^' line of the base sheet) containing the 
numbers t'^j (= ^^.i? ^i, i» •••> ^w.i ^^ *^® elements table). 

12. Similarly the initial divisions for the different ari*angements 
for the strips jp", p'", ..., p'' are obtained from their respective rows 
in the elements table and the base sheet. 

13. We are now in a position to obtain values of ^' in (10) simul- 
taneously satisfying the o- + 2 congruences (A) and (B), supposing 
the (T strips to haviB been completed ; also the values of vt and k can 
now be found, and hence, by (10), and the top row of the elements 
table, our solutions can be obtained. For, if we place all the strips 
one under the other under the base line, so that the initial divisions 
containing vr in the aiTangement rows form a column under 0,* and 
if we search the columns for a number k appealing in the set 
rows of all the strips in a particular column, and read off the number 



♦ Any Htrip for p'^ (say) may be placed so that the division with ir in its 
arrangement row is under any multiple oi p' in the base line. 



1902. J Solutions of a System of Linear Congruences. 881 

X in the base line over this column, a solution is 

while, if K fails to appeal* in any strip, this cannot be a solution, as is 
clear from § 7. 

Thas, in practice, we begin by placin^r all the strips so that the 
initial divisions containing 1 in the antingement row of each are at 
the of the base line ; we then search up to the required limit of H ; 
then we place the divisions containing 2 in the arrangement row of 
each stnp at of the base line, and continue the search ; and so on 
till m has been dealt with. 

If L be the upper limit of //, then x > L/PQ ; yet we should 
search to the (L/PQ-f l)-th column, since ('V, i"*"^*i.«"~^*i.i) ^^^Y ^^ 
negative, but <PQ ; also this quantity may be > PQ, but <2PQ. 
Therefore x may = — 1, and yield a positive solution. Thus the 
column of the strips to the left of the of the base line should be 
searched. 

14. Rules. — Rule I. — Apply (8), (5), and (7) to solve the n con- 
gruences 

PA + a, =/3„ /3„ /3„ ..., II. (mod Q), 

and the m — l congfruences 

PA + a^ Oj, ..., a,„ = /3, (mod Q), 

giving the cases n,,, r,.,,, r,.3, ..., ?i, „ and a,,, i\x, ...,n«.ii i-espectively. 
Then form the elements table, § 6. 

Rule II. — Form the base sheet, § 7, and in the line p' place dots 
over the numbers /^ = />[, /j.2, ..., p^, and so in like manner treat the 
lines p'\ p"\ .-I p^' ; then place the initial division (marked 1 in 
the arrangement row) of the strip p' at ti^ (of the base sheet) = Oj,, 
(of the elements table), and write 1 under each dotted figure ; 
then place the same division at f'^ = ^I.^, and uTnte 2 under each 
dotted figure; and so on till m has been written in the set row of 
the stiip. Thus, in a similar manner, complete the strips for 

P ,p , ...sp"'. 

Rule III. — Now place the initial divisi(m (with 1 in the 
arrangement ix)w) at t',^ = $1 1, as in Rule II., but now write 
2, 8, ..., in in the annngement row in the divisions under 
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Thus also find the initial divisions of the different ai*rangement8 for 
the strips p'\ p"\ ..., j> "'.* 

Rule IV. — Place all the strips one under the other so that the 
initial divisions (marked 1 in the arrangement rows) form a column 
under the of the base line, and search for a number appearing in 
the set row of every strip throughout a particular column; having thus 
searched throughout (L/PQ + 2) columns (« = ~ 1 to aj = L/PQ-^-l), 
we place the strips with 2 of the arrangement rows under the of 
the base line and continue the search, and so on till m of all the 
an^angement rows has been placed under the 0, and all the coluinns 
searched. If, then, when tr of the ari*angement rows is under the 
(or any multiple of p'^' for the strip y^^) of the base line, and the 
number k appears thix)ughout the divisions of the set rows which 
form a column under x of the base line, then ^i'Q+r^ i + ^i.< — ^i.i 
is a solution. 

15. We now give an example showing the working of the process. 
Let N = 1,886,601,653, and, if we wish to determine whether .V be 
prime or composite, we may seek the partition N = H^-^O^, since 
N = 4k-^l: if this partition be unique, N is prime, while, if there is 
no partition or else two or morc partitions, then N is composite. 
Taking il to be odd, we have H' = N^G^. Now 

N=2 (mod 3) = 3 (mod 5) = 6 (mod 7) = 53 (mod 64) ; 
therefore 

U= ±1 (mod 3) = ±2 (mod 5) = ±2±3 (mod 7) = ±7±9 (mod 32). 
We combine H = ±l (mod 3) = ± 2 db 3 (mod 7), 
giving Zf=±2±4d=5=tl0 (mod 21), 

and also // = ± 2 (mod 5) = ± 7 ± 9 (mod 32), 

giving if - ± 7 ± 23 ± 57 i 73 (mod 160) . 



• In the application of Rule II. for finding the set numbers ic, and of Rule III. 
for finding the arrangement numbei*8 w, it should be noticed that the (^^)) may be 
to the left of the initial division, but, if a second 1 be written in the arrangement 
row (if the strip p^' at a distance of p''^ divisions from the initial division, we have 
only to move tne strip so that the latter division occupies the place of the former to 
give us a division in which k or tr is to be written. 
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Hence, taking P = 160 and Q = 21, we have 

7/ = a„ Oj, tta, a^, "si ««> <^y "» 1 , ,,^^. 

1- (mod 160) 
7, 23, 57, 73, 87, 103, 137, 153 J 

^ A, A, ft, A, /?5, ft, ft, ft) , ^^^^ 

)■ (mod 21) 
2, 4, 5, 10, 11, 16, 17, 19 j 

= 1, 2, 3, 8, 9, 10 (mod 11) since N 

= 0, 1,2,6,7,11, 12 (mod 13) 

= 1, 4, 7, 8, 9, 10, 13, 16 (mod 17) 

= 0, 3, 4, 7, 8, 9, 10, 11, 12, 15, 16 (mod 19) 

r^l, 4, 6, 7, 8, 11, 12, 15, 16, 17, 19, 22 (mod 23) 

= 4, 5, 6, 8, 10, 11, 12, 17, 18, 19, 21, 23, 

24, 25 (mod 29) 

= 1, 4, 5, 7, 9, 10, 14, 15, 16, 17, 21, 22, 

24, 26, 27, 30 (mod 31) 

= 2, 4, 5, 6, 9, 12, 13, 14, 18, 19, 23, 24, 

25, 28, 31, 32, 33, 35 (mod 37) 



Now 21t' — 160w = 1 g^ves m = 8 ; hence, applying 
we find 



(A) 



- 2 (mod 11)^ 

- 1 (mod 13) 

- 14 (mod 17) 
— 16 (mod 19) 
= 19 (mod 23) 

■ 
t 


1 

r 


- 12 (mod 29) 


• 


-- 26 (mod 31) 




1 
32 (mod 37) J 

(B) 

(7) and then (3), 



n, 1 n, 2 n.3 »U4 n.s n.e **i,7 n, j >*2,i *'3,i r^^i r^^i r^i rj, 1 rH,i PQ 
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This is the elements table of § 6 and application of Rule I. 
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On the accompanying diagram we have the base sheet and the 
strips drawn up by Rules II. and III. They are in position for the 
first ari'angement ar = 1, and we search the set rows in each column 
for a number appealing throughout up to the fourteenth column. 
Since B > ^N > 4:34:35 and FQ = 3360, which is the application 
of Rule IV., we find 
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The first thi*ee i-esuHs iBr= 1 are shown on the strips, viz., 6 appears 
in set rows in the column under 6, of the base line, and 3 in the 
columns under 10 and 12. On actual trial we have 

.V = 1,88(5,601,653 = 42887*+ 6878* = 4226:3*^10022* 

= 178:37.105769. 

The other five solutions would soon fail to conform to subsequent 
moduli if we used stnps for 41, 4:3, &c. 

Note (i.). — In searching any particular column we compaitj the 
numbei's of any two adjacent set rows in the column and mentally 
cairy the numbers common to the two rows into a third, and then 
those common to the thi^e rows into a fourth, and so on. Thus, for 
instance, in the column under 7 of the base line the two top strips 
give 5 and S common, while 5 is only common to the third ; so we 
need only look for 5 in the i*emaining set rows of the column, and, 
since 5 does not appear in strip 29, we pass on to the next column, 8. 

Nntc (ii.). — It is well to observe the advantage of the gi-aphical 
work over purely arithmetical, for each column deals with eight 
(mses (in the example). Thus the column under 4 of the base line 
gives the eight cases of the first part of the elements table -f 4.3:360. 
Then in arithmetical work we should have to find their i^esidues to 
(mod 11), then those of the five cases /*,. ,, r,,^, r,,.,, r,,*, r,,5 + 4.:3360 
to (mod 1:3), then r, 4, r,,.^4-4.:3360 to (mod 17), and, finally, r^^^ to 
(mod 19), in order to exclude these eight cases, in all8-|-5-|-2-fl = 16 
residues ; but in gi-aphical work a glance at the column gives this 
information. 
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The Errors hi certain Quadrature Formulce. By J. Buchanan, 
M.A., F.T.A. Received March 5th, 1902. Read March 
13th, 1902. Received, in revised form,* May 18th, 1902. 

1. In a recent papeii* Mr. Sheppard has derived from the 
Maclaurin summation theorem many of the best known quadrature 
formulae, with expressions for the erroi*s in terms of differential 
coefficients. The use of differential coefficients, however, is incon- 
venient in cases where we do not know the form of the function, but 
only its value at stated intervals ; and these are cases where the 
formulae ai'e of great practical value. Prof. Everett has recently 
given a new interpolation formulaj involving only even central 
differences ; and from it similar quadrature formulae can be obtained 
by direct integration with expressions for the errors in terms of 
central differences. 

Denoting by p the distance of the oiniinate w,, in front of w^, and by 
q its distance behind Wj, so that p -f g = 1, he ^vi-ites 

where§ 8«y = "4 — w_j, 

so that 8*, 8*, ... are the even central differences. 

If we integrate with respect to p between limits and 1, we have, 
since dq = — dp, 

u„dp = p-\- ^-^oy h'-\-^^—^ ^:^ ^ 8*+ ... v«o + ^'i) dp 

= ^[l4-X,8*-|-A,8*-fA,8«+...](,f, + nO, 
where K,X^, ... are written for shortness for the numeiical coefficients. 



• [The title of the paper was chauged in revision : cf. rrociedingK^ mpi'a, 
p. ;i22.— Sec] 

t PiiM'ccdirnjx^ Vol. xxxil., p. 2o8. 

^ Journal of t/te Imtitute of Acinar ien^ Vol. xxxv., p. 452. 

§ (f. Proceedififfs, Vol. xxxi., pp. 459-60. 
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. 

+ (M+A4«'+...)mO*«-«o)» 

where* /iWo = | (^*4 + t^-i). 

so that /x8, mS', ... are the odd central diffei'ences. 



(2) 



2. Let a, b, g, ... be the factors, including unity, of n; and let f^„S„, 
ft„8J, ... be the odd central differences of the series of functions 
• • ''-'.vi/o w-«*j ^'o» ^*rt*» "-irt*? ••• > then 

Jo 

Now /iS"-^-* = cosh i/iD (2 sinh ihDy*-', 

fijf-' = cosh ^ahD (2 sinh ^/iZ))*-\ 
and sincef 

2 sinh (up cosh a^ = a cosh ^ 2 sinh ^ + o i (^ ^^^^ ^)' 



+ («'-l)(?^4-)(2sinh^)» 



(2 sinh cupY cosh cup — a^ cosh ^ 1(2 sinh 9) 



.. a'-l.o„: 



'+ 



4 



(2 sinh ^)' 



,(.--.«3.I=D(,,„,,,,..,] 



(2 sinh a^y cosh a^ = a* cosh tp j (2 sinh v)'^+ -7. - • 2 sinh ^y+ ... , 



• • • « • 



* Proceedingij Vol. xxxi., pp. 459-CO. 
t /W., Vol. XXXI., p. 454. 
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3^7 



we have at once 



HaOn 



L = 



[■. , a-— 1 ^, . (a' — l)(a^- 



a'n [ 



3! 



a»-f 



5! 
4 






^^-h 



4.5.6 
3 



^'+...1 






If we make these substitutions for/i^^rt, /*rt^J» •••» and replace Xj,A^, ... 
by their numerical values, equation (2) reduces to 

A = \y,d. = A..- ^ [6c-(a' + 10) i>+ (< + ^ +2) S> 

-(l680 + 12>?^+7)^ + -]''("--««>'<^> 

where A„ = ah [iwo + ««& + «*i«A+ ••• +^»*»a]- 

An approximate expression, together with an expression for the 
error in terms of differences, will be got by writing 

(p + q-\'r-\-.,.)A =pA„-^qA,,-\-rAc-^ .... 

where 2>, q, r^ ... are chosen to make the coefficients of the successive 
differences vanish. 

The formulaa which can be got in this way are identical with those 
of Mr. Sheppard's paper,* as might be expected if we observe that 
the principal equation (2) obtained above is the central difference 
equivalent of the Maclaurin summation theorem. The method is, 
however, capable of extension. 

3. The group of formulaj obtained by putting n = 6 is of special 
interest, as it includes a large number of those best known, and it is 
proposed to discuss it here in some detail. In what follows the letter 
h is for convenience omitted from the suffix of u. 

If we choose p and q so that pa^-^qh^ = 0, and put a = 1, ?> = 2, 
we get 

A = J 14A,-A,-] = A[„,+«.+4 («, + «.+«.) + 2 («, + ««)], (i.) 



* Proceedings, Vol. xxxn., pp. 262-6.5. 
VOL. XXXIV. — NO. 785. Z 
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which is Simpson's mle, with an error 



Patting a = 1, & = 3, so that jp : g : : 9 : — 1, we have 

^ = A [9^-^] = -■ [«o+«,+3 (u, + «,+«,+«.)+2«,], (ii.) 
which is Simpson's second rale, with an error 

Put o = 1 : fc = 6 ; then p : g : : 36 : — 1, and 

^= A [36^,_^J = >[15(„,+ „.)+36(«,+u.+ . ..+«,)], (iii.) 

with an error _ A[a»_||3»+|J^-...]^ («,-u.). 

Other formulae involving only five terms can be obtained from 
the above by elimination. Thus the elimination of w^ and u^ between 
(i.) and (ii.) gives 

A = h[SA,SA^-^A^] = 3h [t*i + ti5-(wt+«4) -H2w,], (iv.) 
with an error + A[^»-|i^» + |^37-...]^K~tO. 
The elimination of u, and it, between the same two formulae gives 

A = A [9^,-4^,] = ^g^[«.+««+6 (»t,+««)— K], (v.) 

with an error - ^[.i^-W^+mi^- •••] " («».-«.)• 
The result of eliminating «, and ti^ between (i.) and (ii.) is 

^ = A [18^,-9^,+2^,] = JJ[tt.+ „,+6 («,+«.)+8u,], (vi.) 

with an error + -|^[a»_|ia»+|J|5a'-...] ^ («.-«.), 

while the elimination of w, gives 

^ = 7 [6^+3^,-2^,]=^^*K+«,+20t, + «.) + 4(«.+«,)], (vii.) 

with an error - A [SP-^^S' + |§H«'- •••]/' (".-«.)• 
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Several of the above will be found to give very good results con- 
sidering the small number of terms used and the simplicity of the 
coefficients. 

4. From the above we can get other formulae which are true to 
fifth differences. Thus, if we eliminate ^' between (i.) and (ii.), we 
get 

A^^llbA.-eA.-^-A,'] = ^1 [u,^u,-^u,-^n,^b{u, 4-«,)-|-6w,],(viii.) 
which is Weddle's rule, with an error 

The elimination of o* between (i.) and (iii.) gives 



= j^ [45 («„+«,) + 192 («,+«,+ «,) + 87 (h,+.0], (ix.) 



with an error 



- 210 t*'-i^^^+-l ''("•-"«)• 



while the elimination of ^' between (ii.) and (iii.) gives 

= 75 [25 («o+«,) + 81 (»«, + M,+ u,+Uj)+46«,], 



■with an error 



-^[^'-fi§^ + -]M («,-«.) 



M 



As before, we can, by elimination, get other formulae involving only 
five t^rms : thus, if we eliminate u^ and u^ between (viii.) and (ix.), 
we get , 

.1 = ^ [66A,-7bA,+mA,-A,] 

= f^ [11 (««, + «.) - 14 («,+ ««) + 26«,], 

with an error h [.^'^-.^^^gS'+ ...] ^ («,-«,). 

z 2 



(xi.) 
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The elimination of w, and u^ between the same two formula gives 



A = ^^^[24iM,^l28A, + bA,] 



h 



with an error —h [^^A^*— ^^^^+ ••.] /^ (t*6— t*o)i 
while the elimination of u, and u^ gives 

A = 3^ [486^,-24:3J,+58^,-JJ 



(xii.) 



= ^[14K+t.,) + 81K + u.) + 110u.],* 
with an error h [^^a*— ^i^'.,. ^^ j ^ (tig— uj. 



(xiii.) 



By eliminating a* between any two of these fifth difference formulae, 
we get 

A = g^[1296^,-567J,+112^,-^J 

= ll^l^l (wo + ti,) + 216 (u, + tO + 27 (w,+ (O f 272ti,], (xiv.) 



with an en'or 



•j8(X) 



M^O'fl— «0 + -- • 



5. Of the preceding formulas some err in excess, and others in 
defect, of the true value, and by combining them in various ways the 
error can often be considerably reduced. For example, by taking 
the mean of (iv.) and (v.), both of which show a relatively large 
error, we get Weddle's rule. If we take the mean of (i.) and (vi.), 
we get 

= ^[10 («,+«,)+49 («, + tO + ll («,+ ««) + 58«,], (xv.) 
with an eiTor _ ^[£»+ W^'+ffH^- •••]/*(«.-«.). . 



♦ Journal of the ImtituU of Aetuariea^ Vol. xxiv., p. 107, where the formula is 
derived from Graius's theorem. It han been pointed oat by the referee that this is a 
particular case of formula (42) of Mr. Sheppard's paper (Frocaedingtf Vol. xxxn., 
p. 270) ; but with this exception the formulse given on pp. 269-70 appear to be 
distinct from those of this paper. 
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while the mean of (xi.) and (xii.) gives 

= ^ [11 (».+«(.) + 66 (n,+«.)-3 («,+u«) +92«,], (xvi.) 

with an error h ls^—j^iisT5'^''+ •••] M (««— «o)- 

Again, if to (iv.) we add twice (vii.) and take the mean, we get 



^=-^-[11^-5^ + ^.] 



= y ['^ ("o + "(,) + 1 1 (»i + O + «, + «4 + 14«.], (xvii.) 
with an eiTor A [a>_|ja»+|o^a»_ ...] ^ («,-„,). 

If we double (viii.) and add it to (xvi.), we get 
A = ^Iq [11164, -495.4, + 100^-^,] 

= J* [35 («.+«,) + 186 (k, + «.) + 21 («,+ «.) + 236u,], (xviii.) 



with an eiror 



5040 



[^'-W2'+ •••]/' («.-".), 



while the result of doubling (viii.) and adding it to (xiii.) is 
A = ^[1886.4,-603^,+ 118^1,-^] 



= j^-^ [44 (u, + n,) + 231 (u, + u,) + :30 (n, + u,) + 290« J, (xix.) 

with an error - - ^^^ [5*^ -r W^^ + • • • J M ("o— "o) . 
Formulae of this kind can easily be extended. 



6. By giving to n other values such as 8, 9, 10, ..., we get other 
groups ; but in all these formulae the earlier differences are got rid 
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of at the expense of increasing the coefficients of the later ones, and 
the larger the factors of 7i the greater is the increase in these co- 
eflScients. Thus, taking three factors a, h, c and p, q, r to satisfy the 

equations j , u i s a 

^ par + qb^ + rr = 0, 

pa^'\'qh*-\-rc*=: 0, 
we have 

p + g-^r p-^q + r 



p-^-q + r 

and so on ; and these are elements of the coefficients in the expression 
for the error. The success of many of the formulae involving six 
intervals appears to be due to some extent to the fact that six has as 
factors the first three natural numbers. If we put n = 12, we should 
get all the preceding formulae duplicated, and a large number of 
others due to the introduction of the other factors. The degree of 
approximation is increased, but in practical applications the calcula- 
tion of the ordinates often involves considerable numerical work, and 
it is desirable to combine a good degree of approximation with facility 
of computation. It is well known too that these differences run with 
great irregularity ; they often change sign, and after first decreasing 
numerically they often increase rapidly in proceeding to the higher 
orders ; so that a formula which is true to third differences only may 
give a better result than one which is true to the fifth or higher 
orders. A preliminary examination of the differences may guide us 
as to which set of formulae is the best to use. This point is illustrated 
by the numerical examples given at the end of this paper. 



7. If we take the oi*dinary central difference interpolation formula 
and integrate with respect to a*, between limits —-J and + J, we get 

or f u,d^ = h [1 + ^J»_^^5*+5^^W^'--] «*»• 

Jo 
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-t-^ \.K^'\-Kc'-\-K^^ ...^{u.,n-u,\ (5) 

where \J, X^, ... stand for the numerical coefficients. 

This corresponds to the mid-ordinate formula* given by Mr. 
Sheppard ; but, as pointed out by him, it is not adapted for finding 
more accurate formulae. Proceeding as befoi-e, we should get 

' _L «^ r«5 . /23a' 1 \ ;;» /145a* 23a' 9 \ „ "1 ^ . fg.. 

+ 1441^^-^ (lO -V ^ -(1344"^ 80-"20) ^^-••J(---"o), (6) 

where a is one of the factors of n. 

The numerical coefficients here are greater than those of equa- 
tion (3), and, as a, h, c, ... must be odd numbers, the coefficients 
of the differences in the expression for the error will be much 
larger. It may be noticed, however, that the coefficients in (5) 
are smaller than the corresponding coefficients in (2) ; so that, if 
greater accuracy be required, it will probably be better to compute 
the first few differences. This, of course, involves a knowledge of 
terms preceding tt^jk, and following y^n-k)h' 

8. As illustrations of the preceding formulas the values of the 
integrals j 

I i^=log,2 (a^ 



and 



[ M = T <'> 



have been computed, using six intervals, with ordinates Uq, wj, ..., u,. 
It may be noticed that the central differences of 1/(1 H-a?) first decrease 
numerically, then increase and become infinite, since u.i = oo; so 
that after a certain point the expressions obtained above cease to 
represent the error. For Uq the odd differences begin to increase with 
the seventh ; for 1*1 the increase begins much later. In the case 
of 1/(1 -fa^) the odd central differences of u^ are all zero, and those of 
u^ begin to increase numerically after the third. 

The true values of (a) and (6) to seven places of decimals are 
•6931472, and '7853982. 

* Proceedinfft, Vol. xxxn., p. 267- 
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The values of the ordiiiatea are 



X 

; 


u = 1/(1 +a) 


II- 1/(1 +X-) 


1- 


1- 


i 


•8571429 


•9729730 


i 1 


•75 


•9 


3 


'6666667 


•8 


4 
IS 


•6 


•69l>3077 


, t 


•5454545 


•5901639 


1 








1 





and the errors in the comptited values are as follows: — 



Formula, 
(i.) (Simpson's rule) 


No 
in 


. of terms 
formula. 

7 


Error in {a) 
xlO". 


Error in (*) ■ 
X 107. 1 


-^2-26 


- 3 


(ii.) (Simpson's second rule) 


1 
1 


7 


+ 482 


- 23 


(vi.) 


1 
i 
1 





-146 


4- 28 


(viii.) (Weddle's rule) 


1 


7 


-f 22 


-^ 14 

1 


(xiii.) (Hardy's formula) 




r> 


- 15 


-179 


Cxiv.) 


• 


7 


+ 9 


- 55 

1 


(XV.) 


1 


7 


+ 40 


+ 12 , 


(xvii.) 




7 


- 66 


+ 21 


(xviii.) 




7 


-h 7 


- 67 


(xix.) 




7 


+ 10 


- .50 



It appeal's that, while any one of these fonnulae will give a good 
approximation, the best results are not obtained by always using the 
same ones. When once the values of the ordinates have been ob- 
tained, that of the integral can be readily computed by sevei'al of 
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these formulaB ; and, as some err in excess and others in defect, we 
shall get very close limits within which the true valae lies, and 
generally better results than would be attained by exclusive use of 
any one formula. 



Thicrsdatf, ApHl 10th, 1902. 
Dr. HOBSON, F.R.S., President, in the Chair. 

Eleven members present. 

Prof. C. J. Joly, M.A., Dunsink Observatoiy, Ireland ; Ganesh 
Prasad, D.Sc, Christ's College, Cambridge, and Miss Lilian Janie 
Whitley, B.A., Westfield College, Hampstead, N.W., were elected 
members. 

The President (Dr. Larmor temporarily in the Chair) communicated 
a " Note on Divergent Series." Prof. Love next gave results he had 
aiTived at in connection with " Stress and Strain in two-dimensional 
Elastic Systems." Discussions followed on both communications, in 
which the President and Messrs. Larmor and Love took part. 

The President read the titles of the following papers : — 

Further applications of Matnx Notation to Integration Pro- 
blems : Dr. H. F. Baker. 

On the Convergence of Series which represent a Potential : 
Prof. T. J. I'A. Bromwich. 

On the Groups defined for an Arbitrary Field by the Multipli- 
cation Tables of certain Finite Groups : Dr. L. E. Dickson. 

The following presents wei'e made to the Library : — 

" Educational Times," April, 1902. 

** Indian Engineering," Vol. xxxi., March 15-April 5, 1902. 

Gibbs, J. Willard. — "Elementary Principles in Statistical Mechanics, '* 8vo; 
London, 1902. 

** Nautical Almanac for 1905," 8vo ; Edinburgh, 1902. 

*• Mittheilungen der Mathematischen Gesellschaft,*' Bd. rv.. Heft 2 ; Hamburg, 
1902. 
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** Supplemento al Periodico di Matematioa,*' Anno v., Fasc. 5; Livomo, 
1902. 

** n Pitagora,'* Anno vra., Noh. 1-5 ; Palermo, 1901-2. 

** Memoirs of the National Academy of Sciences,*' Vol. vin. ; Washing^n, 1898. 

Dickson, Dr. L. E.—** College Algebra*' ; New York, 1902. 

From the " Soientia" Series, presented by the publisher, M. C. Naud : — 
"Cryoscopie,'* par F. M. Raoult, No. 13. 
"Franges d' Interferences et lenrs applications m^trologiques,*' par J. Mac6 

de L6pinaz, No. 14. 
'* La G^m^trie non-euclidienne," par P. Barbarin, No. 15. 
** Le Phenom^e de Kerr,'* par E. N6culcea, No. 16. 
'* Throne de la Lune," par H. Andoyer, No. 17. 
*' Q6om6trographie," par E. Lemoine, No. 18. 



The following exchanges were received : — 

*« Proceedings of the Royal Society," Vol. lxix., Nos. 467, 468 ; 1902. 

'* Beiblatter zu den Annaleu der Physik und Chemie," Bd. xxvi.. Heft 4 ; 
Leipzig, 1902. 

*'Rendiconti del Ciroolo Matematico di Palermo," Tomo xvi., Fasc. 1, 2; 
1902. 

** Bulletin of the American Mathematical Society," Vol. vin.,Nos. 5,6 ; New 
York, 1902. 

*< Bulletin des Sciences Mathematiques," Tome zzvi., F6v., 1902 ; Paris. 

<<Rendiconto dell'Accademia delle Soienze Fisiche e Matematiche," Vol. vm., 
Fasc. 2 ; Napoli, 1902. 

*'Atti della Reale Accademia dei Lincei — ^Rendiconti," Sem. 1, Vol. xi., 
Fasc. 5; Roma, 1902. 

*' Jahresbericht der Deutschen Mathematiker-Vereinignng in Monatsheften,*' 
herausgegeben von A. Gutzmer in Jena, Band xi., 1 and 2 (doppel-) Heft (Jan.- 
Feb.), Dec. 19, 1901 ; Band xi., 3 Heft (Marz), Feb., 1902. 
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Further Applications of Matrix Notation to Integration Problems. 
By H. F. Baker. Received and communicated April 10th, 
1902. 

CONTENTS. 

1 . Gives the finite equations of the adjoint group of a continuous group with 

parameters not canonical in terms of ** the matrix { *' of the first and second 
parameter groups. 

2. Gives the finite equations of the adjoint group with canonical parameters, 

showing that the exponential matrix A of a former note {Ptqc, Lond. Math. 
Sac., Vol. xxxiY., 1902, p. 91) enters therein; and so g^ves a simple proof 
of the so-called exponential theorem. 

3. Remarks on the connection with Lie's formulee. 

4. Shows that any transformation of the adjoint gn^up can be resolved into a 

succession of two transformations respectively of the first and second para- 
meter groups. 

5. Shows that this leads to a result including as a particular case the theorem that 

the characteristic determinantal equation allows the adjoint g^up. 

6. Gives another proof of this theorem of invariance. 

7. Develops the result further, establishing in particular the equation 

4^ (f*f, Ae'3-) = A*' (J _ /J 4^ (a:, •<)• 

8. Remarks on the translation from the first to the second parameter group. 

9. Obtains a proof of the existence of and a formula for the general integ^ral of any 

set of simultaneous linear differential equations with variable coefficients, in 
a form valid for the whole of the Mittag-Leffler 9tar region over which the integrals 
exint. This appears a remarkable result. 

10. Remarks that the theorem and method of § 9 is particularly applicable to estab- 

lish the existenco of and to calculate the integrals for a system of differential 
equations with r^/ independent variable, the coefficients not being necessarily 
continuous, so long as they are integrable. 

1 1, 12. Remark on the generalization of the results of §§ 9, 10. 



1. The finite equations of a contiuuous group of n variables x^^ ...,«,, 
and r parameters Oj, ..., o,., being 

^. = /. {^\ "). 
leading to equations 

/.[/(^".»). fc]=/.[a;",<^(a,6)], 

so that ;/, = <^. (y", fi) and :. = </>, (o, a"), 
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for o- = 1, ..., r, ai-e the finite equations respectively of the first and 
second parameter groups, we have the three seta of differential 
equations 

va oa va 

where a (a) is a matrix of r rows and columns, and ( (x) a matrix of 
n rows and r columns. If, now, in the general infinitesimal trans- 
formation of the group 

we change the independent variables to a*?, ..,-ci by means of the 
equations of the gi'oup 

«.=/. {x\ a), 

r 

the infinitesimal transformation becomes S e^lP^^ where P^ contains 

#-1 

a?!, ..., icj, just as P, contains a?,, ..., .r„ and e„ ..., e^ are linearly 
deduced from ej, ..., ej by equations, depending on Oj, ..., a^ only, 
which for vaiying a^ ..., a^ are the finite equations of the adjoint group, 
I'hese equations are, in fact. 



r r 

.-1\ .2 ^0 



namely,* e. = 2 2 (a-^),,/5,,e;. 

r a 1 p > 1 



2. The infinitesimal equations of the adjoint group are, however. 



p '^» '^ 

r 

where ^^, = 2 r,,^(?„ 



and the finite equations of the adjoint group, with canonical para- 
meters ej, ..., e^, are therefore to be obtained by solving the r ordinary 
differential equations 

^' = -Ee =: E'e, 
(It 



* The notation in the Encyk. Math, Wiss.^ Vol. n., A. 6, p. 406, seems an unfor- 
tunate change from Lie'B for the matrix a in Tramformationtgruppen, Vol. i., p. 34. 
If the quantity a^„ of the Kncijk. be called 7^^, then the matrix 7 is the negative of 
the matrix ^ (a) belonging to the second parameter group. 
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making e = e^ when ^ = 0, and afterwards putting ^ = 1. These 
equations are, however, obviously satisfied* by 



Thus, if 






the finite equations of the adjoint group are e = A'e*^, the parameters 
being canonical. Using these same parameters to write the finite 
equations of the original group in the form 

X, = F, (a^, e'), 
we have the result that the equations 

a', = F. {x\ e'), e = A'e" 



lead to 



r r 



2e.P =2 e;P".. 



-I 



»-l 



Considering then a further set 

y, = F,{x.e"), f=l"e, ^f,Q.= ^e.P., 

we obtain the set 

y, ^ F, i^, e"'), / = A"AV, 2/.Q. = SellP", 

showing that the equations of the parameter group, with canonical 
variables and parameters 






lead to 



/'a' 



A'" = A" A'. 



Thus we have a veiy simple proof of the so-called exponential 
theorem. 



* A particular example of this integration is the proof of the formulse for 
the nine cosines between two sets of rectangular axes by integ^ting the equa- 



The matrix 



« — m 

^- [ -w / 
m -I 



satisfies the equation ir* =» — (/^ + 1«- + n-) E ; 

ef, Proe, Lond, Math, Soc.j Vol. xxxiv., p. IIG. 
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3. The problem of finding canonical valuables for a gronp of which 
some form of the finite equations is known is thus, for a group with- 
out special infinitesimal transformations, that of solving the r* equa- 

the matrices p and cr of Lie [Transformationsgruppen^ Vol. in., p. 613, 
equation (24)] being these two respectively. And by expressing 
that the two parameter groups ai*e reciprocal, or otherwise [Lie, 
TransformcUionsgruppe^ifYoL in., p. 616, equation (27)], it can be shown 

where A, =^ 'S, a^, x— 

is the general infinitesimal transformation of the first parameter 
group, while the exponential theorem in general variables has a form 

4. We prove now that any transformation y = A'u; of the adjoint 
group can be resolved into a succession of two ti*ansformations 

s. = ^A* («» «'). ya = ^. (— e', z), 

respectively, of the first and second parameter gix>up8. Herein the 
variables ar, y, z, as well as the parameters e\ are canonical, a fact we 
emphasise by using the functional sign </r instead of the more 
usual 0. 

Using infinitesimal transformations, we have 

y. = z.— [e{fK\ (-5) + •"+eUKr (z)] + ... 

= x, + e[ [a., (x) -/3.1 (a;)] + ... 4-^; [a,^ («)— /3,r (x)] + ... . 

On the other hand (Proc. Lond. Math. Soc., Vol. xxxiv., 1902, p. 97), 
by Schur's formula*, 

a— /3 = a — aA = — E. 

Thus the infinitesimal transformations of the compound ti*ansforma- 
tion are these of the adjoint group. 

5. This remark is equivalent with 

A'x =i/r[— e', \l/(.r, c')], 

namely, as i/r (c, e') = — ij/ (—•«', — e), 

with — A'j; = xf/l — ij/ (x^ e'), e'], 
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and g^ves —i/r (a?, e) = i/r ( — A'a;, — e') = — i/r (e', A'a?) ; 
and hence \//, (e', A'aj) = v//^ (aj, e'), 

a result* leading, by the exponential theorem, to 

\^^ = Ae'A,, 

as a consequence solely of the linear equations 

y = A'a;. 

As these last are unaffected by multiplying each of .t,, ..., i^v ; yi» --j 2/i- 
by the arbitrary numerical quantity A, we can, by comparing co- 
efficients of A. in the equation 

A;,yA^ = A^^Aj^, 
infer that E^ \. = A^E,; 

and hence, if ^ be an arbitrary numerical quantity, as the determinant 
of A,/ is not zero, we see that 

namely, that the so-called characteristic equation expressed by 
the vanishing of the determinant |jE?,-f^| allows the transforma- 
tions of the adjoint group. The equation 

^,-f^ = A,, (^, + ^)A.^ 

shows that the greatest common divisor, in 0, of the first minors of 
I ^j. + ^ I agrees with that for | E^-^-O], and hence that, if 

be the algebraic equation satisfied by the matrix E, the equation 

X (<■>) = 0, 
for arbitrary w, allows the adjoint group. Further, the determinantal 
equation |^^_e-|=0, 

which is satisfied by all the i-oots of the characteristic equa- 
tion, also allows the adjoint group ; this is equivalent with the fact 
that the determinantal equation 

\a(a)^\P(a) \ =0, 

for arbitrary numerical A, allows the adjoint group ; and herein the 
variables Oj, ..., a^ need not be canonical. 



* He -proving that, if Tebe the transformation of the original g^up with canonical 
parameters e, the canonical parameters of 7/= TV Tt 7^' are/ — A'e ; or conversely. 
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6. In the genenil case when the gi*onp has no special infinitesimal 
ti'ansformations the equation 

necessarily involves the equations 

us was pi'oved in ray previous note (Proc. Land. Math. Soc, 
Vol. XXXIV., 1902, p. 112) ; so that we have the identities 

which therefore hold also in the special case. We give now a direct 
pixx)f of the equation 

XX = X'Xi 

wheie y = Xx 

{cf, Engel, Math. Annal. Vol. xxxi., 1882, p. 262, footnote). 

If f» * = E'ey and e" be a further independent set, we have {Prcr, 
lutmi. Math. S'»c., Vol. xxxiv., p. 93) 

f^'/' = -E'%'' = - E"E'i' = EE'V-^-E'Ee" = E'Ee^^EEVi 



so that 

Put, similarlv, 

e' 
and so on ; then 

AV 



E' ^KE-EE'. 



= EW = E'\ e' = E'e' = E'^e. 



. .V , E'V . E e . 



and therefoiw if r = A%. as E, is linear in f, 
E, = K+ 1" + i fr + i £» + ... 

= /■:-(-( STE- Ef) + }, (LTE - E" £n + A (£■£ 
= f;+irr- /:£:•)-!- ~iE''E-^2B'EE'+EE'') 



-ET^-r 
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giving EA' = A'^ 

as a consequeDce of • / = A'e. 

From this E*A' = A'i?^ and A^A' = A' A.. 

7. Hence it follows that the two set« of differential equations 

are transformable into one another by the linear equations 

'/ = A,. i_,if 
And this leads to ^/^(^'^ A^.r) = A^(i.,ji^ (a*, e't)^ 
including the former I'esult. 

For, fi-om ly = A^^^., f = A .,.,A.,f, ^^^ = a (^) c', 
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we have 



J = -r......^ + ...A.f 



while, by Schur's formulte, from 

we have (Proc. Lond, Math. Soc, Vol. xxxiv., p. 96) 



and hence 



since 



" (v) \' i-t) = A^,,_,a(f), 

= E\e'-\-a(ri)e' 

= [E^-\-a(v)]e 



(i6., p. 97). This proves the ti*ansformation in question. 
VOL. xxxiv. — NO. 786. 2 a 
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8. It should perhaps be remarked that, if in 

^ = v/. (x\ e') 

we put x''=-^ {^, —y^), 

we obtain 

a; = ^ [e», ^ (-y«, e')] = i> [e", -<K-e', y»)] = ^ (e», -y), 

provided y = ^ ( — c', y"). 

These equations give the translation of the first parameter gi'oup 
into the second. 

9. The method used above for obtaining the finite equations of the 
adjoint group can be generalized as follows to obtain an expression 
for the integrals of any set of simultaneous linear equations icith 
variable coefficients. 

Let the equations be 

dx 

and let t = f, which, by a change of independent variable, we shall 
suppose to be f = 0, be a value of t about which every one of the n^ 
coefficients u^ is developable, and therefore single- valued, finite, and 
continuous. By barriers passing to infinity from the infinities or 
branch points of these n' coefficients, we define a simply-connected 
i*egion of the plane over the whole of the finite portion of which this 
character remains ; and we suppose t limited to this finite region. 
Now, writing the equations in the form 

dx 

di = ''^' 

form in succession the matrices 

.0 Jo Jo 

where, by the integi*al of a matrix is meant simply the matiix whose 
elements are the integrals of the elements of the original ; if the 
operation of integi'ating a mati*ix from to ^ be denoted by the 
prefix Q, these successive matrices may be succinctly denoted by 

u'^'' = Qu, w^ = QuQu, n^^ = QuQuQn, 



• • • 1 



it being understood that each symbol Q operates on all that 
follows it. 
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It is now to be proved that the elements of the matrix 

V = \-\-Qu-\-QuQu-\-QuQuQu-\-... to infinity 

are all uniformly and absolutely converging over the whole of the 
star region before described, and that the values 

i-epresent the solutions of the original differential equations which 
reduce to the arbitrary values a;?, ..., a;i for ^ = 0. 

Let Mij be a real positive quantity not exceeded by the modulus of 
Hij for any value of t within the region under consideration ; eveiy 
one of the functions 

Jo 
^^ (0 = [ [ «.. (0 n^j (0 -H . . + «.u (0 4' (0 ] dt. 



is developable, single- valued, finite, and continuous about every point 
throughout the star I'egion under consideration ; let t^ be a particular 
value of t on the path of integration from to ^, and *-, the length of 
the path of integi^ation to this point, the whole arc from to ^ 
being s ; then 

I ^^ (0 I < ^ij \ ds^ < .sMij, 

Jo 

and, in the same way, 



ii) 



also 



I ^'^^ (0 I < f *V^ (M,-,M,j+M,,M,j-\- ... + .!/,„ If,,) 

Jo 

where M denotes the matrix of the quantities ^V^y, and M^ the square 
of this matrix ; in the same way, 

also 1 »"^' (0 I < f i»>, [Jf.. (^')i.+ ■•■ +-V.« (J/0»] 



— A' 



.5 



3! 



(^)v ; 



2 A 2 
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this process can be continued indefinitely. It follows that each of 
the n* infinite series constituting the elements of the matrix 

has terms whose moduli are respectively equal to or less than the 
real positive terms of the corresponding infinite series constituting 
the elements of the matiix 

This last is, however, certainly convergent for all finite values of s ; 
its sum is, in fact, given in the case in which the algebraic equation 
satisfied by the matrix M has unequal roots by the formula given, 
Pruc. Land. Math, Sac, Vol. xxxiv., p. 114, which can be easily 
modified to suit the case of repeated roots. Each of the elements of 
the matrix V is thus an absolutely and uniformly converging senes 
for the whole of the star region considered, and represents an analytic 
function of ^, single-valued, finite, continuous, and developable through- 
out ; and differentiation and integration term by term of the senes 
are permissible. 

Hence, if we take 

we obtain - = w (1-h Qt*-f QwQm+ ...) a;** = «.r, 

at 

showing that x = Vx^ satisfies the differential equations and reduces 
to Xq when t = 0.* 



* If »i, ..., »r be fimctioxi8 of t^ and Ai^ ..., Ar the infinitesimal transformations 
of the first parameter group (ef. §§ 1, 2), we have the important application that 
solutions of the partial equation 

dt ,.1 
are given by fi'^ae, where ^i, ..., Cr satisfy the linear equations 

de ^ 

dt 
The formula of the text leads, for the non -homogeneous e(iuation 

dx 

to the solutions x = v^o + V Qv~ 'c ; 

thus the solutions of the equation 

!;- + 5 {Ci + «,i a-i + . . . + M,„ x„) / =« 0, 

reducing to x when ^ = 0, are v~'j^- Qv^c, 
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Example (i.) — For an ordinary differential eqnation with one 
independent and one dependent variable 



dt 



= nj;. 



we easily verify that 

Qu Qu = y {Qu)\ Qn Qu Qu = ,^~ (Qu)\ &<;., 

and so get the oi*dinary solution 

X = (exp. Qu) x^. 

Example (ii.) — The ordinary linear differential equation of the 
second order 



d*x 
dt' 



= irx 



is equivalent to the pair dx/dt = x\ dx jdt = wx^ 



namely, to 



1 



^■S)=(:s)<--) 



Putting then 

we find 

where A„ A, are the series 



"=Lo)' 

a-= Aij»o+A,a^, 



A, = ^ + (fwt + Q^w Q^wt 4- Qho C^w (^wt + . . . , 

as the solution for which x and dxjdt have the values x^ and a^ for 
^ = 0, it being understood that Q^io denotes Q ( Qw)^ and so on, and 
Q^wt denotes Q [Q(it?0]» and so on. It is manifest that the terms 
(^w^ Q^t^t, Q^wQ^ic, Q^wQ^wt, ... vanish respectively to the orders 
2, 3, 4, 5, ..., when f = 0, and, if zi; be a linear aggregate 
\iL\ ■\-\Wi-\- ,.. of other functions tOj, w,, ... with constant coefficients, 
X„ Aj, ..., they are homogeneous polynomials in Xj, A,, ..,, respect- 
ively, of dimensions 1, 1, 2, 2, — 
For instance, if in BesseVs equation 

ed^xjd^ + idxjdi -h (^«-n*) 0? = 
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we put, with arbitrary a, 

we obtain d^x/dt* = (m — rV) a* or w = vfi—ce*. 

Hence we find 



^i = i+{^'^-^(^-i-0} 



+ c' [1+ i^ + fe'+J (i-3) e«] I + ... . 

Since these are convergent for all finite values of f, they can be re- 
arranged in powers of ^ and will then agree with the power series 
found in the ordinary way. 

If, on the other hand, we take Legendre's equation 



(/'-I) d}yldt:^-Y2tdyldt = n (n-h 1) y, 



and put 

it reduces to 



with 



yy/t^—l = X, 
d^y/dt^ = wx, 



Setting aside the practical diflBculty of expressing the successive 
quadratures of w in explicit form, the series obtained by the theorem 
is valid for the whole finite plane of t with the exception of the two 
barriers joining the points ^ = — 1, / = 1 to infinity. But when re- 
arranged in powers of t it ceases to converge outside the circle of 
radius unity whose centre is at t = 0. In other words, the theorem 
may be looked upon as giving a rearrangement of the ordinary power 
series solutions, so that they continue to converge over the whole 
star region described. 
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10. In the previous section we have for simplicity dealt with the 
case of analytical functions of complex variables. But it is clear that 
if in the n linear equations 

dx 



dt 



= fix 



the elements Uij bo functions of the real variable t, which between 
^ = and ^ = a are single valued, throughout finite, and integrable, 
the method establishes the existence of integrals of the equations 
within these limits, and gives a rule for calculating them, which, for 
instance, with a mechanical integrator may be of practical utility for 
purposes of computation. 



11. If the roots Oj, 0,, ... of the algebraic equation satisfied by a 
matrix 3f, supposed unequal, be within the circle of convergence of 



the series 



f{x) = l-ha, ^ +Oj 2, +«« 3j + ••• 



it is immediately proved that the series 

,^ M^ M"^ A/» 

l + tti i? ■^^*'2! "^^^ 3T"^"* 

is convergent, its sum being given by the formula of Proc. Land. Math. 
Soc, Vol. xxxiv., 1902, p. 114, by replacing therein e**, e\ ..., re- 
spectively by / (^i), /(^j), .... The case of equal roots follows at 
once from this formula. 

If, now, M„ t^, ... be matnces of the same order, such that for a 
certain range of values of the independent variable t their elements 
are less in absolute value than those of a matrix M which are real 
and positive, if Cj, c.^, ... be numerical quantities whose moduli are 
a„ ttj, ..., it is easily proved, as in §9, that the convergence of the 

series v = 1 + q Qm^ + c. Qu^ Qm, + c, Qu^ Qw, Qm, + . . . 

is involved in that of 

l-f-ai3f4--^4-^4-.... 

In particular, if /(a;) be an integral function, the series V converges 
in a star region excluding only the singularities of the elements of 
the matrices 1*1,^2, .... 
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12. The discussion of the particular case when u„ ?/j, ... are single 
finite integrable functions of t is scarcely cognate to the present note, 
but seems worth remark. Suppose that, for instance, 

are all polynomials in t, reducing to unity when t = ; then the series 

is a senes of polynomials converging within a star figure excluding 
the singularities of t*„ Mj, ..., and lying within the circle of conver- 
gence of the series 



where 
and, if 

we have 



Cr = 



a^ = I c^ I and | u^ \ < 3f ; 
LM^ at Ur.i at n, at Jr-o 



When each of w,, u,, tt,, ... reduces to unity, we have Taylor's 
theorem ; the same also, after a change of variable, when 



»»|, ■—• IV* -^ ... . 



In genei*al, if it were possible to choose the polynomials Wj, ?^„ ..., 
for a given function F{t), so that the function 

was an integral function, we should have an expansion of F (t) in 
polynomials valid over the whole of a finite star region excluding 
only the singularities of -^(0 8.^^ «ii ^j» ••• • 
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On Qua7ititativ6 Substitutional Analysis (Second Paper). By 
A. Young. Received and read February 13th, 1902. 
Revised April 2nd, 1902. 

In § 16 of my first paper on the above subject* a series of substi- 
tutional expressions was obtained, which was written 

A ^= 2-^o,, oa, ..., aft J-ai, oj, ..., a^ • 

The object of the first section of the present paper is to find the 
coefficient -^a^, ««,..., a^. 

The second section deals with the relations between the forms PN 
of which one of the terms T of the above series is made up. 

The latter part of the paper is devoted to the application of the 
theory already developed to modern algebra. By means of the above 
series it is shown that every integral function of the coefficients of 
any q-Rvy quantics may be expressed linearly in terms of coefficients 
of concomitants of these quantics. 

The fifth section is devoted to the invariants of a single binary 
n-ic; it is shown that these may be expressed in terms of forms 
/(«o» "i» ••"> "»)» where o^, aj, ..., a„ are certain numbers which com- 
plet'Cly define the invariant, and are such that 

«o+ «i -h ... -h "» = the degree, 
a,-f 2c4H- ...-^na„ = a„_i-f 2a„_2-f- ... H-tMi^ 

= the weight. 



I. The CoefficiefUs -rla,, a,, .., a^ i^ the Stchstituttonal Expansion 



1 =^A 



T. 



ai, o^, ..., a;^ •*■ o-i, o-j, .. , af^' 



1. r« 



is defined as follows : — 



The letters o^, a^, . . . , a„ are arranged in any manner in h honzontal 
rows, so that each row has its first letter in the same vertical 
column, its second letter in a second vertical column, and 



• Proc. Lond, Math. ISoe.j Vol. xxxin., p. 97. 
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so on ; there being Wj letters in the first i*ow, Oj in the second, 
&c., and finally, a^ in the last ; the a*s satisfying the relations 

«i + aj-f ...+«/, = w, a, < Qj <^ a, ... <^ Qft. 
From this table an expression 

O ^ "l r2 . . . T;, Gtj (jr^ . . . Gk 

is formed, such that r[ is the negative symmetric group of the 
letters of the first row, Pj that of the letters of the second row, and 
so on ; Oi is the positive symmetric group of the lettei's of the first 
column, 0^ of the second column, and so on (it being understood that 
the positive or negative symmetric group of a single letter is unity). 
Then Ta^, og, ..., a^ is the sum of the n! expressions — not necessarily all 
different — obtained by permuting the letters in 6' in all possible 
ways.* 

The product of the negative symmetric groups in 5 will be denoted 
by N^ and that of the positive symmetric groups by P. It was 
proved that ^ ^ jj^p _ jpjv • 

also that the product of two diffei^ent T's is zero ; and hence that 

T = -4 T"^ 

»li «* —I "A «l» 04» •••» *A »li <*4» •••»»** 

2. Consider the expression PNP. If s be any substitution in one 
of the groups of P, sNP = N*P, where N' is the result of operating 
on N with the substitution 8 ; hence 

PNP = 2iV"P, 

where the S contains fi^l fi^l ... pj,l terms — the numbers /?„ )8„ ..., Pk 
being the degrees of the different groups of P. 

Hence, if \~S_^ denotes a substitutional expression S which operates 

on, but does not multiply, the substitutions which follow it, 

rjaitta ... a„Y\PNP = ^,!i8a! ... A!!l{«i«j ••• (^h}']NP 

= p^. p . ... Pk' ^ ai, o^, ..., a^- 



* In the paper referred to T.^ o^, .,., o^ ^^^ defined as the sum of all the different 
expressions S thus ohtained. The above definition will be found more convenient. 
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Similarly it may be proved that 

\_{a^a^ .„ aJf^N PN = Ujlaj! ... a^! Ta„ a^ ..., a^, 
or, if 2 refer only to those terms which are different, 

3. Consider now the expression 

FN^r . NP. 

If P^N is not zero, no two letters belonging to any group of P' can 
occur in the same group of N. Thus each of the h groups of N must 
contain one letter of the largest group of P' — that order h. And by 
similar reasoning it follows that a table may be constructed of which 
the rows represent the groups of N and the columns those of P'. 

Now P'N'P' = P'N^'P' 

where N'' is obtained from N' by any substitution of P'. Such a 
substitution is equivalent to a change in the table gfiving N'P' which 
does not alter the column in which any letter lies. Thus no altera- 
tions in the arrangement of the letters in a column of this table can 
affect the value of P'N^P^ But by such a change we can obtain the 
table for NP' ; hence 

P'N'P' . NP = P'NP' . NP. 

The same argument applies to the form 

NP'N. 

Hence P'NP" . NP = P'NP . NP. 

But P' is transformed to P by the operation of a substitution s 
which is contained in N. Hence 

P'NT.NP = P'NP .NP = ± sPNP NP, 

according as s is even or odd. 

Now T = ^P'N'P\ 

and therefore T . NP = (SP'iV'P') NP, 

where the 2 extends to those forms of F' for which P'N ^ 0. 

But these forms of P' are those, and all those, which are obtained 
by operating on P with each of the substitutions of N. Hence 

T.NP = (SP'A^'P') NP = (^P'NP') NP 

= (2 ± ir) PNPNP = NPNPNP = {NPy, 
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Further T = j[{o, a, . . . a43 NP ; 

therefore T* = [l{<»,aj ... a,.}^ T.iV^P 

= l{a,a,...a,}-^(NPy. 
We shall proceed to show that 

{NPf = XxVP ; 

and hence T' = X'7; 

from which we obtain the coefficient 

A = k'\ 

4. If S be any substitutional expression wlmtever, and G be a 

positive symmetric gi'oup which ex)ntains all the letters of one of the 

groups G^ of P, and also one letter of a group Q^ of P which is not 

of higher degree, then 

NSGP = 0, 

For GP = P, S,, 

where the groups of P which contain no letters of G are groups of 
P,, G I'eplaces the group G^, and the group G^ is replaced by that 
group which contains all its letters except that one contained in G. 
Now, when the terms Ta^, «,, ..., a,, are placed in order as explained 
before, it follows that Pj Belongs to an earlier T than P ; and hence 

Nl\ = 0, 

whatever N is chosen from the terms of the particular T. Xow, if 



8 be any substitution 



Ns = 8N\ 



where N' is obtained from N by the interchange of certain of its 
letters, then, if o « 

NSGP = N (2/x*0 P,S, = :S.fjLsN'P,8i = 0. 
5. Let the two groups of lowest order in P be 

and let P = {a^a^ ... ao}{hib^ ... hfii} Pp 

Then JVP.P = iVi'[l-(H-(ai^) + (ai6,)4-... + (oi6^))] P. 

for (H-(a,6,) + (rt,yH-... (aiVi))^^!^^ ••• ^/s,} = K^&a ••• ^p,}» 
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and, by what has just been proved, 

Hence NP.P = NP[ -/^^ (a, h,)] P 

and therefore NP.P = ^« - NP { a, hA' P. 



Let us assume then that 



Then 



NP. P = KNP {a,b,y {a,h,Y ... {a,fc,}'P. 



= NP {a,b,y {a,h,Y .„ {a,h,Y {l + (b,ar.,) -\-(b,a,,,) -^ ,., 

,..-\-(bfi,a,^{))P 

= NP {a,b,Y {a,b,y ... {a,M'(l4-r(6,a,,0 + (/?2-'-)K.i^^*.))^ 
= J^TP {a.foj' {a,M' - {«^M' (ft-r4-l-(A-r) {a,., 5,,,}') P, 

for NP{a,b,Y{(hb,Y ••• {a.M'(6,a.^i)P 

= NP (6,rt,^0 {a,,ia,}' {a,b,Y ... {ar^r}' P = 0. 

Hence NP.P = KNP {afi.Y {^AV ••. {«rM' ^ 



= X.^^^L^iVP{a,6,K... {a,..,6,.,}'P; 



and therefore 

NP^P = A\ 

A + 1 



A'P{a,fe,}'P = ... 



Let {cjCo ... Cff^} be the group of next lowest order in P. Then 
= A^'PlaifciCil'loj^jCj}' ... {a.brCrY {ar^ibr^iY .-. 

+ NP {aib^c^Y {(hbiCiY ••. {crbrCrY {a^+i^r+i}' ... 

= JVP{ai6iCj}'... {a,.6^c^}'{ay,i6^^i}' ... {a^sb^^Y 
X [l+r(a,,,ri) + (^8-r)(a,,iC,^,) + l4-r(6,,iCi) 

+ (A-0(^.iCr.i)]P.i8.! 
= NP{aA(^Y"- {«r^o}'{«r>ifcr>i}'... {a/j.&;9,}! 

x[2 + i83-r-(/3,-r)(l-(a,,,c,,0-(&..iC.^0)]i'.A!- 
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Hence 
Hence 

Thus it is easy to see that when the letters of the r-th group (of 
degree ^r) »'re introduced into the product of negative syrametnc 
groups a factor must be introduced outside = X^, where 

V _ (Pr-p y + r- iy.fiA P-0. + r -2)\ (;8 ,-j8,)! 
' W-P\y. Oi,i-r-l)\ (/3,-A)! a_^, + r-2)! ■•• 

()8 .-j8. + r-«)! (i8,-/3. ,)! (^,_/3, . , + l) ! ()8,-^.,) ! 
•••(J8,-i8,)!()8,-/8.., + ,-«)! - (i8,-^,-,)!(i8r-)8,.,+ r)! 

_ ()8,-)8,+r-l)(i8,-^,+r-2) ... ()5.-)8,., + l)/3,! 



Hence 



2Vrp = 



(i3, + r-l)! 
1 



.VP.P 



Hence in the series 



/3,!A!.../8*! 

___ A, A, Aj_ /T^p\i 

n iP-fi. + r-s) 
n ()8.+r-l) 

1 = -^^1. ft,. .... ^A ^^1. ^2. . , /3it» 



where )8„ )8j, ..., iS^ are the degrees of the positive symmetric groups, 

such that r, r% . r. 
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the coefficient AL a a 



n(^,-A+r-«)V 
n (A+r-i)! 



r, « 



6. The numbers ^Sj, ^j, ..., ^^ ai-e here in ascending order of 
magnitude: we have, however, been taking the suffixes in descending 
oixler; then, if ^«o^__o _/> 



J" ^ ^' " 



In this series 



1 =: 2^" T" 



Change the sign of every transposition; then 



rpn 

Yi. Ya. •• lYA 



becomes 



T, 



Yi, Yj:. . . Y*, 



-^o„ oa, ..., ah — 



and, since the constants are unaffected by this change of sign, we 

* _ _ 

r 

for the value of the constants in the series 



It is to be observed that T, 



«!, ..., «fc 



might be equally well defined by 

its positive symmetric gi'oups : the value of the constant must be the 
same with this definition. Now the degrees of the positive symnietnc 
groups of Ta^^a^ ...,afc arc as follows : there are a^ gixjups of degree h ; 
a^^.j— o/, of degree ^— 1 ; o^^.^ — aA.i of degree /i — 2, and so on ; finally, 
there are aj— a, groups of degree unity. If these numbers be sub- 
stituted for ttj, a„ ..., a^, it can be verified that the resulting co- 
efficient = ^ai, 02, .... a*- 



7. The following particular results of this investigation should be 
noticed. 

If NP be a term of T, the coefficient in the series 

1 — ^A T 
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of T being A ; then (NP)* = A-^NP, 

T.NPz=A-'NP, 
T.PN=A''PN. 
Again, TN = ( 2 PN'F) N 

= SP'iVJ^iV 
= NPNPN 
= A'^NPN. 
Similarly, T,P=i A'^PNP, 

8. If P be expressed as a sum of substitutions, the coefficient of 
each is unity. Similarly, if ^be expressed as a sum of substitutions, 
the coefficient of each is ± 1. Moi'eover, if two letters appear in the 
same cycle of one of the substitutions of P, they cannot appear in 
the same cycle of a substitution of N. Hence, if * be a substitution 
of P, s~^ cannot appear in X unless « = 1. The coefficient of the 
identical substitution in NP must then be 1. 

Again, the coefficient of every substitution in NP is ±1. For, let 
t be any substitution of this product, and let it aiTive by taking the 
substitution s^ of N with c, of P, so that 

Suppose that it occurs a second time in the sum, as, say, .^jo-j. Then 

and therefore .v7*«iO-,o'2"* = 1. 

But »2"'«i is a substitution of ^, and <r,o-.j' is a substitution of P ; 

hence , , , 

82 s^ = 1 = <r,<r.7 , 

and therefore s^ ^ s.y, <r, = <r,. 

The substitution t then can only occur once in NP. The same 
remark applies to PN. 

Now T = l{ (a, a, . . . a,.) }jNP: 

the coefficient of the identical substitution in T must then be ??!. 
Hence we obtain the identity 

by equating the coefficients of the identical substitution. Remember- 
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ing that the operations are made in the order expressed by the 

^'^*'°" .,«,F = «.[«, F], 

we observe that, if S be auy sabstitatioual expression, 

Hence, if <S = [^{oiO, ... a„}_| S\ 

<rS = S<r. 



or 

It follows from this that any one of the expressions T is commu- 
tative with any single substitution ; and therefore with any substi- 
tutional expression whatever which contains no letters which do 
not appear in T. 

II. Belatirnis between different Ffnnns NP. 
9. If n be any substitution, we obtain by means of the T series 

^ = ^-^'tti, a-a .... a/i ■« o,, a.^ ..., a^ *f ? 

thus everj' substitution can be expressed in terms of forms NPs 
(or PNs)^. 

Between forms NP certain linear relations occur. To discuss 
them it is necessary to employ a notation which will completely 
define the form under discussion. 

We will write 



'«i.i«i.2 "i.P, 



^2. 1 ^h, 2 



a 



2, fir 



.OA, 1^'A:,2 ••• %p^ 



' = {^, 1*^1,2 ••• "i,/3,}{®2, 1 ••• "2, ^J} ••• 

:=PN. 

Here the rows ai'e taken to define the positive symmetric groups, 
while the columns define the negative symmetric groups. 
Again, we will write 



«I. 


1«1. 








•« 






• • • 


I«2. 


• • • 




«a 


^"h. 


1 ••• 


"*. 


«A 





a 



i.-i 



= {«1.1 "1.2 ••• «l,«i}' {^'2.1 ••• «^,«,}' ••• 
:NP, 
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where the rows define the negative symmetric groups, the columns 
the positive symmetric groups. The notation used for a single posi- 
tive or negative symmetric group is, it will be noticed, a particular 
case of that now introduced. 



10. The product (s > r) 



% 1 «1, 2 



«l./8l 



a 



8,1 



{^r,l---«r.p,.air,A}' 



I • • I 



a 



r.l 



a 



r,fir 



)•• ••• ••• 



«*,i '"^KPf, 



is zero. This follows at once from § 4. 
Similarly, the product (« > r) 



'ai.1^,2 ••• ^.r ••• ^,^\ 



a 



2.1 



- {<^l,r'*2,r--«a„.r«A,.}' = 0. 



^ a 



Ki 



«««.- 
^.^. 



All relations between forms FNS may be linearly obtained from 
relations of these two kinds and the obvious relations 

It is tO'be observed that, since 
{or.i ... ar,p^a,,A} 

= [l + (a,, X Or, l) + (as, X ar, 2) + ... + («», a Or, p^) ] {Or, 1 ... Or, p^} 

and 

{ai, r«2, r ... Oa^, rttX, »}' 

= {«i.ra2,r... ao^,r}[l — (ai,rax.«) — ... — (aA^.rax,«)]» 
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the above identities may be written 

[ 1 -I- (a,, A Or, l) + {an, A flr. 2) -h . . . + (o«. A ^r. fi^ ] PN = 

and P-N'[l — (ai.raA,»)-(«2.raA,,)— • — («o^.r"x,«)] =0. 

11. Before establishing the theorem jast enunciated it is necessary 
to prove that, if s be any substitution, 



and 



PsPN^kPN 
PNsN^fiPN, 



where X and /i are numerical constants. Let us suppose s written as 

a product of cycles ; then if any cycle cr contains two letters 6j, 6, out 

of the same group of P, 

Per = PaW\ 

where crV" are two independent cycles all the letters of which 
appear in <r, but which are such that b^ occurs in a and 6, in <r". 

To prove this we observe that 

P(r = P(6,6,)<r, 

and consider the following cases. 

(i.) Let cr = {ab^b^c ...) ; 

then (^i^j) f = (^jC ...) = 0-", tr' = 1. 



(ii.) Let 
then 



a = (abiC ... db^ef ...) ; 
(fcjfe,) a- =: {ab^ef ...)(6iC ... d). 



Let the greatest group of P in which any of the letters of cr appear 
be {a,a3 ... a^}. Suppose that of these letters o^, a,, ..., a^^ appear in 
J)', necessarily all in diffei*ent cycles. The cycle in which a^ appears 
we will call o-j, and let 



5 = Ci cr . 



Now oTi may be written in the form 

a\ (a^b), 

where <r,' is a cycle which contains the letter 6, but not the letter a;^, 
and where b belongs to a group of P whose degree is > r, 
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Then 

r-hl— fe ^ 

= — }— ri'«rV;r-(l + (a,6) + (a,b) + ... + (o».,6)) 
r+1 — ft "■ 

+ (l + (a,6) + (a,6) + ... + (a 6))] FN 
= -;^i'<r'<r,' [l + («,6) + (aj6)+... + (a,.,6)] P2*r, 

owing to the relation satisfied by PN, 

where «' affects fewer letters than s. 
Proceeding thus step by step, we obtain 

PsPN-XPN, 

and similarly PNsN = fx PN, 

where X and fi are numerical. 

12. We proceed now to show that the relations of § 10 embrace 
all relations satisfied by PN. In the first place, it is to be noticed 
that the only relations used as yet are those of § 10 ; whether in 
proving that 

TT = 0, (PNy = A-^PN, TPN = A'PN, 
or in the theorem of the last paragraph. 

Let 2X,Pi2^i5.=0 (I.) 

be any such relation. 

If all the forms PiNt do not belong to the same member of the 
series 1 ^ 2^T, 



let T be a member which contains some of them. 

Then multiply the equation (I.) by T on the left-hand side. 
PiNi belongs to T, then 



If 



Otherwise 



TPiNiSiZ^A'PiNiSi. 
TPiNiS =0. 
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Hence we obtain A^ {:S,\fPjNj8j} =0, 

* - • 

where the terms of this sum are just those terms of (I.) which 
belong to T, Hence no relation can connect forms belonging to 
different T's. 

Consider the relation lX.jPjNj8j:=0, (II.) 

where each term belongs to T. Let PNhe any definite term of T ; 
then, by means of certain interchanges of the letters, we may change 
PN into P Nj; in other words, 

PjNj = (rjPNaj-'. 
The relation may then be written 

%Xjir,PN<r;'8j^0, 
Multiply this on the right-hand side by N\ then 

lfij(rjPN = 0, (HL) 

where \jPNa;^ N = fijPK 

Multiply (III.) on the left-hand side by P, and we obtain 

l.vjPN-0.; ... 
and hence 2 1/^ = 0, 

where fij P<r PN = Vj PN, 

Let us return to the original equation ; then 

^X^PjNjSjAT = likjPjNjfj = ; 
but T=1,NPN. 

The left-hand side of this relation is then equal to a sum of 
expressions %\j,r,PN,rrsjNPN, 

each of which is of the form S/ia,o> PN, 
since (P2V^* = ul-*Pi^. 

But each of these expressions is separately zero by (HI.)- Hence 
the original equation is expressible in terms of relations (III.)) by 
means of the relations of § 10. 
Consider then the relation 

AT ^^(Tj PN = 2/i^<r PN = 0. 

Take any term P'NT' of T ; then 

P'N'P' -VPNPtr'-\ 
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Hence this relation is equal to a sum of relations of the form 

tr'PNPa'' [2/i,o-,] PN = 0, 
and this reduces, by § 11, to 

[Sv,] aPN = 0. 

The original relation may then be reduced to a merely numerical 
identity, by the use of relations derived fix)m those of § 10. Hence 
no relation can exist which is independent of these. 

13. Consider the expression of any substitution a in terms of the 
forms PNs. It is obtained by means of the identity 

cr = SilTcr. 

To simplify this expression it is necessary to consider the product 
of PN by any substitution. 



Let 



[ 



fl^ 



^,1^.2 "l.^, 

PN ^ ! ^.^^.'2 "' ^2.^a 



• • • « < 



(i.) cr = (a^ , a^ ,) ; then 



PNtr-'-'PN. 

(ii.) cr=: (o,,xa^,J; then 

PNa = \y;\ PN. 

(iii.) o-= (a,.xa.,^); then 

FNa = rirN\ 

where N' = [^(a,, , a,^^)'1^N. 

Now a^,xi ^*r.^ appear in the same group of N' ; they also appear in 
the same group of P. 

Hence PN (a,, , a.,^) = P (a,, , a., ^) JiT' = - P (a,, , a,, J JV" 

where ^' = [](«r, ^ «*, /.)!; ^^' 
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since [iK^a., Jj^ = -^. 

Hence ^{"^^^'•''U ^^ Kx a.,;.) = 0. 

Similarly, l{ a,, ^ a.. ^}^ PN (a,, , a,. ^) = 0. 

These identities presuppose that 

M > i3, and A > /3. ; 

since we know that fi > /?, and ^ > /3^ one of these identities exists 
in every case. 

14. It was proved in § 11 that, if 8 be any substitution, 

where s' is a product of cycles no one of which contains a pair of 
letters from the same group of N, Hence, when considering a term 
FNa, we may suppose cr to be a product of such cycles. In the same 
way we may break up the cyclea of <r and obtain 

PNa = PN'(r\ 

where the cycles of a are such that no two letters either in the same 
row or the same column of the expression PN' occur in the same 
cycle. 

The two equations just written down enable us to still further 
reduce cr. 

15. If a is not a substitution of PN^ then 

(l<r-:\N)P = 0. 
For N'P = 0, 

if a group of A'" contains two letters of one of the groups of P. But, if 

ATPrjfcO, 
we have seen that there is some substitution a of P sucb that 



Hence, if 



y^N 


= N'. 


1- H 


= N', 


<r ^ < 


f // 



whei^ cr" is a substitution which leaves N unaltered, and hence be- 
longs to N (unless N contains two or more equal groups, and 
these are interchanged in toto ; this may be supposed done by a 
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snbstitation of P and included in <r'). Therefore, if 

(r<r:]i^)p#o, 

<r must be a substitution of PN. 

16. Consider PNa-'^, where <r is not a substitution of PN, 

PNa '^ Pa-'la^N. 

Hence (PN<r''y = Pa'' (^cr^ N) Pa'' [[cr]] N = 0. 

Hence every such expression PNa-"' is a solution of the substitutional 
equation ^ ^ 

where S^ is an unknown substitutional expression. 
If, however, <r is a substitution of PN, then 

<r — <r cr , 

where o-"" Ms a substitution of^; and <r'"' is a substitution of P, 

and therefore PN<r " * = db PiV". 

Any substitutional expression can therefore be linearly expressed in 
terms of forms PN, whose squares are the forms themselves multi- 
plied by a constant ; and of forms PNa whose squares are zero. 

Consider the product of two different forms PN belonging to the 
same T, Let these be PN and P'N\ 

If N'P = 0, then 

P'N'PN = 0. 

Suppose that N'P is not zero. If P'N rjfc 0, there is a substitution 
a of N such that 



Hence 



ra:]p' = p. 

PWPN = ±P'N'frrN. 



But, unless <r"' is a substitution of P*N\ we must have 

P'N'aP' = 0. 
Hence <r = a,<rj, where tr^ is a substitution of N\ and <r, one of P'. 
Therefore rN' PN = ± P'N' aP'N 

= =bP'iVrV,<r,P'JV 

= ± P'N'FN = ± FN FN 

= ± A'^FN 
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If P'N = 0, there exists a substitution <r such that 



Hence 



1"^:" PN = p'N'. 

PN'TN = aPNa-'PN. 



And here PNa'^P = 0, unless <r = ctiO-,, where (Ti is a substitution 
of P, and (Tj is a substitution of N ; so that 

Therefore P'NTN = crPiSTtra-' af ' PN 

= =fc <rPNPN = ± ^-*<riW = ± il-iP'o'JV. 

Similarly, (P'NV) (PNs) = 

or =ii'P''N''PNs 

= Jr.4-*PV(rAV 

17. To illustrate the last few paragraphs, we will consider one or 
two special forms PN. 



•Let 
then 



PN 



= {a,a,}(aj«,){aia,}' 
= -{a,a,}(aTflr,){a,a,}' 

{^"'j[i-(«.«i)-(«.«.)]=0; 

Again = [ 1 + (a.a,) + (a,a,) ] { ^"^ } 



Again, 
hence 



1 
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Let PN=i ^^^4 ... a«.i { . 

then P^'[l-(a,a,)-.(a,a,)] =0; 

hence {^^ J^^ ""^ } ^o,) 

Similarly { ^J;"'*^ -'*"-} (a.a,) 

_ C 0,0,0405 ... a„.i ) _ f 040,0,05 ... o«_i ") 
C^o„ j C^o„ 3* 

Again [l + (oja,) + (a,o,) + ... + (o,o„.i)] PiV=0; 

hence 

C GiO^a^a^ ... o„., ) Co,a^040, ... o„_i ) , C 0,0,0,0,. ..o„.i ") , 
C«iO« ) la^a^ ) (040» ) 

_ (0,0,040,... o«_i> f 0,0,040,. ..o^.,) f 0,0,0, a,...o„., "^ , . 
(.o,Oh )"^(o,o« ) I04O,, ) •••* 

that is 

[:{a,o,}'[H-(a,a,) + (a,a,) + ... + (a,a,..)]:|[ W4 •••«..-. J = 0. 

In general it is to be observed that, if o, 6 be two letters such that 
the groups of N in which they appear are each of degree < 3, or else 
such that the gix)up8 of P in which they appear are each of degree 
< 3, then ^^ ^^^^ ^ ^ rN'^P"N'\ 



III. The Product of a Symmetric Group into PN. 
18. First consider the product 



{r/,o,} - 



' QihiCi ... ' 
a^h^ 



o, ... 
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Since [H-(o«ai) + (ai^) + («j^i)+-] 1 Ojtjr, ... 



I 



= 0, 



therefore 



Ka.}J<,,6..J=-^«^«'=« - (0,6,)- ''■^'''' - (v.). 

every term of which is of the form PNir, where {^'lOj} is a factor of 
one of the groups of P. 



Similarly 






where in each term {aib^} is a factor of P. 
More generally the product 



{a,. ,a,.2...ai.ra,, ,} 



Oa, I O-i, a • • • 



Os,! ... 

^ • • • • • • 



= r ! [1 + (o^. a,,,) -H (a^, ai.,) + ... + (oj,, a,, ,)] 



^, 1 ••• 

• • • • • • 



= — r![(a.^,ai,,^i) + ...-H(aj.,a,.^,)] 



= -r!2P'A"^, 






«M 



• • • • • • 






in every term of which {ai, la,,^ ... a,, ^a^,,} is a factor of P'. And, 
further, 2^ is only changed in that one of the letters ai,/ (^>r), in the 
group {fli.iai.i ... ai .jj which contains {ai,i ... ai,^} as a factor, is 
interchanged with a^, , ; and this is done in all possible ways. 

We have supposed that the letters ai, „ ai, ji ...i «!, r lie i^ the gi-eatest 
group of P ; this is unnecessary, provided a^ , does not lie in a group 
of degree gi^eater than that of the group which contains the letters 

If, however, /9, :^ r, then the above product is zero. 
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19. In the same way it may be shown that the product of a posi- 
tive symmetric group {04 a, ... fly} into any form PN maybe expressed 
in the form SAP'^V, where {a^a^ ... a^} is a factor of every P', and, 
moreover, is a factor of that group of P' which is of deg^e /5, /3 being 
the degree of the greatest group of P which contains one of the 
letters a^, a^ ..., a,. 

For, if ttj is the letter which appeal's in the group of P degree /3, 
then 

{ajOj ... a„} PN 

= [H-(aaai)-f (aMaj)+... + (^,.«.i-i)][l + (oH-iO,) + ... + (a„.,(i„.j)]... 

..,[l+(a^a,)]PN, 

Wc may proceed exactly as in the last paragraph at each step, and 
the result follows. We observe further that the expressions P' are 
just those expressions which may be obtained by tilling up the places 
vacated by (ij, ..., a^ when these letters ai'e moved into the group 
degree /3 in all possible ways by the remaining letters of this group. 

IV. Application to the Theory of Invariants, 

As already stated, the last thi^ee sections of this paper deal with 
an application of substitutional analysis to modem algebra. First, 
any homogeneous rational integral function F of the coefficients of 
certain binary quantics is considei*ed. By the introduction of the 
ordinary symbolical notation this may be represented as a function 
H^^ ; where ^ is a function of certain sets of variables, there being 
q variables in each set, and H, is a substitutional expression denoting 
the fact that certain of the sets of variables refer to the same quantic. 
By polarization and the introduction of new sets of variables we may 
obtain from H^tp s, function / = SOf^, which is linear in each of n sets 
of variables, there being q variables in each set, where G is & sub- 
stitutional expression denoting the fact that certain of these sets are 
equivalent — i.e., combine to replace a single set of flj^ — and H is the 
substitutional equivalent of fl,. This process was explained in § 12 
of my former paper, and it was there shown that / is a function 
equivalent to jH"i^. 

Hei*e it is proved that HGPNf^ is a linear function of the co- 
efficients of a certain concomitant of the quantics under consideration, 
and hence that the series 1 =2^T enables us to express /, and 
therefore P, as a linear function of coefficients of concomitants of the 
quantics ; f or y ^ jg-gj^^ ^ jjg ^:s,AT)f,. ^ 
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Hence any rational integral function of the coefficients of certain 
g-ary quantics may be expressed linearly in terms of coefficients of 
concomitants of these quantics. 

By the same process, taking F to be a concomitant, a proof of the 
fundamental theorem of symbolical algebra is obtained ; viz., that F 
may be expressed as a sum of symbolical products, the factors being 
of certain definite forms. 

Incidentally it appears that the function of the coefficients of 
transformation which appears as a factor of a concomitant after 
transformation must be a power of the modulus of transformation. 

Further, if HG PNfi is a concomitant, then it is completely defined 
— except for a numerical factor — by the substitutional expression 
HGFN. Thus a certain set of concomitants is obtained in terms of 
which every concomitant can be linearly expressed. This set has the 
advantage that the linear relations between members of the set may 
be all simply obtained ; they are given by the relations of § 10. 

In Section V. the invariants of a single binary quantic are dis- 
cussed from this point of view. It is shown that each of the mem- 
bers of the fundamental set is completely defined by certain w + 1 
numbers, where n is the order of the quantic considered. Calling 
these numbers a^, a„ Oj, ..., a„, the invariant is written 

If ^ is the degree, and w the weight, of this invariant, then the rela- 
tions III s 

Oo-hai-i-.-. + o,. = ^, 

a,-|-2aj+...-|-wa„ = a„_i + 2a„_a-f ... -|-W€fo = tr 

must be satisfied. 

The greater part of the section deals with the linear relations 
between these invainants ; as an example it is proved that there can 
be no gauche invariant of the quintic of degree less than 18. 

The discussion in this paper is limited entirely to the question 
of linear independence : to make the method applicable to the question 
of reducibility it would be necessary to investigiate the product of 
two concomitants of the forms considered. 

There is one case, however, in which such an investigation is not 
required — that of a single quadratic in any number of variables. 
This is the subject of Section VI. : it is there shown that for any 
given degree and orders in the different kinds of variables there is 
only one linearly independent concomitant ; hence, this is reducible 



382 Mr. A. Yoang on [Feb. 13, 

or otherwise according as there is or is not a product of concomitants 
having the same degree and orders. 

20. Let F be any rational integral homogeneous function of the 
coefficients of certain ^-ary quantics, and / = HOf^ the function 
equivalent to it, which is obtained in the manner explained above, 
and is linear in each of n sets of ^-ary variables. These sets of 
variables will be denoted by the letters a^^ Of, ..., a«. When it is 
necessary to speak of the variables of the set a^, they will be written 

The substitutions employed will be those of the symmetric group 
of the letters Oi, a,, ..., a„ ; i.e., they will interchange entire sets. 

The expression G denotes the fact that certain of these sets corre- 
spond to the same quantic : thus, if the set Oi, a^ ..., a^ correspond to 
a single quantic of order ?•, then {a^a^ ... a^} is one of the factors 
of 0. The expression H was defined as the substitutifmal equivalent 
to the expression if,, which occurs in the result Hj^ of introducing 
the symbolical notation in f\ Let Oj, a,, ..., «^ represent the sets of 
variables in iTi^ ; then, if F is of degree 8 in the coefficients of a 
certain quantic order r, s of these sets belong to this quantic. Suppose 
that these are the sets a^, a,, ..., a, ; then Hi has the factor {ajo, ...a,}. 
To each of these sets in Jffj0, r sets of / correspond ; for the sake of 
Argument the sets corresponding to a/, will be written 

Then the factor of H corresponding to the factor {ajOj ... a,} of H^ 
may be written { 04 a, ... a,}, on the understanding that each trans- 
position (a/, a*) is to be replaced by the product 

The expression HG depends in no way on the form of/; so that, if ijf 
is any function homogeneous and linear in each of the sets of variables 
a J, Oj, ..., a„, then HGif/ represents a function of the coefficients of the 
original quantics of the same degree in each as F. 

Consider {oiO^,,, a„}/, : this is a sum of terms each of which is a 
term of the n-ic 

Consider next the expression 
this is a sum of terms of la"/^ jo^, 
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where 



,« 



= OJ, ^ = (xy) = 



m7| M^ • • • M/g 



n 2 



jO,* = («iaj).r = 









For, if ax^rO-i^tB is a term of/,, then 



^, r ^1, • 



^1 • « • • 



B is the corresponding 



^2, r ^, « 

term of {c4a,}'/j. More generally, suppose that N consists of nj 
groups degree 1, w, groups degree 2, ...,n« groups degree h\ k "j^ q. 
Then PNfi is a sum of multiples of terms of 



w.«:^»:;'-.*v* 



where 



.n 



lV= ^x"«x— ^"'X' 



a„ a,, ..., a^, heing the letters which occur in the groups of degree 1 
in N ; where «. n / in 

n {a6}' being the product of groups degree 2 in N, and so on. For, 
if we replace (ah) by C — a new kind of variable — we obtain w, 
letters c,, c„ ..., c,,^, and from the form of P we obtain 

P<l>ic^, c,, ..., c„) = — iPfcjCj ... c„ }0 (ci, r„ ..., c„J. 

n,! 

And hence, if ^ is linear in each set of variables c, P<i> may in general 
be obtained by polarization from a function degree n^ in a single set 
of variables c. 

The groups of N degrees 3, 4, ... may be dealt with in the same 
way. If N contain a group degree > g, we know by § 8 of my former 
paper that Nf = 0. 

The expressions ,a^jj, ^a^, ..., ;ta^, if the sets of variables a,, a,, ,., 

are all cogredient with each other, and contragredient to the sets 
X, y, z, ..., are unaltered by a linear transformation. 



H, n. 



The expression ^a'^^ 2«^ ••• *" J = ^ 

is then a concomitant of the forms 

^x* ^*x' "*' ^"l* 

If we operate on E with HOy it will become the symbolical repre- 
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sentation of a concomitant of the 9-ary quantics. Hence HQPNf^^ 
and therefoi-e HGTf^, represents a sum of numerical multiples of the 
coefficients of certain concomitants of the quantics from which we 

started. But f =HGf,=^^AHGTf,. 

Hence any rational integral algebraic function of the coefficients of 
certain (/-ary quantics may be linearly expressed in terms of co- 
efficients of concomitants of these quantics. 

21. If / be itself a concomitant, then HGPNf is invariantive. But 
HOPNf has just been shown to be a linear function of the coefficients 
of a certain concomitant. Let us write 

HGPNf = KA^-^-\,A,-\-..., 

• • • 

where A^, Ai, ... are the coefficients referred to, and the A's certain 
quantities independent of a„ aj, ..., «,». Now make any linear trans- 
formation: the coefficients ^4^, A^, ... are not left unchanged, but the 
whole expression is left unchanged; hence the quantities A^ X^, ... 
must be contragredient to A^^ A^, ... ; no relation can exist between 
diffei-ent coefficients A, since the weight of each is different. The 
quantities \ ai*e independent of the quantities ai, a„ ..., a^^ and are 
functions of the remaining variables x, y, z, ..., defined as being 
contragredient to the coefficients of A^, A^^ ... in the concomitant 

. »1 «a ■ n^ 

Consider any one of them, and polarize it so as to make it linear in 
each of the sets of variables it contains. Let us call the function in 
this form A, and use the letters y„ t/„ ..., y„, to denote the various 
sets of variables which it contains. 

Operate on A with the series 

1 = lAT, 

Then we may consider separately expressions 

P,N,A. 

Now, if s be any substitution affecting the letters y^, y^, ..., the ex- 
pression 8 A is cogredient with A. 

Hence PiN^A is cogredient with A or zero. But -Pj A^i A is obtained 
by polarization fiom tenns 

* r, 5^ r, * r;t ' 
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where m^ is the number of gronps of N degree 1, and so on. Hence 
A is cogredient with 

yC fC ... |*C *, 



Therefore this teinn is cogredient with 






*«**. 



Bat it is obvions that two such variable expressions cannot be 
cogredient unless mj = »,, m, = n,, ..., for the numbers of terms of 
^x, lO;, . . . are different ; so that in any other case it would not be 
possible to make the terms of the two expressions correspond. 

Hence, if PiN^ belong to any other expression T except that one 
which is such that each term contains n^ negative symmetric groups 
degree 1, 74 of degree 2, and so on, then 

Hence A itself may be obtained by polarization from 
Therefore the concomitant HOPNf is obtained by polarization from 






»a 



ft* 



But 



/= —HOfz= 1 l,AHOTf, 
9 9 



where (HOy = pHO — a relation due to the form of HG. 

Hence every concomitant of a system of g-ary quantics can be ex- 
pressed symbolically as a sum of symbolical products, the factors 
being of the forms 



a|,x = ^0\,ri^n ("lOlXr = S 



«1, r Oi, , 



XfX, I , <&c.. 



and, finally, 



(oi«j ••• «a) = 



ai.iOi,2 ••• ai,fl 

• •• ••• ••• 

The variables ^x, jSj, ... may be regarded as entirely new variables 
defined as being cogredient with x, (xy)j {xyz), .... 

22. In every case except the last a linear transformation leaves the 
symbolical factor unaltered. In the last case the transformed factor 
VOL. XXXIV. — NO. 788. 2 c 
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is equal to the original factor multiplied by the modulus of trans- 
formation. This constitutes a proof of the fact that, if an algebraic 
function of the coefficients and variables of certain g-aiy quantics is 
unaltered by any linear transformation, except for a factor which 
contains only the coefficients of transformation, then this factor must 
be a power of the modulus of transformation. 

V. Particular Application to Invariants of Binary Forms. 

23. Let I be any invariant of certain binary forms ; we may suppose 
it to be represented symbolically in the ordinary way. By polariza- 
tion this may be represented as a sum of symbolical products con- 
taining each symbolical letter linearly. 

Let one such term be* 

i = (aib,)(a2b,) ... (a^b„.) 

Operate on this with the series 

1 = S^T; 
then every term Ti before T2,2,...,2 i vanishes, owing to the existence 
of the factor of t, {a^b,}' ... {a^b^y. 

Every term Ti after this factor vanishes, because the sets of variables 
Oj, bj, ... have only two variables in each set ; and therefore a nega- 
tive symmetric group of degree three must annihilate i. (Tji = 
owing to the fundamental identity between symbolical factors — 
which is the same thing as the above statement.) Hence 

''' ^ ^2,2, ..., 2 -^2, 2, ..., 2 * 

= ^ yAZr4<hhY:-{a„b„y J ^^ ••• «•• I (a,b,)(a,b,) ... (a„b»). 



24. Let us write 



C a^a^ ... «m ( /j, u \ /„ I. \ _ ( «1«2 ••• ^m 7 

(0,0, ... a^ J ,' 



* Roman letters are here used to distinguish algebraic symbolical factors from 
substitutions. 
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This expression may be looked upon as an algebraic function ; so that, 
if we multiply it by any substitution, the result may be obtained by 
an interchange of the letters. Otherwise a substitution which 
multiplies it may be regarded as multiplying the substitutional 
part FN of the expression. Hence 

Ca.a,a,...a.| ^ ^^^^ f a a,a. ... a. | 
C OiOfO^ ... 0^) I C OiOfO, ... 0,^ ) 1 



C hib^h^ ... h^ J 1 



so that the letters in either row may be interchanged without 
altering the value of the function. The fundamental identity has 
been used completely and no longer need be remembered, for the 
form of the function is such that it puts in evidence the fact that it 
is annihilated by any negative symmetric group of degree greater 
than three. The expression, however, satisfies an identity, for, by § 10, 



{«.«,... a„M{^,^:::«:}=o 



and 



{6,6,...6„a,}(*>f*-^»{ =0; 

C OiO, ... o„ ) 1 

and, by § 12, this expression satisfies no other relation. 

25. Expanding the product of § 23, 

{ai6,}'{a,6,}' ... {a^b^}\ 
we may obtain i = (aib,)(a,b,) ... (a^b,„) 

as a sam of expressions such as 



( 6j fej . . . 6^ ) 1 



Since I is an invariant of certain binary forms, 

I = HOi, 

where is the product of certain positive symmetric groups and H 
is an expression which interchanges some of these groups. Hence 
every invariant of a system of binary quantics may be expressed in 
terms of the forms 



EQ 



C aiO,... a„") 
( ?>, 63 ... b^ J 1 



2 G 2 
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26. Consider in particular the invariants of a single binary n-ic. 
We must take the expression 



V. 5,6, ... 6«) I 



where the 2m letters are arranged in sets of n, and consists of the 
product of the positive symmetric groups of these sets. 

ff is a substitutional expression which interchanges these sets in 
all possible ways. 

Let 8 be the degree of the invariant ; then 

2m = S», 

and m is the weight. 

Let us suppose that of these 8 sets there are o^ such that all the 
letters of the set are in the lower row of the above expression ; a^ 
such that 1 letter is in the upper row and n— 1 in the lower row ; and 
so on. In general, let there be a^ sets having r letters in the upper 
and n^r in the lower row. These numbers completely define the 
expression, for the letters of either row may be interchanged in all 
possible ways, the letters of any one set possess no individuality, 
and no set as a whole possesses individuality. 

We may conveniently use the notation 

to denote this expression. 

Every invariant of the n-ic may be expressed linearly in terms of 
invariants fr^^^ - ^ 

The numbers o^, a,, ..., a^ must satisfy the relations 

ao+ai-|-a,4-...+aH = 5, 
Oj + 2a,+ ...-|-na„ = wa,j-f (n— 1) aj + .-.+a^.i = m, 
the number of letters in either row. 

27. These invariants satisfy certain identical relations. We have 
seen in § 24 that 

[l+(a,6,) + (a.M + - + («-6.)]!"'"*""^} =0. 

Suppose that hr is a letter of a set which has r letters in the upper 
row ; then hr is moved up to the upper row, and the letters of the 
upper row take its place in all possible ways. 
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If a letter of one of those sets which have s letters above is moved 
down, then the number a, is diminished by unity, and the number 
a«_i increased by unity. At the same time the number or is 
diminished by unity, and the number a^^i increased by unity. But 
a letter of those sets which have s letters above may be chosen in 
sa, ways ; hence the identity will be of the form 

S 8a, f (a^ a„ ..., o,.i-Hl, a, — 1, ..., a^— 1, o^^i+l, ..., a^) 

-}-(r+l)(a,4.i + l)/(a<», a„ ..., a^.u a„ Or+i, •., On) = 0. 
If in this we write a^+1 for n^ and a^*i— 1 for a^^i we obtain the 

iden ity ^ saj^a^, a^, o,, ..., a,_,4-l, a,— 1, ..., a,.) = 0. 

■ 

In the same way, from the identity 

[l + (aA) + («A) + .-+M-)]J?'f' •••"-{ =0, 
we obtain 

S(n— »)a,/(a,^, ai, Oj, ..., a,_i, a,— 1, a.^i + l, .., a„) = 0. 

« 

These two are the only linear relations between the invariants of a 
particular degree, unless we include the following 

and hence f (a^ Oj, ..., a„) = (— l)'"/(o„, o^.i, ..., ao). 
The second of the above identities may be written 

wao/(«o-l» "i + lj "j» ...» ««) 

= — (n— l)a,/(o„, a,-l, 'ij+1, ..., «„) 
— (n— 2)oj/(a^, Op a,— 1, Oj-f 1, ..., a,,) 



so that, if OiryfeO, the invariant /(ao,aj,...,a„) may be expressed in 
terms of invariants in which the value of o^ is increased, of a, is de- 
creased, while that of a„ is not decreased. 

Similarly, if a^^iz^O, we may express this invariant in terms of 
invariants in which a„ is increased, o,,., decreased, and a^ is not 
decreased. 

Proceeding step by step, we may decrease a, and o„.i to zeix), at the 



390 Mr. A. Young on [Feb. 13, 

same time increasing a^ and a„. Thus every invariant may be ex- 
pressed in terms of sucli as have a^ and a„_i zero. 

Hence, if w<4, there is not more than one invariant for each 
degree. 

28. Although the above identities contain all the linear relations 
between the invariants /, yet there are other relations — not inde- 
pendent of these — which it is useful to have. 

Consider the result of multiplying 






by any positive symmetric group F. We may regard the product as 
the sum of the results of operating on I with each of the substitu- 
tions of r ; or else we may multiply the substitutional part of I by 
r as explained (Section III.), and so express the product as a sum 
of such terms as /, but each of which have all the letters of P in the 
same row ; the two expressions for the product must be equal. 

In particular, if the degree of F is greater than m, then the second 
expression is zero. 

Consider now the invariant 

/(oo, Oi, ..., a„) = HOIy 

and let us find the result of writing PI for J. Let the degree of P 
be tr, and let us suppose that the letters of F occupy p places in the 
upper row of J, and v—p in the lower row. Then F/ is the sum of 
the results of arranging the •m letters of P in all possible ways in the 

w places assigned to them in 7. Of these [ j are different arrange- 
ments. 

The letters of / will be supposed to be distributed in the manner 
defined by certain numbers, 

where the number a^,^ signifies that there are a^,^ sets of letters 
such that fi letters from each set appear in P, X appear in the upper 
row of I but not in F, and the rest, ?i— X— /x in number, appear in the 
lower row of / but not in P. 

We must consider some one term of the sum HQTI: this will be 
defined completely when the positions of the letters of P are given. 
These will be given by the numbers Oa,^** ^be meaning of which 
symbol is that of the a^,^ sets of letters defined as above there ai'e 
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tt;^ ^ , in the particular expression nnder consideration which have r 
of the fjL letters belonging to F in the upper row and the remaining 
/i— y in the lower row. 

Now the aj,^^ sets of letters can be divided up into a^^^o* ^x.^,u •••» 



«x,M./. sets (of which the sum must be ax,^), in 
ways. 



a 



X. » 



Further, in one of the a^^^^ sets the y letters which are to appear 

in the upper row of the invariant may be chosen in (^) ways. 

Hence the number of different arrangements of the members of these 
a^,^ sets which will fulfil the requirements of the term considered is 



^A,m' 



"X,^,0' ^'X.M.I* ••• ^,f*rtt 



\\o) \i) - U 



Hence the total number of such terms is 



X«n-I /»-n-x 

n n 



(I 



X,M 



I n 



{T^^ 



>-o a 



KfhV 



Consider then the coefficient of the term /(y©, y^ ..., y*) • ^^ is 
obtained as the sum of the coefficients of the terms for which the 
quantities a^^ ^^ ^ satisfy the relations 

X-p i»mn-\ 

2 2 «x.^p-x = yi.- 

X-O /*>p-X 

This sum maybe seen at once to be the coefficient of xJl^xT^ ... x^** in 
the expansion of 



(a-o+(i)«i+(2)«2+--+aJ«)'^". 



This coefficient has only taken into account the different terms of FJ, 
but each term is repeated p! (tir— p) ! times ; the coefficient just found 
must then be multiplied by this. 

It is interesting to notice that, if we >Yrite 



Xq — 1, a?j — ii*, x^ — X , ..., iu„, 
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then the coefficient of as*, where w is the weight of the invariant con- 
sidered, in the above expansion is ( j . This is as it should be, since 

this coefficient represents the sum of the coefficients which have to 
be considered. 

29. To find when ty > m the second form in which the expression 
HQTI may be written. 

Let us write j=K«f -^-l ^ 

^ =s [ a, Oj . . . a^ 6, 6j . . . 6^-p j . 
Then- rJ=p![l + (6,_^ai) + (''»-p«2) + - + (^w-(.^»-P-i)] 

x[l + (^»-p-l«l)+-+(^.-p-X*»-p-j)] 



i a^Of ... a„ 
It. 



x[H-(6,a,) + (t,a,) + ... + (6,o.)] 

40, ... a«) 
>i6j ... b„) 1 

Now [l + (6,a,)+... + (t,a,)]( "»?•••• ""I 

I OjOj ... 0^. ; 1 

= - [(6,«,*.) + (6.a,.,) + ... + (6,a«)] | '^^ - "" ) . 
Taking each term we obtain 



ri=(-)'^-'»p!2/'. 



(IV.) 



where I' has all the letters of V in the upper row, and where the places 
which 6^62 ... 6^_p occupy in the lower I'ow of / are filled up with 
-BT— p of the letters a^^i ... a„„ in all possible ways. The number of 

different ways in which this can be done is ( ""''), but the number 

of terms in the SJ' of equation (IV.) is 

(m— /i)(7yi— p — 1) ... (m-w-^-l) = (^^^Zp) (-nr-p)!- 

Hence each different term is affected by the coefficient 

Hence 1= (-l)'-' (,r-p):p! 2\/(A„ /? li„). 
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where the coefficient A is obtained in the same way as the corre- 
sponding coefficient of the last paragraph ; it is equal to the coefficient 

of x^x^^ ... a^ in the expansion of 



(iCo+ (^) «i+ (2) «s+ ... +aJ«)'"''. 



Let us call this coefficient ^^ (/3q, /3,, ..., /5„), and the corresponding 
coefficient of the last paragraph <f}^ (y^, y„ ..., y„) ; then we obtain 
the identity 

2<^i (yo» yi» ...» y«)/(yo» yi» •.•» Th) 

30. Let us consider the case 

Ox, ^ = 0, unless /i = or A = 0, 
and Qq,^ =0, unless /i = or n. 

Then -bt = «ao,„, 

w— P = S^ax,o. 
The two sides of the identity will be given by the expansions 

ir>.o«%o ... ajV" (a'o+^i+ (2) *«+ ... 4-a;„)'o.« 

and (— l)'''"'*a;>oaj>»(a;o+«i)*''*'(^o + -«i+^j)'^''... 

... (aJo+woTi-f ...-Hir„)*»'«. 
Any term of either expansion 

Xa^y^'x!^ ... aj"^" 

01 Ml 

where Ti + ^yj-f ... +wy„ = m, 

represents a term of the identity, viz., 

V(yoi yi» •••» yJ- 

Now it will be regarded as a reduction when / (a^, a,, ..., a„) is 
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expressed in terms of invariants in which one or both of a^ a« is in- 
creased ; also if this invariant is expressed in terms of invariants 
/(•/q, y„ ...,yw) such that the first argument 7$, which differs from the 
corresponding argument a„ exceeds it, whether we start comparing 
them at one end or at the other. In such a case we shall say that 
/(yo» rij •••♦ Tn) is more simple than / (a^, a„ ..., a J. 

Let us suppose that o^h > a».,o- 

Now ai.o+2a2,o-f ...-f >ia„.„ = m— f). 

Hence a^o+"o.o^^l+al,o ^^^ ar^«+Vo, a term of the expansion of 

will give an invariant 

and /3o4- /3i4-...+ /5„ = a„.„. 

Let us suppose that p = roo. „ ; 

is a term of the left-hand side of the identity. Every other term on 
this side is more simple ; if not, we must be able to choose positive 
numbers jS^, /3„ ..., /3^, such that 

and /jj-f 2/3,+ ... +r/3, = roo,,, ; 

or else positive numbers /3„ )3^+i, ..., /3,. 
such that /5r+/3r+i + ...+/3„ = ao,«, 

r/3^+ (r-f 1) /3^*,+ ... +np,. = ro^.,, . 

The only solution in either case is /3^ = a<,,„. By hypothesis the 
number oq^,, > a,^05 and so all the terms on the other side of the 
identity are more simple than that under consideration. 

Hence, if a^ > a„, we may express /("o^ **!» •••»««) ^^ terms of 
simpler invariants. 

In the same way we may deduce from this identity that, if 
"r+flr+i > Oh* t,he invariant /(a^, Qj, ..., a,J may be expressed in 
terms of simpler invariants. 

These reductions will evidently be true sometimes when 
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Now /(oq, Op ..., a„) = ( — l)"*/(a„, a„_i, ..., a,,). 

Hence we may perform a similar redaction, if a^-f-Or+i > do- 

31. Let us consider some particular cases. 

For the quartic we may have a^ =0, a, = 0, and Oj J> Qq or n^. 
The invariants are evidently 

/(I, 0,0, 0,1), /(I, 0,1,0,1), /(2, 0, 0, 0, 2), 

and so on. 

For the quintic we may take 04 = 0, a^ = 0, «2 4- a, > a^ or a^. 
Let us find the degree of the lowest gauche invariant. For a gauche 
invariant the weight m is odd ; hence 

/(«0l "11 ""> *«) = ""/(««» <*«-!» •••» «o)- 
Hence, if Oo = a,„ a^ = a,..,, ..., 

/("oi "11 '•"> **«) =^- 
Now in = a^ -f 2aj -h . . . H- wa„ = wa^jH-(»— 1) aj-f ... -ra„«i ; 

and therefore n ("o~"») + 0*~2)(ai— a„_i) -h ... = 0. 

For the quintic, if a, = = 04, 

5(ao— Oa)-|-(a3-a8) = 0. 

Hence for the lowest gauche invariant 

a,— a, = 5 (qq— aj :^ 0. 

Also we may take a, + a, > a^ or a^ ; hence, if a^ > o^, a^ > 5. 

Consider a^ = 0, a, = 5, a^ = 6, 05 = 5. 

This is the first case in which the equations 

a© = "5» a, = a^ 

need not be satisfied ; but it does not give a gauche invariant. The 
earliest case is of degree 18, there being only one invariant of this 



degree, viz., 



/(7, 0,0, 5,0,6). 



VI. Tlie Concomitants of a single q-ary Quadratic. 

32. We have already proved that any function of the coefficients 
of a g-ary quantic may be expressed as a linear function of the co- 
efficients of concomitants of the form PN<t>, 

When this function is itself a concomitant then the function of the 
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coefficients becomes PNff> itself. The manner in which the variables 
appear is known from the form of FN, 
Hence the expression 



"l, 1 ^1, 2 



^.^l 



^2, 1 *2, 2 • • • '^2, /S, 



I «fc, 1 ... ^,fij^ 



defines a concomitant : and all concomitants may be expressed in 
terms of these. 

33. For the case of a quadratic, these concomitants are operated 
upon by an operator G which connects the letters together two and 
two. For a single quadratic we have further an operator if which 
interchanges the sets of two in all possible ways. The concomitant 
will be completely defined when we know the numbers aj^i of sets 
having both letters in the first row, a^, 2 of sets having both letters in 
the second row, ai,2 of sets having one letter in the first and one in 
the second row, and so on. 

We will write the concomitant then in the form 

where a^ , is the number of sets of letters having one letter in the 
r-th and one in the if-th row. 

Consider the identity corresponding to 

where 6 is a letter of ai,2. We obtain 

2 (ai,i-hl)/(aM, a-i,i, ... ; "1,2, «!,:<, .-.) 

+ (ai.2— l)/(a,,,-|-l, 02,24-1, ... ; a,. 2— 2, a,,3, ...) 

k 

-*- 2 <Xi,^/ (ai,i + l» «2,ij ••• ; ai,2— 1? ai.3, ..•» ai,^ — 1, ..., a,,,.-fl, . 

• ••» o*.-!,*) = 0. 



# -3 



Hence, unless 



<ii,2 — — "1,3 ••• — ai,*5 



we can increase aj,i. If P^ is odd, the letters of the top row cannot 
all be made to belong to the sets oj,, ; and, by the above identity, the 
concomitant vanishes. 

Similarly, we find by taking the letters of the second ix)w with one 
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out of a lower row, that a^^ r n^ay be taken to be zero : and that the 
concomitant vanishes unless fif is even. 

Hence, in order to g^ve a non-zero concomitant, the number of 
letters in each row of FN must be even. Also we may suppose that 
there are no sets a^, „ r :jfc *. 

There is then only one independent form, viz., 

f (Sl A ^-0 0^ 

34. If there is a product of concomitants of the quadratic which is 
of the same degree, and of the same order in each kind of variable, 
as the above, then the above is reducible. 

Hence the only irreducible forms for a single 5-ary quadratic are 

given by /(1, 1, ..., 1; 0, 0, ..., 0), 

where the number of rows of the PN from which the expression is 
obtained is > 9. 

Thus the irreducible concomitants of a g-ary quadratic are q in 
number ; they may be written symbolically 



On the Series 1+ (|-)'+ y£i£±A) r+... . By F. Morley. 

Received and read April 11th, 1901. Revised* March, 
1902. 



A curious formula for the sum of the cubes of the coefficients in 
the Maclaurin series for (l^x)'*' 

for the special case of p a negative integer was proposed by me 
long since, and was proved by Dixon (Messenger of Mathematics^ 



• [The title of the paper was ohangped in the revi8ion : <?/. J^w., Vol. xxxiv., 
p. 49. — Sbc] 
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Vol. XX.) and by Richmond (ih., Vol. xxi.), and again, as an illnstra- 
tion of generating functions, by MacMahon {Quarterly Journal^ 
Vol. xxxiii.). 

I wisb now to sum the series for p a real positive number ; where, 
by ordinary tests of convergence, we take 

p<%- 



1. 'i'he special hypergeometric series of the second kind 

is the sum of terms independent of x and y in 

(l-x)-' {l-yy (l-tlxyy, 

where a?, y, t are real and positive, 

a: < 1, y < 1, t < xy, 

and by (1— a;)"'' we mean 

that is l2?;^£±"-L-. 

Tp r (1 + ») 

Now (2) is 

{l-x-y+xy)-'{l-t/xy) 



(1) 



(■2) 



\-P 



^ "' ^ ' "' rpr(i+»t) \i+«y/ 

For in odd there is no term independent of x and y, but for 7)i. even, 
say = 2n, we have such terms arising from 

I 2 (lArxvy-'-' a-t/xvY" r_b_+2'0 r(l+2n) . ., 
j,^5(i+a^) (1 t/xy) r(i+2«) r'(i+«) ^*y^- 

That is, if ;? = xy, so that z is positive and < 1, /(|?, t) = sum of 
terms independent of z in 



> r«(i+») ^ ^ ^ \ zl 



-p 



Tp 

_ 1^ ^ r (i?-h2n) r 

Tp r^Cl-fw/ TpT(p-^2n) 

r T(p-\-n)T(p-i-2n) T(p- \-n'hl)T (p-h2n-\-\) '] 

I r(i-f«)ri r(2+n)r2 ^"^•••J. 
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or 



/(/>' o=r;-sr ^(y+:y^p+^") F(p+«.;.+2», i+«; -0, 



(3) 

with the usual notation F (a, P, y ; x) for a hypergeometric series of 
the first kind. 

The series F is such that 

y = l-a + /3; 
on this depends further prog^ress. 

2. We wish to make ^ = — 1, but the series F is then useless. We 
replace then the series by an integral, taken over the path in figure. 





The hypergeometric function 



J(0.1) 



taken over this path becomes, when we write 

y= 1-a + A 



\ 



a^-^(l-aj)-(l + to)-da;, 



(0,1; 



and when ^ = 1 is I ar*"* (l--a;*)'*da;, 

J(0,lj 

or, if oj* = 2/ and the consequent y-path be denoted by (0', 1), is 

Jro".i) 

When X passes from near to near 1 so does y ; when x circles 1 
y circles 1 ; but when x circles y circles twice. 

Hence, expressing Euler's first integittl B (/?, j8') on the one hand by 

-(1-exp 2W/3)(l~exp 27ri)3') B=[ x^-' {l-xy-' dx, 

J (0,1) 

on the other hand by ~t^ W\ 

(see Klein, Hypergeometnc Fimctiofi, p. 142 ; Schlesinger, Handbuck 



400 



Prof. F. Morley on a Series of Cubes. [April 11, 



der Different ialgleichungen, Vol. in., p. 452), we haye from the first 
form 



f y^-'a-y)-dy 



J (O*, 1) 



= -B(|, l-a)(l-exp2irti8)[l-exp2«(l— a)] 

and I a^-^ (l—xydx 

= -B(li, l-a)(l-exp2«)8)[l-exp2W(l-a)]. 

Hence lim [ ar^"^ (1-ar)- (1 + te)- clu 



nnd therefore 



B (-1 .1-.) 



Hmf(a,)8, l-a+/S, -l) = i 

(-1 



B(^,i-a) r|.r(i-«+/3) 



ti(fi,\-a) 



= 4 



r^r(i-«+f) 



Hence (3) becomes, writing a=p+n, P =p + 2n, 

rip+n)T(jp+2n)v(^+n)T(l + n) 



(4) 



2r*p r»(n.„)r(^+2n)r(i-|.) 
^ r(p+„)r(|-+n) 



2rpr(i-5) 



!"(! + ».) 



But (Forsyth, Differential EqiMtions, p. 197) 

^ r(p+n) r(q+n) _ rpF^rc?— p 
r(i+»)r(r+M) r(r-i))r(r 



nil 



-«)' 



when 



Hence /(j:^, 1) = 



r > p+q. 



2n'r(i-5) r(i-p)r(i-|-) 
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(5) 



V(l+p)r(i-p)r*[\-^) 
pL. r(i-^^^ 

_ 2 sill yir V 2 / 
80 that, finally, 

i,(z)VjH(.in|V.,=^^'l(ll|. 

This for_p a negative integer —yn gives at once the old result that 

i-(T)"+a)"- ■• 

which is evidently for m odd, is 

(niy 

For any number/? real or complex, such that \p\ < f , formula (5) 
is true. 

3. The simplest of some series whose sums follow from (5) are 
worth noting. We have 

logr(l+a^) = — yaJ + i^ja-'— Jifsaj'-I-..., 

where \x\ < 1, y is Euler's constant, and 



««. = 2 



» . m 



m 



Also 



logcos|-=|log{l--J_^-,|, 



2 



(2m- 1)^ 
Hence, from (5), taking logarithms and expanding in powers of p, 

^-(3'-3)(f^ )'+i(3'-3)( J)'+ J(3'-3)(|)V... 

VOL. XXXIT. — NO. 789. 2 D 
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Hence 1. +(1+^) 1 +(H-J+J) -i +... 



4" 



_ 1 24 _ »« _ _ 



(6) 



4 360' 

Again, our series is the sum of coefficients of all powers of ODyz in 

{(l-«)(l-y)(l-^)|-', 

or in ©xpj9(o', + ^,-|-^,-f...), 

where cr^ = a?" + y" -f js". 

The part contributed by the coefficient of p* is the sum of coefficients 
of (xyzy in 

2! ( 2.2* ^ 1.2.3' ^ 1 .3.4' ^ 1.4.5* 2.3.5' ^ " ) 



=^*[!p?>+*]' 



x{l+i + ^ + -}. 



where P^ is the product of any two relative primes whose sum is r. 
But the coefficient oi p* in the logarithm, and hence also in the 

series (5), was -r*. Hence 

4 
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